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Tacnaran0eroa ’Kanap A0ayJioBHa

CAJIMAKTBI TI3BEKTEP KEHICTITTH/IE MATPUIIAJIBIK
OIEPATOPJAPALIH INEHEJTEHIITT MEH KOMOAKTBLIBIFBI
"KOHE OJIAP/ILIH KOJJIAHBICTAPBI

6D060100-«MaTemaTuka» MaMaHAbIFbI OoiibiHIAa PhD noxTop feL1bI1MU
JJPeEKECiH aj1y YIliH YCHhIHBLIFAH AMCCEePTAMSIHBIH TYHiHI

TakpIpbINTBIH MAHBI3ABLIBLIFBI. MaTpuianap TEOpHICHIHBIH O1p Oenl
eceO1 OOJIBIN MATPULIATIBIK ONEpaTOpJiapabiH Oip HOPMAaJibl KEHICTIKTCH Oacka
HOpMaJsbl KEHICTIKKE Y3UIICCI3 9cep €Ty YIIIH MaTpulajiap 3JI€MEHTTEpIHE
KKETTI KOHE JKETKUIITKI LIAPTTapblH aHbIKTay Oo0Jibin TaObutaabl, COBIHMEH
Karap MaTPULAJIBIK OMEPaTOPJIapAblH HOPMAChIH HEMECE OHBIH JJI KOFAPFHI
MEH TOMEHT1 OaraoayblH Taly MaHbI3AbL. bipak KeiOip TEOPHSIIBIK >KSHE
KOJAaHOaabl MaHbI3bl Oap KEHICTIKTEpAEC OyJl cypak ojl  UICHIJIMETEH.
COHABIKTAaH FanpIMIap OCBIHIAN KEHICTIKTEpAC KaHaad Aa Olp MaTpUUAIbIBIK
OTlEepaTopyiap KJIACBIH KapacThIPBIN, OCHl KJIAcTa >KAaTaThlH ONEPaTOPIbIH
HICHENTECHIIK KOHE KOMITAKTBUIBIK [NAPTTAapPblH OPHATA/IbI.

M. Stieglitz, H. Tietz xymbicbiHIa MaTpulaibIK onepatopyiapiasiH 11
TI30EKTEP  KCHICTITIHAE dCEP €TYIHIH HOTWXKENEPl, OmneparopiaapiblH
HOpMaJsapbIHbIH MOHIMEH Oipre OepiiireH. COHBIMEH Kartap, OyJ1 KymbIcTa p>1,
@>1 YIIH MaTpULAJIBIK ONEPATOPIAPABIH [, KEHICTITIHEH I, KEHICTIrIHE dcepl
AKOHE OJIapAbIH HOPMAChl  JKaJMbl JKarjaaiga omi OeNrici3 eKEHJIr aram
ailteuiran.  Jlapa  marblHacel  30p Oy MaTpuUAIbIK  OMEpaTopJiap
(GYHKUMOHAIABIK — TajnfayJa MaHbI3[bl POJIb  aTKApAaThiH  MHTETPAJIIBIK
OrneparopapabiH JUCKPETTI aHAJIOTHI OOJIBIT TaObIIabI.

MarpuuanslK oneparopyiap TEOPHACHl TEOPUs JKY3IHIE FaHa €EMEC,
COHBIMEH KaTap 9p TYpJI KOJIaHOAbI €CENTEPIE € MAHbI3Ibl POJIb ATKAPAIbI.
JlrccepTalrsITBIK )KYMBIC OCBl A TBUTFAH ©3€KT1 MOCEJIEre APHAJIFAH.

3eprrey o0bekTisiepi. JuckperTi Xapau TUNTEC TEHCI3MIKTED,CAIIMAKTHI
TI30€KTEP KEHICTIT, MaTPULIAJIBIK OMEPATOpJiap, MEHENTEHMIK, KOMITAKTBUIBIK,
MOHOTOHJIBI  TI30C€KTEp, KOCBHIHJBUIAHATBHIH  MaTpUIlajiap,  OmeparopJiap
CYNEPNO3ULIMSCHI, AIIUTHBTI TEHCI3AIKTED.

KyMBICTBIH MaKCcAThI. J(HccepTalMsIIAK KYMBICTBIH HET13I MAKCaThl —
CaJIMAaKTbl  TI30EKTEpP  KEHICTITIHAC  MATPULAIBIK  OMEPaTOPJIapAblH
HICHENTECH/ITTHIH, KOMIAKTBUIBIFBIHBIH KPHUTECPUINIEPIH Taly >KOHE OJapAbIH
HOpMaJslapbIHbIH OaraaybiH Taly.

FplibiMH  SKaHAJIBIFBI: JluccepTauMsuiblK ~ JKYMBICTA — MaTpula
AIIEMEHTTEP] OCHIFAH JCHIH KapacThIpFaH LIapTTapFa KaparaHaa 9JiCi3 MIAPTThI
KAHAFaTTaHBIPAThIH YIIOYPHIIITE AKBIPCHI3 OMIIEMI MATPHLAJBIK OMEPaTop
KapacTeIpbutanbl. KeH Marpuiaibik onepaTopiap KiIachkl aHBIKTAIIBIN, OJIAPAbIH
KacueTTepl 3eprrenreH. COHbIMEH Karap, OChl KJIacKa >KaTaTblH MaTpHLIAJIapFa
MbICANIAAp KEATIPIATeH. benriii MaTpuuanblK ONepaTropiblH, COHBIH 1IIIHJIE
Kemneceln KOCBhIHAbLIAY oneparopsl, Yesapo, ['enpaep omneparopnapbl OCHI



AHBIKTAJIFAH KJIACTa JKATaTBIHABIFBI ASJENACHTeH. OCBl OnepaTopyap KIachl
YLIIH KEJIECl HOTHXKETEP aJIbIHFaH:

- Op TypJl METpUKa YUIH TI30CKTEPAIH CaaMakThl JleOer KEeHICTIriHAC
MaTPULIAJIBIK ONEPATOPAbIH MaTpULAiap 3JIEMEHTTEPI MEH CAIMAKTHI TI130E€KTEp
TEPMUHIHJE MICHEITCHAITT MEH KOMIMAKTHUIBIFBIHBIH KAXKETTI JKOHE MKETKUTIKTI
HIapTTapHI;

- 9p TYpPJII METPHKA YIIIH TEPIC €MEC OCHEHTIH TI30EKTEp KOHYCBHIHIA
CaJIMaKThl XapAWd THITEC TEHCI3AITIHIH OPBIHAATYBIHBIH KAXKETTI JKOHE
KETKUTIKTI IIAPTTAPHI;

- CaJMaKTbl TI30EKTEpP KEHICTITIHAE MATPHLAIBIK OMNepaTopiaapablH
CYNEPNO3ULHACHIHBIH IICHENTCHIIIT MEH KOMITAKTBUIBIFBIHBIH KAKETTI JKOHE
KETKUTIKTI IIAPTTAPHI;

- CanMakThl TI30EKTEP KEHICTITIHAEC YLICAIIMAKTBl XapAd THIITEC
TEHCI3IIKTIH OPBIHAATYBIHBIH KAKETTI JKOHE KETKUTIKTI [IAPTTapHhI;

- CanMAakThl TI30EKTEP KEHICTITIHAE JKOHE MOHOTOHABI TI30EKTEP
KOHYCBIH/Ia KOCBIHABIJIAHATHIH MATPUIIAJIap YUIIH €KI?KaKThl Oarajay.

3eprreyaiH Kajumbl daicremeci. J[MccepTalMsUIBIK KYMBICTBIH HET13T1
HOTUXKENEPIH ally OapbIChIHAA 9P HYKTEIC MAaTPULIAJIBIK ONEPATOPJIAPAbIH MOHIH
OenikTepre Oeny oaici KoiaaHeuiaasl. COHBIMEH Karap TYpJl KIACCUKATBIK
KOHE CaJIMaKThl Xapau TEHCI3AIKTEPI MakiJaTaHbLIA b

TeopusiyibIK KIHE NMPAKTUKAJIBIK MAHBI3ABLIBLIFbI. JXYMBICTBIH HETI31
TCOPUATIBIK ~CHUINATTAMaJaH Typaabl. AJIBIHFAH HOTWXKENEp (pyHKuusiap
TeopusicbiHna, CoOONIEB THUINTEC MUCKPETTI CAIMAKTBl KEHICTIKTEPAIH €HTI13Y
TEOPHUSCHIH/IA KOHE alBIPBIMJIBI ONIEPATOPIIAP TEOPUACHIHIA KOJIJaHYFa OOIaIbI.

KapustansimMaap. JlucceprauusiiblKk — KYMBICTBIH — HoTHKenepl 20
AKYMbICTa xKapusutanraH. OHBIH 11IHAC 2 MaKaJia )KOFapbl PEATUHTLII JKypHAJI A,
3 makana KP BF'M-H 01mM koHE FbUIBIM XKYiieciH Oakpiiay KoMUTETI YChIHFaH
Oacnaja, 3 MaKasia mieT enjik dacnanapia *KapusjJaHFaH.

Jucceprammsi KYpPbLIbIMBI KOHe KeoJeMmi. 136 OeTreH TypaThiH
JIUCCEPTALMSIIBIK KYMBIC Kipicne, TepT OefiiM >koHe caHbl 119 oneOuertep
TI3IMIH KAMTHIBI.



Tacnaranb6eroBa 2Kanap A6maysoBHa

OI'PAHNYEHHOCTDb 1 KOMITAKTHOCTDb MATPUYHbBIX
OIIEPATOPOB B BECOBBIX ITPOCTPAHCTBAX
IIOCJIEJOBATEJIbHOCTEN 1 X MIPUJIOYKEHI A

AHHOTAINA AUCCEPTAIUN IIPEACTABJIEHHON HA COMCKAHUE y4YeHOIi
crertein goKTopa PhD mo creruagasaoctn 6D060100 - “Maremaruka”

AxryasbHoCcTh uccjaenoBauus. OnHOl M3 OCHOBHBIX 3a/a4 B TEOPUU
MATPHUI[ ABJISACTCH HAXOXKJIEHHE HEOOXOJMMbIX U JIOCTATOYHBIX YCJIOBHI Ha
SJEMEHTBI MATPUIIBI, TTPU KOTOPBIX MATPUUIHBIH ollepaTop JAeHcTByeT HelpepbiBHO
U3 OJIHOIO0 HOPMHUPOBAHHOI'O MPOCTPAHCTBA B JIPYyroe, TPH ITOM OYEeHb BaXKHO
HaiTH 3Ha4YeHHe HOPMbI MaTPUYHOIO ollepaTopa, B KpaiiHem ciydae, HalTH
BepxHue ¥ HIKHUE oleHKU. OJHAKO B HEKOTOPBIX MPOCTPAHCTBAX, HMEIOIee
Ba)XHOE TEOPETUUIECKOe U TMPAKTHIECKOEe 3HAUYCHUs, BhIlNEeyKazaHHbIe MPOOaIeMbl
ABJIAIOTCA OTKPBITBIMU. [ToaTOMy ucciieioBaTen BBIJICASIOT HEKOTOPBIH KJIACC
MATPUUHBIX ONEPATOPOB, H JIJIST OMEPATOPOB U3 DTOTO KJIACCA UCCTCYIOT BOIPOCHI
OTPAHUYECHHOCTH U KOMITAKTHOCTH.

B pabore M. Stieglitz, H. Tietz npuBenena cBojKa pe3yJbTaTOB
JIeHCTBUS MATPUUIHBIX onepaTopoB B 11 mpocTpaHCcTBaxX MOC/EI0BATEIbHOCTEH
CO 3HAYCHUSAMHU HOPM, OJIHAKO YKa3aHO, YTO HaXOKJICHHEe KPUTEPHs JeHCTBUS
MaTPUUIHOTO oneparopa u3 b, B [, p > 1, ¢ > 1 n 3nauenue ero HopMbl B 0b1eM
CJIydae OCTACTCs OTKPBITHIM. DTH ONEPATOPbI, UMesT CAMOCTOATE/ILHOE 3HAUEHHUE,
ABJIAIOTCA JMCKPETHBIMU  aHAJIOTaMU  HHTETPaJbHbIX OIEePATOPOB, HIPaloIee
OUeHb DOJILITYIO POJIb B (DYHKIIMOHAJLHOM aHAJIN3E.

Teopust MATPUUHBIX ONEPATOPOB HE TOJHKO MMEET Ba)KHOE 3HaUYCHUEe, HO U
pazJInuHble PA3HOCTOPOHHUE MPUMEHEHUs. DTOH aKTya bHOH 3a/ade MocBsIeHa
npejaaraeMas Jiuccepraiontas pabora.

O0beKT uccae 0BaHU: JINCKPETHBIC HEPABEHCTBA THIA Xap/i, BECOBbIE
POCTPAHCTBA MOCJICIOBATEbHOCTENH, MATPUUHbBIE OMEPATOPHI, OIPAHUICHHOCTD,
KOMITAKTHOCTb, MOHOTOHHBIC MOCJIEJIOBATELHOCTH, CyMMHUDPYEMbIe MATPHILHI,
CYTIEPIIO3HUITUS OIEPATOPOB, A/INTHBHbIE HEPABEHCTBA.

[Hear paborbi. OcHOBHON NEJAbIO JUCCEPTAIMOHHON pPabOThl ABIACTCHA
HoJIydeHue KPUTEPHEeB OrPpaHUYEeHHOCTH, KOMIAKTHOCTH U OIICHOK HOPM

MaTPUYHBIX OIEPaTOPOB B MPOCTPAHCTBAX MOCJe10BaTEbHOCTE.



Hayuynas w©HoBu3Ha. B jucceprainoHHoil paboTe paccMaTpuBaeTCs
TPEYTOJIbHbIH GECKOHETHOMEPHDBIH MaTPUIHbBIH OTIepPaTop, /1€ SJIeMEHTHI MATPHUIIbI
VJIOBJIETBOPSIOT OoJiee CJIabOMy YCJIOBUIO, 4YeM ObLIM  PaCCMOTPEHbI paHee.
BBojdaTcs paciimpsione KJacChl MaTPUUHBIX OIEPaTOPOB, H3YUYalOTCd UX
CBOMCTBA, NPUBOJATCA NpUMepbl. JloKazbiBaeTCsA, 9TO DTH KJAACCHI ONEPATOPOB
BKJIIOUAIOT B ¢e0st IMHPOKO M3BECTHDBIE KAACCHUCCKUE ONEPATOPhI aHAJN3a, TaKne
KaK OIMepaTop MHOTOKPATHOTO CyMMHpPOBaHusi, onepaTopbl Hezapo, Lenbiepa u
Jnpyrue. st 9THX KJIacCoB MATPUIHBIX ONEPAaTOPOB MOJYIEHbI CJIC/IYIONNE HOBbIE
pe3YJILTATHI:

— B TEPMHUHAX SJAEMEHTOB MATPHUILI U BECOBBIX IOC/EI0BATEIHLHOCTEH
HEOOXOJMMbIE M JIOCTATOUHBIC  YCJOBHA — OIPAHMICHHOCTH, KOMIIAKTHOCTH
MATPUIHDBIX 0IepaTopoB B BECOBBIX JleberoBbix MPOCTPAHCTBAX
MOCJICIOBATELHOCTEH TIPH Pa3IMIHbIX COOTHOINEHUAX METPUKH;

— HEOOXOAUMBbIE U JIOCTATOUYHBbIC YCJIOBUs BBINOJHEHUS HEpPaBeHCTBaA, TUIIA,
Xap/iu Ha KOHyCe HEBO3PACTAIONINX HEOTPUIIATEIbHBIX MOC/IEI0BATEILHOCTEN PN
Pa3JIMUHBIX COOTHONIEHUAX METPUKH;

— KpUTEpUit OrpaHMIeHHOCTH ¥ KOMITAKTHOCTH CYNEPHO3UIMH MaTPUIHBIX
OTIePaTOPOB B BECOBLIX ITPOCTPAHCTBAX MOCIEI0BATEILHOCTEIH;

—  HEeOOXOJUMBbIC U JIOCTATOYHBIC YCJOBUs BBITIOJHEHUS TPEXBECOBOTO
HepaBeHCTBaA THIA Xap/HU B BECOBBIX MPOCTPAHCTBAX MOCJEI0BATEILHOCTEN];

—  JIBYCTOPOHHsAsl  OIEHKa JIId CYMMHDPYEMbIX MaTpPHI[ B  BECOBBIX
MPOCTPAHCTBAX  TMOCIAEAOBATEJILHOCTEH M Ha  KOHyCe  MOHOTOHHBIX
[1OCJIeJIOBATEJILHOCTEH.

Ob6mag MeTomuKa HccJeaoBaHusA. lcnonbayercs meron pasdueHus
Ha “Tadku’  TOCAeAOBATEJLHOCTH 3HAYCHUH MATPUIHOTO ONEpaTopa B KaXK o
TOYKE, TO3BOJAIONTNI YI0OHO OIEHUTH CYMMBI 10 TTadKaM, OJarogaps KOTOpoMYy
JIOCTUTAIOTCS OCHOBHBIE PE3yJIbTaThl JAHHONW JUCCepTallnoHHONl paborbl. B xoje
OICHKH HCHOJIB3YIOTCA Pa3JIMUHbIe KIACCHICCKUE HePABEHCTBRA, a TaKyKe BECOBbIe
HepaBeHCTBa, Xap/Iu.

Teopetudeckas u TpakTUYecKasd 3HAYUMOCTB. Pabora HocCUT
TeopeTudeckuii xapaxrep. Ee pesyabTarbl MOryT ObITH IPUMEHEHBI B TEOPUN
(hYHKIMH, B TEOPUH BJIOKEHUsA JIMCKPETHBIX BECOBBIX TpocTpancTs Tuna Cobosiesa
U B TEOPUU PA3HOCTHBIX OMEPATOPOB.

IIy6aukarmmuu. Pesynbrarsr juccepraiuu omnybaukoBanbl B 20 paborax,

U3 HUX 2 CTaTbU B KypHaJAaX ¢ UMIAKT (hakKTopoMm, 3 CTaTbW B U3JAHUAX,



pPeKOMEHT0BaHHBIX KOMUTETOM 110 KOHTPOJIIO B cdepe obpazoBanus u naykun MOH
PK, 3 craTbu B 3apyberkHbIX U3/IAHUX.

CrpyKTypa u obbeM auccepraruu. /uccepraiius COCTOUT U3 BBEJICHUS
U 4YeThbIpex pazJie/ioB, 3aKJI0OYeHUs U CIUCKA HCIOJb30BAHHBIX HMCTOYHUKOB,

Bruovatoniero 119 naumenosannii. Jluccepranusa cocrout uz 136 crpanuir.



Taspaganbetova Zhanar Abdulovna

BOUNDEDNESS AND COMPACTNESS OF MATRIX
OPERATORS IN WEIGHTED SPACES OF SEQUENCES
AND THEIR APPLICATIONS

The abstract of dissertation presented for the scientific degree of the
PhD at specialty of 6D060100- “Mathematics”

Importance of research. One of the main problems in the theory of ma-
trices is to find necessary and sufficient conditions for the elements of a matrix
so that the corresponding matrix operator maps continuously one normed space
of sequences into another normed space of sequences. Thus it is very important
to find the norm of a matrix operator, or at least, an upper or lower bound for
the norm. However, in several spaces, which are very important both theoretically
and in the applications, such problems have not been solved yet in full general-
ity for operators corresponding to arbitrary matrices. Therefore, in such spaces
researchers have considered some specific classes of matrix operators and have
established criteria of boundedness and compactness for operators of such classes.

For a summary of results on matrix operators acting in 11 spaces of se-
quences and on their norms, we refer to the paper of M. Stieglitz, H. Tietz.
However, as pointed out in thier paper general criteria for the action of a ma-
trix operator from [, to [, with p > 1, ¢ > 1 and for the corresponding norms
are not known yet. Such operators have their own self interest and they are al-
so a discrete analogue of integral operators, which play a very important role in
functional analysis.

Not only the theory of matrix operators has an important significance, but
also different and versatile applications. The present Thesis is dedicated to such
important problems.

Object of the investigation. Discrete Hardy type inequalities, weight-
ed spaces of sequences, matrix operators, boundedness, compactness, monotone
sequences, summable matrices, composition of operators, additive inequalities.

The aim of the PhD thesis. The purposes of this PhD thesis are to obtain
criteria of boundedness and compactness of matrix operators and to estimate their
norms in weighted spaces of sequences.



Scientific novelty. In this PhD thesis a triangular infinite dimensional
matrix operator is considered, where the elements of this matrix satisty an even
weaker condition, than studied before. We introduce a general class of matrices,
and introduce their properties, and give examples. We show that such classes of
matrices include well-known classical operators such as the operator of multiple
summation, Holder’s operator, Cesaro operator and others. For these classes of
matrix operators the following new results are obtained:

— Necessary and sufficient conditions of the boundedness and compactness
in terms of the elements of a matrices and weighted sequences of the matrix
operators in weighted Lebesque spaces of sequences in different metrics;

— Necessary and sufficient conditions for the validity of Hardy type inequali-
ties on the cone of non-negative and non-increasing sequences in different metrics;

— Criteria on boundedness and compactness of composition of matrix oper-
ators in weighted spaces of sequences;

— we obtain necessary and sufficient conditions for the validity of three-
weighted Hardy type inequality in weighted spaces of sequences;

— two-sided estimates for summable matrices in weighted spaces of sequences
and on the cone of non-negative and non-increasing sequences.

The general technique of research. The blocking technique method
has been used to obtain the main results of the present PhD thesis, which allows
to estimate sums on blocks. Various classical inequalities and weighted Hardy
inequality have been used in the present PhD thesis.

The theoretical and practical importance. The results of this PhD
thesis have theoretical character but several applications can be found both in
other areas of mathematics and in applied sciences e.g. in the theory of functions,
in the theory of embeddings of discrete weighted spaces such as Sobolev type
spaces and in the theory of difference operators.

Publications. The main results of the present PhD thesis are published
in 20 publications. Two of them are published in the journals with impact factor.
Three of them are published in the publications, which are recommended by the
Committee of the educational and scientifically system’s control of MES RK.
Three of them are published in the foreign publication.

Structure and volume of the dissertation. The present PhD thesis
is consists of an introduction, four sections, a final summary and a bibliography
including 119 items. The total volume of the PhD thesis is 136 pages.



