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DIFFERENTIAL EQUATIONS OF MOTION OF PLANAR EXECUTIVE
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Annotation. In this paper the differential equations of motion of planar executive mechanisms of parallel
manipulating robots (PEM PMR) based on Lagrange equations of the second type are made up. Differential equa-
tions of motion of PEM PMR have a universal character. They are written in matrix form and applied to study the
dynamics of PEM PMR with an arbitrary number of degrees of freedom.
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Different methods are used for dynamic analysis of robots depending on their structures [1-15]. In
addition, the separate equations of dynamics are made up for each type of robot. In order to
universalization of study of robots dynamics it is necessary to make up the generalized differential
equations of motion. In this paper the universal differential equations of motion of planar executive
mechanisms of parallel manipulating robots (PEM PMR) with an arbitrary number of degrees of freedom
are made up.

For make up the differential equations of motion of PEM PMR we use the Lagrange equations of the
second kind [16]:

i(@_Tj_@_T:Qk (k:n—m+l,...,n), (1)
dt\ oq I oq I
where 7 and m — number of mobile and input links of PEM PMR respectively; 7" — kinetic energy of PEM
PMR; qy.,q). and O, — the generalized coordinates, velocities and forces respectively having the following
forms:

@, 0, M;, —for PEM PMR with rotation input links,

k95O =
Sk, Vi, I, —for PEM PMR with translation input link.

Let enter a matrix M; of masses m; and moments of inertia /; of the i-th mobile link of PEM PMR
concerning an axis passing through the center of masses, and a vector v, of velocities of the i-th link:

m 0 0 v
Mi =10 m; 0 > Vi = Vl-y : (2)
0 0 ]i aj

Then a kinetic energy of the i-th link of PEM PMR is defined by expression:
1 &
T =g M; v, 3)

As the kinetic energy of PEM PMR is equal to the sum of kinetic energies of the mobile links, we will
enter a matrix M of masses and moments of inertia and a vector v of velocities of links of PEM PMR:
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Ml 0 Vi

M, \p)
M= ' . v= .l 4
M, ” 4

0 M, \

By means of the matrix M and the vector v kinetic energy of PEM PMR can be expressed in the
following view:

1
=—vl M-v. 5)
2
The vector of velocities v of the i-th link of PEM PMR is defined by expression:
I
\ Z q] g uij . (6)
j=n—m+1
where u;; — is a vector of analogues of velocities of the i-th link on the j-th generalized coordinate having a
view:
wy = pag.on] 0
Then the vector of velocities v of links of PEM PMR is defined by expression:
n
V= 2.4y, ®)
j=n—-m+l
where u; — is a vector of analogues of velocities of the links having a view:
llj = lllj,llzj,..., lll'j,..., llnj]T (9)
Let differentiate kinetic energy 7" on the generalized coordinate g;:
T
ol 1 0 1 ov 1 ov
10 (g I T B "
oqr 2 Oqy 2 oqy. 2 g
where:
ov 0 L . e
PoarrliD VR TR TR TR S [-1L)
qr qdi Jj=n—m+1 j=n—-m+l
Similarly we get:
T n
v T
—= > qp Wi (12)

aqk j=n-m+1

In expression (11) wy is a vector of analogues of accelerations of mobile links which has a view:

_ou, | I

W]k —@— lek’ szk,..., Wijk""’ ank s (13)
where:
Wik = ;.k,W?j/.k,(ﬂl;-k]z. (14)
Then the equation (10) becomes:
ol 1 o . T 1 7 L

e > qj-wjk-M-erEV M- DG W (15)

i Jj=n—m+1 Jj=n—m+l
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n n
. T T .
j=n—m+l Jj=n—m-+1

then we have:

oT <
~ = X4 WMy, (16)
Tk j=n—-m+l

Let differentiate kinetic energy 7" on the generalized velocity ¢y, :

T
o LA L "
oqr 2 Oqy 2 oqye
where:
ov 0 g
Pkl qu-uj:uk. (13)
Tk Tk j=n-m+l
Similarly we receive:
T
qu—_:u£ (19)
k
Then the equation (17) has a view:
ol 1 7 1 7
ﬁza-uk-M-erE-v ‘M- uy, (20)
k
or
_qu —uf M-v. @1
k
Let differentiate the equation (21) on time #:
d T
d ﬂ :i(ug-M-v):i-M-erug-M-ﬁ, 22)
dt\ oqy, dt dt dt
where:
du’ no dul dq ; i 1
k _ k J _ - _ -
R TR T AL R YA ®
j=n-m+1 qj j=n—-m+1 j=n-m+1
& d B ) L dq . du;
dtdi ._Z 1Y ._Z {dz TR A
j=n—-m+1 j=n-m+1 24)
= 2 7‘“]“?]" 29w |
Jj=n—m+1 I=n—m+1
Then the equation (22) becomes:
d| ol L
_(a_j: qu.wjk.M.V+u£.M.
d aqk j=n-m+l1 (25)
i - -
2 ot 2459w |
j=n—-m+1 j=n-m+1 I=n—-m+1
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Let all external forces and moments acting on the i-th link of PEM PMR we brought into the center of
mass of a link to the main vector f; and the main moment m; which components form a vector

f, = Lﬂx , Fl.y M ]7 . Then the generalized force Oy is defined by expression:

n
O =X u), £ =u -f, (26)
i=1

where f is a vector of the main vectors and the main moments of the links of PEM PMR.
Substituting the expressions (16), (25) and (26) in the equation (1) we get a matrix type of the
differential equations of motion of PEM PMR with many degrees of freedom:

n 3 n n
T g o T
u,-M Z 7;-uj+ Z qu-ql-wﬂ =u;, -f, (k:n—m+l,...,n). (27)
Jj=n—m+l J=n=ml [=n-mel

The differential equation of motion PEM PMR with one degree of freedom has been get from the
equations (27) as a special case at m=1:

do
uT-M[—q-quqz-wJ:uT-f. (28)
dt
The equations of motion PEM PMR (27) represent the ordinary differential equations of the first order
which have a view:
d
— qk = i]f , (k:n—m+l,...,n), (29)
dt q A b
where elements of a matrix A and a vector b are defined by expressions:
akj:ug-M-uj, (k:j:n—m+l,...,n), (30)
7 7 n n
b=u; -f-u; M- > D dw (31)

Jj=n—m+1l I=n-m+1
The system of the equations (27) is calculated by known numerical methods [17].
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TTAPAJUIEJID MAHUITYJISILIASUIBIK POBOTTAPIBIH KA3BIK OPBIH/IA VIIIBI
MEXAHU3M/IEPI KO3F AJIBICBIHBIH, JJU®OEPEHLIMAJIABIK TEHE VJIEPI

Maxkanaga exinmi Typm Jlarpamk TEHACYICPI HETI3IHAC Mapauicib MAHHITY LIMUAIBIK POOOTTAPIBIH KA3BIK
opbiHmaymbel MexaHmMmacpi (IIMP JKOM) kosramsichiHBIH guQepeHIHATABIK TCHACYICPI KypburaH, [IMP
JKOM-HiH K03FaibICHIHBIH AA(D(OCPCHIHANIBIK TCHACYICP] Kaambl TypAe kenripinreH. Onap MATPHOATBIK TYPIC
KYPBUIBIIL, Ke3 KEITeH epKiHaik aapexeci 0ap [IMP JKOM-niH TuHAMHKACHIH 3epTTEyTE MaiaaIaHyFa O0JIa bl

Tipek co3aep: Mapaueb MAHUITY JLTHIAIBIK poO0T, Tu((hSPCHIMAIIBIK TCHACY ICP, THHAMHKA.
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JUNOOEPEHITMAJIBHBIE YPABHEHW S JIBUXKEHUW S TTDIOCKUX
HUCTIOJIHUTEJIBHBIX MEXAHW3MOB ITAPAJUIEJIbHBIX MAHUITYJISLIMOHHBIX POBOTOB

B pabote cocraBiacHbl mudepeHIHANbHBIC YPABHCHUS JBIDKCHUS IJIOCKHX HCIIOJHHTCIBHBIX MEXaHH3MOB
MAPAJUIC TbHBIX MAHHIY JIHOHHBIX podoToB (ITMM ITIMP) Ha ocHOBe ypaBHeHH# Jlarpamka Broporo poaa. Judge-
peHnuanbHbe ypapaeHus AsrkeHus [TMM IIMP umMeroT yHIBEpCaTbHBIN XapakTep. OHH COCTaBJICHBI B MATPUIHOH
(hopMe H mpUMCHEMBI I uccneaoBanusa guHaMukd [TUM TTMP ¢ mpou3BOIEHBIM YHCIOM CTCIICHSH CBOOOIBL.
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