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O PASBPEHIMMOCTU UHTEI'PAJIOB KJIEBIITA
B CJIVHAE A=B=4C

Annoranua. J[oka3aHAa JHHCIHHAS HC3aBHCHMOCTH CHCTCMBI HWHTCTpajioB KoeOma. Permena HOBag 3agada o
paspemmmMocTd HHTETpatos Kiebma B ciayyae, KOTAa PachpeesieHHe MAcC OCECHMMETPHYHOTO TEIA COOTBETCTBYET
CIICAYFOIICH 3aBUCHMOCTH MCX/Iy TTIABHBIMH LICHTPAJIbHBIMH MOMEHTaMH mHeprun Tena 4 = B =4C.

B crarbe paccMarpuBaroTCs BpAIIaTEIbHBIC IBIKCHHS TBEPAOTO TEA OTHOCHTEIBHO IICHTPA MACC B IEHTPAIIb-
HOM HBFOTOHOBCKOM TIOJIC TSATOTCHUS, KOTOPBIE B MOABIDKHBIX OCSIX JOIYCKAOT YEThIpE NMEpBBIX HHTErpana. OauH u3
3THX HHTETPAJOB fABJLIETCA anreOpamyueckuM mHTerpanoM Knebma, xotopsni oH momywma B 1870 roxy [1]. Oror
HMHTETpaj BCTpedaeTcs B uccneaopanmsax Tuccepana (1872 r.) u bpyna (1893 r.).

B crarpe paccMaTpuBaeTcs BOIPOC O paspemuMoctd uHrerpanos Knedma npu A = B = 4C. TloasmwxHas cucre-
Ma KOOPAMHAT MMEET HA4Yal0 B IIEHTPE MACC TENA, 4 €€ OCH HAIPABICHHI IO TTABHBIM IICHTPAIBHBIM OCSIM HHEPIHH
TEJIA W >KECTKO CBSI3aHBI C TEIOM. BpamarenbHble JBHKCHUS T OTHOCHTEIBHO LIEHTPA MAacC PacCMaTPUBAIOTCS B
3THX MOJABIDKHBIX OCSIX KOOPIUHAT.

CormacHo o0mieH TeOpUH WHTEIPUPOBaHMA Ju(epeHInANTPHIX YPABHCHHH BPAMIATCILHOTO JBIKCHHS TBEP-
JIOTO Tella OTHOCHUTEJIHHO LEHTPA MACC HAIMYUC YCTHIPEX HE3ABHCHUMBIX NEPBBIX HMHTETPANOB PABHOCHIBHO HHTE-
TPHPOBAHMIO 3THX YPABHCHUMH.

B cayuae pazpemmmocTn wHTErpanos Knebima oHE MO3BOIAT MPOTHOZHPOBATh BPAMIATCIbHBIC TBIKCHHS HEYTI-
PaBIIEMBIX KOCMHYECCKHX OOBEKTOB B OKOIO3EMHOM KOCMHYECKOM IIPOCTPAHCTBE, UTO AKTYAIbHO CETOAHA TPH
HEINTATHBIX IBIKCHIX CIly THHKOB 3EMIIH B HBEOTOHOBCKOM ITOJIC TSTOTCHHUS.

Pemenne 3amaum 06 wmHTErpHpoBaHMH IHU(PECPSHIMATLHBIX YPABHCHUH BPAINATEIBHOTO IBH)KCHHS TBEPIOTO
TEJNA OTHOCHTEIBHO IICHTPA MAcC B HBFOTOHOBCKOM IIOJIE TATOTEHHS TPEACTABILICT COOOHM MOACTBHYIO 337a4y,
KOTOpAast Oy ACT IMOJIC3HA A1 MPAKTHUCCKAX PACUCTOB PA3IUMHBIX MPOOIEM AMHAMHKH KOCMHYIESCKOTO TOJIETA.

KioueBbie c/10Ba: IMHAMHUKA, TBEPAOC TENO, CHIOBOC IOJIC, HHIOTOHOBCKOE IOJIE TATOTCHHWS, LEHTP MAcc,
BPAIIATEIBHbIC ABIKCHIUS, MOMCHTBI HHEPIUH TENA.

Tipex ce3mep: TuHAMHKA, KAaTTHI ACHE, KYINTIK ©PIC, HEIOTOH AYBIPJBIK 6PICI, CalIMAK OPTAJBIFbI, alfHATIMAIBI
KO3FaJIbIC, ICHCHIH HHEPIHSLIBIK MOMECHTTEPI.
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Ilycte TBEpAOE TEIO COBEpIIACT BPAINATENHHOE ABHKCHHE OTHOCHTEIBHO LIEHTPA MAacc B LICHTPaIb-
HOM T0jie TssroreHus HeroToHa, TOrga mojHas cucreMa JU(CPEHIHATBHBIX YPABHCHUH B MOIBHKHBIX
OCSX UMeeT BHT [2]:

p =\sinBsin @ +Hcosq,
qzx’ysin@coscp—@sin(p, (1)
r =\ycosf+ ¢;

Ap+(C = B)gr =e(C - B)y"",

Bg+(A-C)pr =e(A-C)y", 2)
Cr+(B-A)pg=e(B— Ay, &= ;—“
Y=ry—qy". ¥ =py" —ry. ¥ =qv-pY, 3)
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vy =sin@sin®, vy =sinBcos@, y"=cosH, 4)
) +qy’
0 =arccosy”, ¢ = arctg (l,j = M 3)
Y 1-y"

rae 0, ¢, ¥ — yriasl Jiijiepa; |L — rpaBUTAI[HOHHAS MOCTOSIHHAS, R — PaCCTOSHUE OT IICHTPa Mace A0 LCHTpa
OPUTSOKCHHST, P, (, I — MPOCKUMH YIIOBOH CKOPOCTH Teia (0 Ha MOABWXKHBIE ocw; Y, Y, V' —
HAMNPaBJIOIINE KOCHHYCH HOABIKHBIX oceil; A, B, C — riaBHbIe ICHTPATBEHBIC MOMEHTBI HHEPLIUH TEJA.

Havano HenoaBKHBIX OCEH KOOPAMHAT X1)1Z; Y HOABHIKHBIX OCEH X)VZ COBNANACT ¢ LECHTPOM Mace
TBEPAOTO TEA.

(1) — xuHEeMaTHUECKHE VpaBHEHHS Jiinepa; (2) — AMHAMHYCCKIE VpaBHEHUS Jinepa; (3) — ypaBHCHHUA
Ilyaccona; (4) — BeIpaskCHHUS HAMTPABIIAIOLUINX KOCUHYCOB Yepe3 yriibl Jiijiepa; (5) — pasperaminue ypas-
HCHUSL.

I cucremel auddepenmansapix ypasaeHuH (1)—(3) cyImecTBYIOT 4eTHpE MEPBEIX HHTEIPana

Ap2 +Bq2 +Cr? Jre(Aly2 JrBy'2 +Cy"2) =y,

Apy+Bgy' +Cry" =C,,
2 2 "2 (6)
YAy =1=GG,
A*p? + B*q* + C*r? —e(BCY* + ACY? + ABY"*) =C,,
[¢ TCPBbIH U3 (6) UHTETPAT SHEPrUH, BTOPOH U3 (6) UHTErpal MIOLAACH, TPSTHH 13 (6) TPUBUAIBHBII
HHTErpal, 4eTBepThii u3 (6) nnrerpan Knebma.
JTH YeThIpE MEPBBIX HHTETPAIA TUHCHHO HE3aBUCHMBL:

MC+A,Cy + A0, +0,C, =0, @)
3peck noctostaasie uaTerpuposannss C; =0, C, #0, C; #0, C, # 0, cieq0BaTe1bHO, MOCTOSHHBIC
A=A, =A;=A,=0.

ITO 03HAYAKOT, YTO MEPBBIC MHTETpanbl (6) paBHOCWIBHBI pewcHusM ypasuenuit (1)-(3). Ho onn
HCPA3PCIINMBI, T.€. HET Croco0a ONpeACICHUs YIIoB Jiiepa u3 (6), MOITOMY HUCCICAYEM Pa3peIIUMOCTh
(6) mpu A4 =B =4C.

W3 nepsoro ypasuenus (6) mveeMm pu 4 = B =4C:

C
4(p2+q2)+r2+8(4—3y”2):Fl. (8)
Wz Broporo ypasHeHus (6) HaiaeM
14 " C
Upy+qry+rm’=-2. ©)
Tpetbe ypaBHEHHE 0CTACTCA OC3 U3MCHCHHS.
PaccMOTpHM 4eTBEPTHIN HHTETPAT:
C
2 2 2 ”2
16(p°+q°)+r" —e(4+12y ):C—;‘. (10)
Hns yopowenus (8)—(10) nepenuiuem (2) ¢ yuetom 4 = B=4C:
dp
4——3qr = -3ey%",
Jf q Yy
dq
4—=+3pr =3eyy”, 11
g o iy (11
d
L
dt
W3 mocaeaHero ypaBHEHHS HAXO UM JOTIOJHUTCIBHBINA TICPBBIH HHTETPAT
¥ =¥y = const. (12)

Ipeobpazyem (8)—(10) ¢ yuetom (12):
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Ap*+q*)-3ey" =Cy, (13)

Apy+qr)+ryy" =Cy, (14)

y2+y'2+y”2:l:C3. (15)

Ap*+q7)-3ey"? =C,, (16)
¢ MOCTOSIHHBIC HHTCTPUPOBAHUS OMPEICICHBI CIEAY FOIUM 00pa3oMm:

s C s C s 1(C
i :Fl—r02—48, £ :?2, Cy =1, G, :Z[C—‘Z‘—r02+4ej.

Orcrona cneayert, uro npu A = B = 4C unterpan KneOmma BrIpoxkgacTcs B HHTErpai 3HEPTUH, HO Y HAaC
ecTb nepBrIl HHTErpai (12), Ho3TOMY CHCTEMa YETHIPEX MEPBBIX HHTETPATIOB TCIICPh UMEET BHL!

r=ry,
4p*+q*)-3ey"? =CY, (
" 17)
AUpy+qr) +ryy" = Cy,
'YZ +,Y'2 +,Y”2 :l:C3.
[Iposepum nuHEHHYIO HE3aBUCUMOCTH (17):
MCL +A,Cy +AsCy + A7, =0, (18)

* *
smecs C; 20, C, #0, C3 %0, 1, #0, mosromy (18) OyaeT YAOBICTBOPEH TONBKO — MpU
A=A, =A; =LA, =0, 10 ectb nepssic nuTerpans (18) MUHEHHO HE3aBUCHMBIL.

N3 (17) MOkHO TOTy4HTh KBAPATYPHI JTs YII0B JHaepa.
Paccmorpum (1)

pPHqt =0T (=), (19)
N3 ypasuenus (4) Haiinem
. 1 d ” 2
6% = Z[JLJ; (20)
1—y"*\ dt

W3 BTOPOTO ypaBHEHMs cucTeMsl (17) umeem
pz-Fq2==«Xk—38v”)-iu 1)
u3 Tperbero ypasuenus (17) u (5) Haiigem
\VZZ(igiiégijé 22)
41-v")
Uckmouns u3 (19)-(22) (p* +4q%), 6, \y?, umeen:

2 *
1 .« 1 ay" 1 4C, —ryy"
_(Cl _38y”2): Z[LJ +_( 2 r(Z)’Y) (23)
4 1-v" dt 16 1-v"
[Tocne ynpomenus (23) Haiigem:
ar = [ +D, (24)
\/_ Y by + by + b3y + by
20 1}
rae D) — mocTosiHHAs MHTETpUpoBanus; by = 0; b2 =1- 1 —FL;
s 12¢
2 C*r 2 ® *
by =—- 22, by =—&(C, _2(C2)2)~
3 ¢ 3
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O6parus (24), naiinem y" = F'(t, D, ) , cnenosarensHo, u3 (20) Halaem yroa HyTauun

0= IJ___[ Jw+D

(25)

N3 (22) Haiigem yron

ZD. 26
I4(1 +D, (26)

M3 (1) umeem yron coOCTBEHHOTO BPAIIEHUS
Q= I[ro —\y"ldt+D, . (27)

rac D,, D;, D, — IOCTOSTHHBIC HHTCTPUPOBAHUIL.
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A = B = 4C XAF JAUBIH JAFbI KJIEBII UHTET PAJIJAPBIHIH, IIEIIUTYI TYPAJIBI

KneOmrin OipiHON HHTETPANIAPBIHBIH CBHI3BIKTHIK TIYCICI3AITT TONETACHAL KIHE Ol HHTCIPAIIAPAbIH KYHEIIK
Typae Jinep OyphIITaphl apKBUIBI INEIILTYl 6CTIK CHMMETPHSUIBIK KaTTel aeHe ymiH 4 = B = 4C karnaisiHaa
3eprrenni, Mmyaaa 4, B, C — JeHEHIH OPTaJbIK 0aC HHEPUHSUIBIK MOMEHTTEDI.

Makanaga HBIOTOH OpPTAJBIK OPICIHIH OCCPIHACTI KATTHI ACHCHIH MACCANBIK IICHTPTC KATHICTHI AHHAIMAJBI
KO3FaJbICTAPBIHBIH Au((epEeHINANIBIK TCHACYIEP! JKBIDKBIMAIBI KOOPIUHATTHIK KYHEAC ambIHABL KBIIKBIMAIIBI
KOOPIMHATTHIK JKYHEHIH OHE XKBUDKBIMANTHIH KOOPAWHATTHIK JKYWCHIH OacTamkpl HYKTEICPl ACHEHIH MAacCCAJbIK
LEHTPIHEH anbIHIABL JKBUDKBIMATNEI KOOPAWHATTHIK JKYHCHIH 6cTepi AcHere OCKITLNN ACHEHIH 0ac MHEPLMIBIK
ecTepiMeH OarbITTaNabl. EXi KOOPAWHATTHIK JKyHesep OarbITTay bIII KOCHHYCTAp APKbLITBI OAHIaHBICTBIPBLIIbL.

KarTbl neHEHIH OPTANbIK HBIOTOH OPICIHACTI MACCANBIK HEHTPIE KATHICTHI AHAIMAIBI KO3FAJIBICHIHBIH Au(de-
PCHIHANIBIK TCHACYJICPL TOPT €3apa TOYeCi3 OipiHIN HHTCTPANAAPBIH KOPHITHIN alyFa MyMKIHmLTK Ocpexi. On
HHTETPANIap IMiHAC TPUBHAIIBIK MHTETPAJN, YHEPTHS HMHTCTPANBL, ayJaH TYPAKTBUIBIFBI HHTCTPAlb! koHe KieOm
uHTerpans! 0ap. Oubl Kiedm 1870 »xpurst, an Tuccepan 1872 sxpianl xkoHe BpyH 1893 KbIIBI KOPBITKAH, OipaK Ol
HMHTETPAIIBI OJAp TiNTi Oip-OipiHe €I KAaThICHI KOK 3ePTTEYJICpAC OPHATKAH.

Kanmer Teopust OOHBIHIIA AUTHUFAH WHTETpanmap Oap Oonca, Au(()epeHIMAIIBIK TCHACYICP TOJBIK MICTITLTIL
Jaeyre 00Ia b

Conpaii mem aHTBIFAHMCH O MHTCTPAIIAPABI JHUIcp OyphIITAphIHA KATHICTHI MICIIY YJAKCH MOCEJICTS aifHa-
Ta7pL.

Maxkanaza 0ChI MOCEIIC OPTAITBIK HBIOTOH OPICIHAC aHHATMAIBI KO3FAIBICTAFEl A¢HCHIH A = B = 4C sxarmalibrHIA
memniaai. by memiMaep 0acKapbUIMAHTBIH FAPHILTHIK HBICAHIAPFA MOJCIB/IL €Ce OONBIN TadbUIAbl, COHABIKTAH
omap xacanasl JKep cepiriHiH mapaMeTpIICpPiH OpHATYFa KOMEK Oepeni.

Tipek cezaep: muHAMHUKA, KATTHI JCHE, KYIITIK 6piC, HBIOTOH ayBIPIBIK OpPICi, CAIMAK OPTAJbIFbI, AHHAIMAIbI
KO3FaJIbIC, ICHCHIH HHEPIHSIIBIK MOMCHTTEPI.
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ON SOLVABILITY OF INTEGRALS CLEBSCH IN CASE 4 =B =4C

Proven linear independence of the integrals Clebsch. Resolved new task on the solvability of integrals Clebsch in
the case when the mass distribution of an axisymmetric body corresponds to the following dependence between
principal Central moments of inertia of the body of 4 = B=4C.

The article considers the rotational motion of a solid body about the center of mass in a Central Newtonian
gravitational field, which in the moving axes allow four first integral. One of these integrals is an algebraic integral
Clebsch, which he received in 1870 [1]. This integral is found in studies of Tisserant (1872) and Bruno (1893).

The article considers the question of the solvability of integrals Clebsch when 4 = B = 4C. Mobile system of
coordinates has started in the center of mass of the body, and its axis is directed along the principal Central axes of
inertia of the body and are rigidly connected with the body. Rotary movement of a body about the center of mass are
considered in these moving coordinate axes.

According to the General theory of integration of differential equations of rotational motion of a rigid body about
the center of mass presence of four independent first integrals equivalent to integrating these equations.

In the case of solvability of integrals Clebsch they will predict the rotational motion of unguided outer space
objects in near-carth space, which is important today, abnormal movements of the Earth's satellites in the Newtonian
gravitational field.

The solution of the problem of integration of differential equations of rotational motion of a solid body about the
center of mass in Newtonian gravitational field is a model problem, which will be useful for practical calculations of
various problems of the dynamics of space flight.

Keywords: dynamics, rigid body, the force field, the Newtonian gravitational field, the center of mass, rotational
motion, the moments of inertia of the body.
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