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S,-SUBMODULES OF FREE NOVIKOV ALGEBRAS

Annotation. Algebra with identities, ao(boc)—(acb)oc=ao(cob)—(acc)ob ac(beoc)=

=b o (a o c) is called Novikov. Studied two S,-submodules of free Novikov algebra and decomposition of them into
Specht modules.
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1. Introduction. In 1950, A.I. Malcev [9] and W. Specht [11] independently used the representation
theory of symmetric group to classify polynomial identities of algebraic structures. These module
structures are known for many classes of algebras and well used in classifying varicties of algebras.
S,— module structure of free associative algebras, Leibniz, Zinbiel and Poisson algebras is regular module.
S, — module structure of Lie algebras is studied by Klyachko [8], Kraskiewicz ajjd Weynman [7]. In [1]
studied varieties of anti-commuative algebras. S, — module structure of bicommuative algebras is studied
in [4]. In our paper we are introduced in decomposition of some S,.; — submodules of free Novikov
algebras into irreducible modules (Specht modules).
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Let us introduce non-associative non-commutative polynomials of degree three rsym (right-symmetric
polynomial) and /com (left-commutative polynomial) by

rsym=1,(t,t;) —1,(t;1,) — (L1, + (L15)1,,
lecom=1,(t,t,)—1,(t,1,).

An algebra with identities 7sym =0 and /com = Ois called right-Novikov. Since we consider in our
paper only right-Novikov algebras the word “’right” will be omitted. So, if 4= (4,°) is a Novikov
algebra with multiplication a o b, then

(a,b,c)=(acb),
ac(bec)y=bo(acc)
forany a,b,c € A . Here
(a,b,c)=ao(boc)—(acb)oc

1s associator.
0
Example 1.1. Let A= C[x] anda<b = o(a)b, where ™ be partial derivation. Then (A,°) is Novi-

kov algebra.

2. Partition and base of free Novikov algebra. In [2], [3] there was constructed base of free Novikov
algebras in terms of rooted trees and so-called r-clements and in terms of partitions. For our future
consideration, we use base in terms of partitions.

Let 7 € N natural number and P(n)is a set of partitions of 7 such that

P(n):{0(:(0{1,...,0(,€)|0{1 +eeto, =00, 2, Zl,lgkgn}

Shortly, we write @ Fn. Let ¥, is a Young diagram of a form « , i.e. a diagram with &, boxes in

the i-th row. There is a one-to-one correspondence between partitions of 72 and Young diagrams of order
n.

For a partition « 7 denote by o =(,,...,,) a partition of # such that

, 071 = +1, , 07, = I >1. Ya is called a Novikov diagram. There is one-to-one correspondence

between Young diagrams of order 72 and Novikov diagrams of order n+l

® .- ® o o ® .- ® ® & o
Ya: o ... e o Yﬁz o ... e o
° ® Y ®

So, a Novikov diagram is obtained by Young diagram by adding to the first row one box. Call this box

“’nose”. Present Y& as disjoint union of two parts,
¥ = Iy,
where Y, a1 call it leff part of Y& , 1s left column of Ya, and, Y, , call it right part of Yg,is a complement

of Vs in ¥

a-
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Now we have to fill Novikov diagram Y& by elements of Q. Filling of boxes by elements of alphabet
depends whether this box is on the left part or on the right part . Denote by f, j an element of (2 in the
box (i- ].) that is a cross of 7 -th row by ] -th column. The fillling rule is the following

o Sz S i 0 =00, =12, k1.

» the sequence [, "'fk.a’;,;fk—l.z fk—i.a_;:_i wfi2--H ay -fl.cri-i-:i is non-decreasing.
Such filling of Novikov diagramm we call Novikov filling. Call obtained tableaux as Novikov tableau
with shape and (Novikov) filling 7 Denote it by ¥ f-

Let us given Novikov tableau Y -

Judarer i fraa

Then base element of free Novikov algebra constructed by ¥z, £ 18

'Ecr.f = kaﬂ((XszXI}c) ),

Xif = (w(fir®fiz) ) rapk Zi>1,
Xl.f = (([fllﬂflu) )mei) Dﬁ.l..:rl+1'

So, any base clement €, ¢ of free Novikov algebra of degree 7 + 1 can be characterized by a partition

where

a F n and by a filling f For partitions ¢ = { @B, a, ... a;} Fnand f={ §1 B> ... Bi} - nwe say that a

dominates S, and write a & B, if

— 100 ——



Cepusa ¢usuxo-mamemamuveckad. Ne 3. 2014

at+at.. ta, > ,31+,32+...+ ,Bi
forall >1.If >k (respectively, I = [), then we take a; (respectively, f8;) to be zero. Recall that
for a, B  n, the Kostka number K ag 1s equal to the number of semistandard Young tableaux of shape a

and content . Specht modules corresponding to a partition @ denote S¢. For more details see [5], [6].

3. Permutation modules and free Novikov algebras. Let F”™" be multilinear part of free Novikov
algebra generated by n+/ elements ay,... ,a,,;. Consider F®*D ag n+1 modules with a natural action

oX(ay, .., Apyq) = X[ﬂa-fﬂ» — aa.:m_l(.].

Let X = Eﬂgﬁasgn i -‘;Lﬂ  be an element of F i1, Where A, € K. Say that X has degree a and write

deg(X) = a, if A, = 0 as soon as deg u >a and .&19 % 0, for some YeBase n+1 With deg() =a.

Note that
degX < degY —X<Y.

Proposition 3.1. For any X, Y € Fin+1)
deg (X + Y) < max(deg X, deg Y),
deg (AX) <degX, A €K

Proof. Let

X = Z.afie},l,fl + ZAfzeﬁ,g + --P+Z;1heﬂ.ﬁ
f:. fz f

and
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= 231 319‘51 41 +ZQ7_ .‘_?2852 g: + r”+23m 9me5m Im.
suchthatyy > ¥, > === ¥ ,0; 2 0, > =+ > OppandAgy # 0. 45, # 0
for some f; and g, . Then

deg X =Yy,  deg Y= 0,
if degX<.degY, then
max(degX, degY) =51 =deg (X +Y).
Similarly, if degY < deg X, then
max(degX, deg ¥) =¥y =deg (X +Y).
If degX = degY and X#-Y, then
max(degX, degY) = 0y>deg (X +Y).
If X=-Y, then
deg(X + Y)=deg 0 < 81 = max(deg X, deg Y).
So, for any X and ¥,
deg (X + Y) <max(degX, deg Y).

It is easy see that if A#0, then deg (A X) = deg X, if 0 = 0 then , deg (6X) <deg X.
Now we are able to construct filtration on """, By Proposition 3.1 for any ak # sct of elements of

degree no more than o forms linear subspace. Let Fa subspace of F (nt1) generated by all base elements

of a form €g ¢ such that o>p. One can easy show that anj isaSpe1

Theorem 3.2. F,(z‘lrt—:F and F{lﬂjare S,+1 — modules.
Proof. To prove that Fﬂ. is a I, 49 module for any a F n, it is enough to show that for any

transposition o S,.; we have 0€, f € F,. Then it follows F (1™)is an 8y 4 1- module.
Suppose that €( yn-2) 5 = €40 ( (C“_: 0 (((11 Ubl }Gbi )) ) and o is a transposition.

If O actson Cy, ..., Cp_ 5. then by left-commutativity rule, we obtain again €(3 312} ¢ -

If O acts on Dy, b, then

Terns T G o(Aa, 0@ 0by)0b)) )=

(by right-symmetric rule)

€40 ( ("31:—2 D(alﬂ(bzﬂbl])) ) - 4,0 ( (fﬂ_zﬂ(ﬂlﬂ(bl abz})) )
+¢,0 ( (cn_g 0 {(aicbl,}abg)) )
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By using left-commutativity rule we obtain element of F (2.1"=%y. Any other actions of o on
€(2.1"2), f gives element of F{E_ln—z).

Theorem 3.3. There hold following S,, , 1 - modules isomophisms

a Fgny& S+ @seD
if n > 3,then F; yn-2y =
25+ @y 351 gih-119qoch-1.2) @ 1)y cmn-23) g gln-2.2.1)

b.

Proof. We decompose F (1™} and F (zlln—zjinto Specht modules, first we show that F (1™ 18
. . . . ; n-2.2.1)
1somorphic to permutation module M Yand F (2.1""2) JF (1) 1s isomorphic to a"‘f{n 21 o 1

- modules. See [10] more details about permutations modules. Let us express elements of F (11 as
Novikov tableau:

Ap  Qpsa
Ap-q
61, =+ o(@, 00, ) )=
a;
and we have
oty Gt a, Gy,
A1y a,,
@y a,

forany O ES,,+1. If we consider elements €41y, f in the following form
@y Qpy Gy
an+ 1

then we obtain an S,,,;-module structure which is isomorphic to per-mutation module M (n.2)
corresponding  to partition (n,1). Then by using we obtain Young’s
F (1™ ~ SnHigps 1) Now, express elements of F (2.1"~2y as Novikov tableau

Ap_1 Ay Apyq
[

€(zam ) = a,o(...(a,;0(a,_10a,)0a,:4)) ...) =

n—=2

and we have showed
Ap_1 ar[-n} ﬂr[n+]] ap_y Ayn Ap+1
Qo(n-2) = Ap-2
QAo(1) a,
forany 0, T € 5,1 . If we consider elements €(2.147"2) ¢ inthe following form
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@y @3 e By 3 By a
a, Ania

Ap-2
then we obtain an S,;— module structure which is isomorphic to permutation module

{n=-2.2.1) . " 5
Mt ¢ corresponding to partition (n-2,2,1). By Young’s rule

(n-2.2.1) _ 2
M e @ K ypaanS™.

Ap(n-2,2,1)

By using the definition of Kostka numbers, we get
r r r
K{H—Z.E..l.] (n-2,21) = h{n—ZBJ{n—Z.:.l] - ‘h(n—l,l.l] = l""i("r1.+1_'] = 1!

F
Kﬂin— 2) (n—2,21) = hgn.ljug-n—z,.z_lj =2

s ey

F(E.lr‘_zj
F{l”}
Fiaan=2,

Since F(:Jn—zi = @ F!:'_ln}l

F I 1 ‘1.;

F' n-2 P 25[}“_1]{5'25{}1_1'2—’]@S{”_1'12]@'25{'}1_1'2:'@S{H_Z'E]@S{'n_i'z’ﬂ
(2.1} =

o gn+l @25 (n,1) @S{n— 1,12:]'@25{11— 1.“2,"@5"&1—Z.BJEBSMZH—E.E.l,\J
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Pesiome
H. A. Hemaunos

(Om-®apabu atsiHaarsr Kazak yaTThIK yHUBEpCHTETI, AmMarsl, Kasakcras,
Cynetimen [lemupens areiHAAFs yHEBEpCHTETI, KackeaeH, Kazakcran)

EPKIH HOBHUKOB AJITEBPACBIHBIH KT Sn-MOAYJIAEPI

n OYTiH CaHBIHBIH JKIKTEIYIMCH AHBIKTAJIATHIH CPKiH HOBHKOB anreOpachkIHbIH KeHOIp INIKi KEHICTIKTEPI 3epTTe-
reH. OnapapiH oKl Sn-MoayAaepi O0NaTHIHABIFBL JJICIICHICH YKOHE OCHI Moy aaepae apoip Lnext Moy naepiniy
CCCIIKTCPi CCCTMTCITCH.

Tipek ce3nep: Hoeukos anredpacsr, [1Inext Momyi.
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(Kazaxckuit HAMHOHATBHEIH YHHBEPCHTET HM. amb-Dapadu, Ammarsl, Kazaxcras,
VYuusepcurer um. Cyneiimana lemuperst, Kackenen, Kazaxcran)

Sn-IIOJIMOYJIU CBOBOJIHOM AJITEBPEI HOBUKOBA

H3y4aroTcs HEKOTOPBIC HOAMPOCTPAHCTBA CBOOOTHOH anrcOpsl HOBHKOBA, KOTOPHIC ONPEACTIIIOTCS pa30nCHUEM
YHUCIIa 1. Z[OKBSBIB&GTC}I, YTO OHH ABJIAKOTCA SII-HOI[MOI[Y JUIMHU U BEIMIMCJACTCA KPATHOCTH Ka)KZ[OfI IImext MOOyJIA B
ITHX MOIMOIY JIIX.

Kmouessie cioBa: anmrebpa Hoeukosa, Moy s HInexra.
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