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SOME TRIPLE OPERADS

Annotation. Studied Loday's questions about triple operads when an algebra has Novikov, bicommutative and
right-symmetric structures, primtive part has Lie structure of generalized bialgebras. Shown nonexistence of
coalgebra structure in case Novikov and bicommutative and given dimension of coalgebra in case right-symmetric.
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anreopa.

Introduction. J -L. Loday introduced in [6] the notion friple of operads (C, y . F :A—alg — P —alg),

abbreviated (C.4,P) consisting of operads C and A4, a compatibility relations y between C°-coalgebras
and A-algebras defining (C, y, 4)-bialgebras, an operad P describing the algebraic structure of the
primitive part Prim(H) of the bialgebra, and a forgetful functor F' from the category of A-algebras to the
category of P-algebras. Let U be a left adjoint to . A triple of operads (C,4.P) is to be the good if the
following three conditions are equivalent:

(a) H is connected,

(b) H =U(Prim(H)),

(c) H is cofree over its primitive part.

Operads for associative, commutative (associative) and Lie algebras are denoted by 4s, Com and Lie
respectively. The classical case is (C, A4, P) = (Com, As, Lie) . Other type of good triple of operads can be
found in [6].

Let A is an operad for Lie admissible algebras. J.-L. Loday asked in [6] whether there are an operad C
and compatibility relation y such that (C, y, 4, Lie) is a good triple. Novikov, bicommutative and right-
symmetric are examples of Lie admissible algebras. 4 =(4.0) 1s Novikov algebra with multiplication
aob 5 if

(a,b,c)=(a,c,b),
ao(bec)y=bo(acc),
for any a,b,c € A. Here
(a,b,c)=ac(boc)—(a-b)eoc

is associator.
0
Let A =C[x] and a < b = 0(a)b, where 0 = > be partial derivation. Then (4,0) is Novikov algebra.
X

In [3] and [4] are given construction of base of free Novikov algebra. Algebra with identities
a(bc) = b(ac (left-commutative),
(ab)c = (ac)b (right-commutative)
is called bicommutative. A base, dimension and S,-module structure of bicommutative algebras are given
in [5].
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Algebra with identity
(a.b,c) = (ac.b)

is called right-symmetric. In [2] and [3] are given construction of base of free right-symmetric algebra. Let
Nov, Bicom and Rsym to be operads for Novikov, bicommutative and right-symmetric algebras

respectively.
Main result. Let R(#) is a S,-module for R -algebras generated by n elements and let

()= Z:dlmil[{(n)

nzl

Proposition (/6/). If (C,A.P) is a good triple of operads, then there is a identity of formal power
series:

frO=71°(" ).
The Stirling numbers of the first and the second kind are denoted by If S1(#,k) and S»(n,k) respectively.
The unsigned Stirling numbers of the first kind are denoted by c(n,k). Recall that

8, (n,k) = (=1)" " c(n,k). (1)
See [7], for more details about these numbers.
Theorem. a. There is no operad C\, C, and compatibility relation y, y,, such that (C,, y,, Nov, Lie),
(C,, x,, Bicom, Lie) are good triples.
b. If (C,Rsym, Lie) is a good triple of operads, then
dimC(n) = Z - S, (n, Kk
k=1
Proof. Suppose that there is an operad C; and compatibility relation ¥, such that (C,, x,, Nov, Lie)
is a good triple. Then by proposition 1.1, we calculate dimension of C;-coalgebras and obtain

o=+ —+———+0(x5).

By the some way, we can show for Bicom.
To prove the second part of proposition 1.2, it is enough to show that

VA CIEN AR WA €9)

where
t" ;
Bmxey=>"n"" . f7(x) = —log(1-x).
S (); (n_l)!f() g(1-x)
In our proof we use the formula (3.5.3) in [8]
0 n _ _ k
> e(n, k)= = logd =) @)
n=0 n' k'
and the proposition 1.4.1 in [7], for all non-negative integers n, k
2.8 (n,m)S, (m,k)=6,,. (3)
m=0
Recall that S;(n,k) = 0 and S»(n,k) = 0 if n < k. So, we can write the (3) by
Z:S1 (n,m)S,(m,k)=9,,. )]
m=k
So,
o = —log(1-x))"
£ 6) = 1 (logl =) = 3 Cm D
m=1 .
(by (2))
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S Cm) e(n, m)% =3 (3. C(m)c(n,m)) %
So, we have to prove th:tzl " - |
i C(m)c(n,m)=n"".
Here, we use an evident formula for a':; sequences a(n,m) and b(n,m)

Zn: a(n, m)i b(m, k) = Zn: Zn: a(n,m)b(m, k). 4)

k=1 m=k

i C(m)c(n,m) = Zn: c(n, m)i (D" *S, (m k)K" =

(by (3)) o
33 ) el m)Ss (m, kR =
(by (1))
3 S, (), (K = 3 (1) KETYS, (n,m)S, (m k) =
oyay

Z(_l)n—k kk—l é‘n)k — nn—l .
k=1
These numbers also give the number of labeled connected chordal P4-free graphs with # vertices [1]
which may be used to describe operads for coalgebra.
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KEUBIP YIITIK OITEPAJITAP

Kammeutanras OwanreOpaHbIH anreOpanblk KypslibIMbl HOBHKOB, OMKOMMYTATHBTI >KOHE OH-CHMMETPHLIIBI
anreOpacs! 60Fanaa, an mpuMHUTHBTI Oemiri JIu anredpacs! Oonranaa JIoaeHIH YINTIK onepaaka KaTbICTHI CYPAKTaphl
KapacThIpslFaH. HOBHKOB jkoHE OMKOMMYTATHB anreOpaiapsl sKarAafbIHAA KOATreOpablK KYPHUIBIMHBIH JKOKTBIEBI
KOPCETLITCH KOHE OH-CHMMETPHSLIBI areOpa Ke3iHae KOAIreOpaHbIH 6JIIeMi CCENTENTEH.
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pacsL

263



H3zeecmua Hayuonanvroti akademuu Hayx Pecnybnuxu Kasaxcman

Pesiome
H. A. Hemaunos

(Kasaxckuif HAIMOHATBHEI YHUBEPCHTET M. amb-Papadbu, Ammatel, Ka3axcras,
vausepcuter nM. Cyretimana Jlemuperrst, Kackenen, Kazaxcran)

HEKOTOPBIE TPOMKA OITEPAJIOB

Hsyuaercs ompocs! JIoge o Tpoikax OomepazgoB €ciM B KadecTBe anreOpsl paccMaTpusarorcs anreOpy Hosu-
KOBA, OMKOMMYTaTHBHYIO H IPABO-CHMMETPHUCCKYIO anreOpy, a B KaUeCTBE MPHMUTHBHON YAaCTH PacCMAaTPHBACTCS
anreOpy JIm oboOmeHHOM OmanrcOpsl. [Toka3aHO HECYIIECTBOBAHUE KoamreOp B ciyuam amrcOpoit Hoswmkoma u
OMKOMMYTATHBHON anreOpsbl U B CIy4Yac MPABOCHMMETPUYECKOH anreOphl JaHBI pA3MEPHOCTH KOAITeOpHI.

Kimouennie ciioBa: Tpolika onepanos, anmredpa HopnkoBa, OMKOMMy TaTHBHAS anredpa, MPaBoO-CUMMETPHICCKAs
anreopa.
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