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OBO3HAYEHMUA N COKPALLIEHUA

k - mpousBoJsbHOE TIOJIE;

U ®W - npsamas cymma noganpoctpaicts U u W BekTopHoro npoctpaHcTBa V
Hax k;

T(V) - Ten3opHas anredpa BEKTOPHOTO MpocTpancTsa V ;

Ann(g) - anHyIATOpPHBIN Uaean anredpsl Jleloamnna g ;

g - nmeB dakrop anreGps Jeibunma g, t.e. g = g/Ann(g);

UL(g) - yauBepcaibHasi MyJbTHUIUIMKATHBHAs 0OCpThIBAIOIIas ajureOpa anreopbl
JletiOHuna ¢ ;
U(L) - yauBepcanbHass MyJIbTUIUIMKATHBHAS OOepThIBarommias anredpa aireOops

JIu L;
|, r, - yHUBepCcaJlbHBIE ONIEPATOPHI JIEBOTO U IIPABOTO YMHOXKEHMS Ha a;
LB<X1, Xyyeeos Xn> - cBobomHas anreOpa JleiOHmila co  CBOOOJIHBIMHU
o0pa3yromuMu X, X,,..., X, ;
Lie<x1,X2,...,Xn> - cBoOogHas anrebpa Jlu co CBOOOJHBIMH OOpPa3yIOIMKUMHU
X3 Xpyenny X
Aut(A) - rpynma Bcex aBToMopdu3MoB anreOpsl A Haj moieM K ;

n?’

Tame(A) - rpymna py4HbIX aBTOMOP()HU3MOB CBOOOIHOM anreOpbl A;

T(A) - rpymnma TpeyroibHbIX aBTOMOP()HU3MOB CBOOOTHON aireOpel A;
ATame(A) - rpyria mo4Ty py4HbIX aBTOMOP(HHU3MOB CBOOOIHOM anreOpnl A;
AT(A) - rpyrmna mo4ty TpEyrojabHbIX aBTOMOP(HU3MOB CBOOOIHOM anreopnl A
GL, (k) - obmas nuneitHas rpynma nopsaka N zHag K .



BBEJAEHUE

AKTYaJIbHOCTh HcCCJIe0BaHuA. JIMHEWHOe NPOCTPaHCTBO ¢ Haa TMojieM Kk,
cHaOKeHHOE OMIIMHEHHOMW omnepanmei [X, Y], HaspiBaeTcss aneebpoi Jletibnuya, eciau
JUIS TIOOBIX X, Y, Z € § BBINOJHSAETCS TOXASCTBO JIeiOHMIIa

[x. Ly, z]1 =[x, y1, zZ1 - [[x. z], y].
Kpowme Toro, ecnu B anre6pe  BBITIOIHIECTCS TOXKACCTBO KOCOCUMMETPUYHOCTH
[X,x]=0, xeq,

TOrga TOXIACCTBO H€ﬁ6HI/I]_Ia MpCBpaIiacTCsa B TOXICCTBO Slkobu u J CTaHOBHTC:

anreopoit JIu. B o6mem ciydae kiace anreop Jleitonuna pacumpsier kiacc anreop Jiu u
anreOpsl JIeiOHMIIa YacTO HA3BIBAIOT "HEKOMMYTATUBHBIMU asireOpamu JIu".

Anreops JleiiOHUIIa BriepBbIe MOSBHIKMCH B 1965 roay B padote A. broxa [1] mox
HazBanueM D - amreOp. Ilozxe »tu anreOpbl Bo3HUKIU B padote XK.-JI. Jlomes u
N. Kymmnena (J.-L. Loday, D. Quillen) [2] npu wu3ydeHuu CBOWCTB HUKIUYECKUX
TOMOJIOTUH W TOMOJIOTHH XOXIIWIbAAa anredp MaTpull U T03XKe ObLIM BBEIICHBI
XK.-JI. Jloneem kak HekomMmyTaTuBHBbIC anropsl JIu [3]. B HacTosiee BpeMs anreOpsbl
JleitOHMIIa aKTUBHO HCCIEAYy IOTCS MHOTMMH MartemaTukamu @Ppannuu, ['epmanuu,
Poccun, Utanun, Kananel, Kazaxcrana, CILIA u T.1.

Padorer XK.-JI. Jlome#t m T. IlmpammBwim (J.-L. Loday, T. Pirashvili) [4],
A.A. Muxanesa, ¥Y.VY. Ymup0OaeBa [5] mokaszanu BO3MOXHOCTb IIOCTPOCHUSI HHTEPECHOM
KOMOMHATOpHOU Teopuu cBOOOAHBIX anreOp JlenOnuna. B pabore XK.-JI. Jlomei wu
T. TupamBunu [4] moctpoeH mpocToit O6a3uc cBoOomHOW anreOpbr JlelOHuma. DTOT
0a3uc, COCTOAIINI U3 BCEX MPAaBOHOPMHUPOBAHHBIX CIIOB, BBITTISUT rOPa3Io MpoIie, 4eM
u3BecTHbIe Oasucel Xosta-Iupmosa [6] cBoOGoaHbIX anreop JIu.

Mmuoroo0pasusi anreOp, B KOTOPBIX MOAAITeOpbl CBOOOMHBIX aiareOp CBOOOJIHBI,
HA3BIBAIOTCS  wpatieposvimu. VI3BECTHO, 4TO MHOT000pa3usi BceX (HEACCOIMATHBHBIX)
anreop [7], KOMMYTaTUBHBIX U aHTUKOMMYTATHBHBIX anreOp [8], anreop Jlu [9 - 10] u
anredp C HYJEBBIM YMHOXKCHHUEM SIBIISIOTCS MIpaiiepoBbIMH. MHOroobpasmue anreop
JleitbauIa He sABIsETCS IMpaliepoBbiM. TeM He MeHee, A.A. Muxanes, V.Y. YMup6aen
[5] mokazamu GUHHTHYIO OTAETMMOCThH MOAanredp cBOOOAHBIX anreOp JlehOHuIa,
OTKyJa CJEAYeT pa3pelMMOCTh MPOOJIeMbl BXOXICHHUS JUIsi CBOOOJHBIX alreop
JletiOnuma. Tam ke JokazaHo, 4To anreOpsl JleiOHuIla 001a1at0T CBONCTBOM
nudpepeHnanbHON OTASTMMOCTH MOJaNreop.

CBOOOMHOE MPOU3BEICHHUE SIBISCTCS OJHUM M3 CAaMBIX BaKHBIX KOHCTPYKIIUH B
teopun rpymi. CBoOogHoe mnpousBeneHue ainreOp Jlu BrepBble OBLIO H3YyYEHO
AW. Hlupmoseim [11]. B wacTHOCTH, OH oOmUCal JUHEWHBIH 0a3uc CBOOOJIHOTO
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npousBeneHus AByx anreop Jlu.

HccnenoBanre mnpoOiieMbl BXOXKIECHUS JJIsi CBOOOJHBIX anredp umeer ocoboe
3HaU€HHE, TaK KaK OHO CBSA3aHO C HUCCJIEJIOBAHMEM MPOU3BOAHBIX DOKCa, THUIOTE3bI
SxobuaHa M HCCIEIOBAaHUEM PYYHBIX M JUKUX aBTOMOP(U3MOB CBOOOJIHBIX anredp
KOHEYHOro paHra. HamomMHuUM, YTO pa3pemMMoCTh MPOOJEMbl BXOXKIACHHUS IS
cBoOoaHbIX anredp JIu BeiTekaeT u3 Teopembl AWM. Ilupmosa [9] o momanreOpax
cBoOoaHbIX anreOp Jlu. M.B. 3aiinieB [12] mokasan, 4to mpoOjema BXOXKIACHHS IS
cBoOOMHBIX MeTaleneBbix anredp Jlu paspemmma. Hepaspemmumocts mpoOiaembl
BXOXKICHUSL NJI1 CBOOOJHBIX pa3pelIuMbIx anredp JIu cTynmeHu paspemmmocTd > 3
nokazana Y.Y. YmupOaeeiM [13]. A.T. AGapixansikoB [14] mokasan Hepa3pelIMMOCTh
npoOJieMbl BXOXKICHHS JUIsi CBOOOAHBIX pa3pemuMbix anredp JleiOnuna cryneHu
pa3peluMocT > 3.

ABTOMOP(GU3MBI OMNHCHIBAIOT BCE CUMMETPUM alreOpandeckoro oObeKTa U
CBSI3aHHBIX C HHUM T€OMETpUYECKUX OOBEKTOB. I[loaTOMYy wucciaenoBaHuEe TpyIIIbI
aBTOMOP(QHU3MOB alNreOpandecKux CUCTEM M T'€OMETPUUYECKUX MHOI000pazuil siBisieTcs
OJIHUM W3 BAXKHBIX M TEPCIEKTHUBHBIX 3aJlady COBpeMeHHOW maTemaTuku. CBOOO/HBIE
anreOpsl 00J1a1aI0T JOBOJBHO OoraToi Ipynmod pydHbIX aBTomMop¢u3moB. Bompoc o
CYIIIECTBOBAHUH JIMKUX aBTOMOP(PHU3MOB SBJISIETCSI BECbMa TPY/IHBIM.

B 1942 rony X.B.E. IOur (H.W.E. Jung) nokazan [15], uTto aBTOMOp(HU3MBI
anreOpbl MHOrowIeHOB K[X,Yy] OT ABYX MEepeMEHHBIX HaJ MoJieM XapakTepucTuku O

sBIstOTCS pydHbiMH. B 1953 roxy B. Ban mep Kamk (W.van der Kulk) [16] 06o0mmmn
ATOT Pe3yabTaT JJIs CITy4asi POM3BOJIBHON XapakTepucTuku. B paborax A. UepHsakeBUd
(A.J. Czerniakiewicz) [17] u JI. Makap-Jlumanosa [18] nokazaHo, 4T0 aBTOMOPGHHU3MBI
CBOOOJ/IHBIX ACCOIMATHUBHBIX aired0p C JBYMsS TMOPOXKIAIOUIMMHE SIBJISFOTCS PYYHBIMH.
bosnee Toro, onu gokazanu, 4Tto Tpymnmna aBTOMOP(U3MOB CBOOOIHON acCOIMATHUBHOM

anreopbl k<X, y> OT JBYX MOPOXKIAIOIIUX U30MOpP(HA rpyIie aBTOMOP(HU3MOB anreOpsl
mHorowieHoB K[X,y] ot naByx mnepemennbix. B pabore [19] mokazaHo, urO

aBTOMOpP(U3MBI  IBYMOPOXKACHHBIX CcBOOOAHBIX anredp Ilyaccona wHam mosnem
xapakTepucTUKU 0 SBISIOTCS PYYHBIMH U TPYIINIa aBTOMOP(PU3MOB 3TOH anreOpbl TakxKe
uzomopdua rpymnmne aBromopdusMoB anreOpel MHorowieHoB K[X,y]. B paborax

W.II. [llecrakoBa 1 V.Y. Ymup6aena [20-23] noka3zaHno, uro aTomMmopdusm Harater [24]
o=(X+(x*—yz)z,y +2(x* —yz)x + (X* = yz)’ 2,2)

anreopel MHOrowieHoB K[X,Yy,z] Ham monem xapaktepuctuku 0 SBIACTCS TUKUM.
Taroke V.Y. YMmupOaesiM [25] Obu10 T0Ka3aHO, uTo aBTOMOpdU3M AHuKA [26]

Oo=(X+z(x2—-2zy),y+ (X2 —12y)z,2)



CBOOOJIHOM acCOIMAaTUBHOM anreOpbl k<x, Y, Z> HaJ| 1MojieM XapakTepucTuku 0 sBiseTcs

nukuM. ABToMop¢du3Mbl HaraTel 1 AHHMKa CTaHOBSTCS PYYHBIMH TOCIIE JOOABJICHHS
OJTHOM HOBOW MEPEMEHHOM, T.€. SIBJISIFOTCS CTA0OMIIBHO pyYIHBIMU [27].

B 1964 rony II. Kon (P. Cohn) [26] moka3anm, 4to aBTOMOpP(GU3MBI KOHESYHO
MOPOKACHHBIX CBOOOMHBIX anredop Jlm sBustorcss pyunbiMu. B cimydae anreOp
Jleiionnma, A.T. AGapixansikoB, A.A. Muxaies, V.Y. YMup0Oaes [28] oOnapyxuiu, 4To
aBTOMOP(PU3M

T= (Xl —|—[[X2,X2],X1],X2)

cBoOOHON anreOpnl JleilOHMIa OT JOBYX MOPOXKIAIOIIUX SBISETCS AUKUM. BBuay
BBIIIECKA3aHHOI'O CTAHOBUTCS aKTyaJIbHBIM BOIIPOC O CTPOCHUHU MOJANre0p CBOOOIHBIX
anrebp JleiOHUIIA U O MOPOXKIAIOIMIUX TPYMIBl aBTOMOP(PHU3MOB CBOOOTHBIX anredp
JleiiOHMIIA KOHEYHOTO paHTa.

Heas padorbl. JlanHas paboTa MOCBSILIEHA MCCIEIOBAHUIO aBTOMOP(HU3IMOB
JBYIIOPOKIEHHBIX CBOOOJHBIX anreop JleilOHuIa, a TakKe MCCIEAOBAHUIO CTPYKTYPbI
noganreop ceoboaHbIx anredp Jleitbnuna.

Metoasbl ucciaenoBanus. B paboTe nCnonb3yrOTCs METOIBI U PE3YNIBTATHl TEOPUU
KOJIEI] ¥ TPYIII, CTPYKTYPHOI 1 KOMOMHATOPHOU Teopuu anreodp JIu.

OcHoBHbIe  pe3yiabTarbl.  OCHOBHbIE  pe3yJbTaThl  AMCCEPTALMOHHOTO
VICCJIEIOBAHMSI 3aKIIFOYAIOTCS B CIIEYIOLIEM:

* JI0Ka3aHO, YTO TpaBbie HJEaNbl CBOOOMHBIX anreOp JleiOHuIa, MOpOKIEHHBIC
JHO0BIM  TTOJMHOKECTBOM MHOKECTBA CBOOOJHBIX TOPOXKIAIOIMIUX ITOU anredpsl,
SIBJISIIOTCS] CBOOOTHBIMHE asireOpamu JIenOHuIa;

* IOCTPOCH JIMHENHBIN 0a3uc CBOOOHOTO MPOU3BEIeHU IBYX anreop Jleiibnuia;

* JI0Ka3aHa Hepa3pelMMOCTh MpOOJIEeMbl BXOXIEHHUS JJi1  CBOOOJHOTO
NPOU3BEICHUSI TMPOM3BOJBHON HeEHyleBol anredpsl JleliOHMnma u  CcBOOOIHOM
MeTabeneBoit anredpsl JIu JocTaTOUHO OOJBIIOTO PaHTa;

* TIOJIYYEHO TPEACTaBIECHUE TPYMIbI PYYHBIX aBTOMOP(PU3MOB CBOOOIHBIX ajreop
JleliOHuUIIa OT ABYX MOPOKIAIOIIUX B BUE CBOOOIHOTO MPOU3BEICHHUS;

* OMKCAaHA CTPYKTYypa MOYTH DJIEMEHTAPHBIX aBTOMOP(HU3MOB CBOOOHOMN anreOpsl
JletiOHUIIA;

* JI0Ka3aHO, YTO MOYTH PYy4YHbIE€ aBTOMOP(U3MBI CBOOOIHOMN anredopsl Jleitonuia
SBIISIIOTCA 2 - CTAOUIIBHO PYYHBIMU;

* TIOJIYY€HO TPEJICTaBICHUE TPYMIIBI MOYTH PYYHBIX aBTOMOP(HU3MOB CBOOOIHBIX
anre6p JlelOHMIA OT ABYX MOPOKIAIONIUX B BUAE CBOOOTHOTO MPOU3BEICHNUS,

* TIOCTPOEH MpHUMEpP HE TMOYTH PYYHOro aBTOMOp(du3Ma CBOOOMHON anreOpsI
JleitOHHMIIA OT ABYX MOPOKIAIOIIHX.



Hayunas HoBU3HA. Bce OCHOBHBIC Pe3ybTaThl PAOOTHI SIBISIIOTCS HOBBIMHU.

TeopeTuyeckass U MPaKTHYECKasi 3HAYMMOCTH. PaboTa mMmeeT TeopeTHdeckoe
3HaueHWe. Pe3ynpTaThl W METOABI JIUCCEPTAMA MOTYT OBITh HCIOJB30BaHBI IS
JaNbHENIero ucciaenoBanus anreOp JleiOHuiia m cBOOOAHBIX anredp, a TakXKe IpH
HCCIICIOBAaHUM aBTOMOP(HU3MOB CBOOOIHBIX ajreop.

Amnpodamusi  MOJYyYeHHBIX  Pe3yJbTaToB.  Pe3ynmpTaThl  auccepTaiuu
JIOKJI TbIBAITUCK:

- Ha anreOpandyecKkux ceMuHapax kadeapsl anreOpsl U reomeTpun EBpasuiickoro
HaloHalbHOTO YHUBepcuTera uM. JI.H. I'ymuneBa (Acrtana, 2008-2011rr.);

- Ha Opaniyscko - Kazaxcranckoit koH(epeHIIMU 10 TEOPUU MOJENel 1 anredpe
(Acrana, 18-22 uromns 2005 r.);

- Ha 10 - oif MexBy30BCKOM KOH(EPEHIIMH 110 MATEMAaTHKE U MeXaHUKe (AJIMATHI,
2004 r.);

- Ha anrebpanyeckoM cemMuHape MaTemMaTudeckoro QakyibTeTa yHUBEpPCUTETa
Veiin (Hetpoiit, CIHA, anpens 2009 1., mapT 2010 1.)

- Ha MexayHapoHOH Hay4YHOW KOH(EPEHIIMH CTYJIEHTOB, MAaruCTpPaHTOB H
MoJIo/bIX yueHbIX "JloMmoHocoB - 2011" (Actana, 8 - 9 anpens 2011 r.);

- Ha MexayHapoJIHOM Hay4YHO-TIpaKTHUeckol KoHpepeHuuu '"BammxaHoBckue
yreHusi-15" (Kokmeray, 21 - 24 anpens 2011 r.);

- Ha 4YeTBEPTOM KOHrpecce MexXIyHApOIHbIX MaTeMaTHYEeCKHX OOIIECTB
Tropkckoro Mupa (baky, AzepOaiixkan, 1 - 3 urons 2011 r.).

IMyoaukauuu. OCHOBHBIE pe3yJIbTaThl MO TEME AUCCEPTAllUU OMyOJIMKOBAaHBI B
dbopme craTell B OTEYECTBEHHBIX M 3apyOeKHBIX JKypHaJlax, a TakXke B MaTepHhajiax
MexayHapoIHbIX KOH(PEPEHIIHIA.

Crpykrypa m o0bem padorTbl. [luccepranusi COCTOMT M3 BBEICHUS M TpeEX
pazaenoB. O6muit 00beM AuccepTanuu coctaisier 59 crpanun. CHUCOK JTUTEPATYPHI,
MPUBECHHBIN B KOHIIE pabOThI, COJEPKUT 47 HAMMEHOBAHUH.

B nepBom pa3jesie npuBEIEHb OCHOBHBIE OIPENETCHUS U COOpaHbl CBEACHMS,
HE0OXOMMBIC JUTSI TajbHEHTIIeH paOoThl.

B mogpazgene 1.1 mpuBeneHa KOHCTPYKIHS CBOOOAHOW anreOpwl JleliOHua u B
nonpazgene 1.2 mpuBeAeHa KOHCTPYKIUS YHUBEPCAIBHOM MYJbTUIIMKATUBHON
00epThIBatOIICH aareOpsl U3 paboTs [4].

B mnoapasmene 1.3 mnpuBeneHbl oOINpeneneHUs] W TEOPEMbI O CBOOOIHBIX
NPOM3BEICHUAX B Ipymmax u B anreopax Jlu u3 [29;11].

Bo BTOpOM pa3xesne paccMOTpeHbI MmoaanreOpbl cBOOOIHBIX anredp JlenbHuna n
CBOOO/MHOE TmpousBeaeHue anreOp JleiOnuma. B cnydae anreOp Jlu momanreGpsl
cBOOOIHBIX anreOp JIu cBoOomHbl [9]. AHanor 3Toi TeopeMbl JIsi CBOOOTHBIX alreop
Jleitbanmia He BepeH. Hampumep, mnomanreOpa cBOOOJHON — anreOpsI LB<X>,
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nopoxaeHHas snemeHtamu [X, X],[[X, X],X], sBusieTcst nBymepHOW abeneBOi, T.e. HE
SIBIISIETCSI CBOOOTHOMA.

Jis oot anreOoper  Jle#Onuma ¢  uepes UL(g) Oymem o0o3Hauath
YHHBEPCATBHYIO OOEPTHIBAIONIYIO anreOpy anreOpbl ¢, a depe3 Ann(g) o0o3HaYUM
uzean anreOpbl (, MOPOXKIACHHBIN BceMH 3eMeHTamu [X, X], roe X e g . Uaean Ann(g)
Ha3bIBACTCS AHHYJISATOPHBIM wHaeanioM anreopsl (. UYepes <f1, ... fk> Oyaem
0003Ha4aTh nmoganredpy anredpsr g, mopoxaennyio f, e g, 1<i<k.

s mroGoro X dyepes LB<X> U Lie<X> Oynem 0003HaYaTh CBOOOHYIO alreopy

JletiOHuia u cBo6oHy0 anredpy JIu co cBOOOTHBIM MHOXKECTBOM MOPOXKAAOIIUX X ,
COOTBETCTBEHHO. Ecuu X ={X,X,,..,X ,..y, TO Oymem 1mucaTtb TaKxKe

LB(X,, X, ... X, s.) 1 Li€(X, X, 0000, X,

XapakTepuzaruo cBoOOHbIX anredp JIeOHuIa 1aeT ciemyronas

Jlemma 2.1 Ilycte g - anrebpa JleliOHMIA, OpOXKAEHHAS dJIEMEHTaMU Z,,Z,,...,Z,.

Torna g siBasiercst cBoOOAHOM anreOpoit JIeitoHua co cBOOOTHBIMU MOPOXKIAIOITUMU
Z,,Z,,...,Z, B TOM U TOJBKO B TOM CJIy4a€, €CJIY BBIIOJIHAIOTCS CIEAYIOIINE YCIOBHUS:

1 &q

2) g=zU(9)®z,U(9)®...®U(9).

1) g=g/Amn(g) = Lie(z,,2,,...,2,);

B noapaznene 2.1 nokazaHa Takxke

Teopema 2.1 Ilyctb X - mpoW3BOJIBLHOE MHOXECTBO mepeMeHHbix U Y < X . Torma
npaBbIi Ujiean cBoOoIHOM anredprl JlehOHuIIa LB<X >, MOPOXKJACHHBIA MHOXKECTBOM Y,
SBIISIETCS CBOOOHOM anreOpoit JleiOnma.

B monpasznene 2.2 ucciaemoBaHbl CBOOOJHBIE Mpou3BenaeHus anreOp JleiOHuIa.
HamomuuMm, yto anrebpa Jleitonuma C Ha3bpiBaeTCsi  CBOOOTHBIM TPOU3BEICHUEM
anre6p Jleitonmma A u B, ecnu umeercs mapa romomoppusmoB «:A—>C u
f:B—>C Takas, uro jis nwoboit anreOpel JleObnuma L w s 000l mapsl

romomopdpusmoB ':A—L u f':B—>L cymectByer eIMHCTBEHHBIH TOMOMOPQH3M
®:C — L Takoii, uto wa =’ u of = . B atom cayuae mbl iumem C = A*B u «,
/3 Ha30BeM KaHOHMYECKHUMH TOMOMOp(du3MaMu.

Ilycts A - anre6pa JleitGuuua. Torna A= A/ANN(A) sBistercs anreGpoit Jn, rae
Ann(A) aunynsaTopHbelid unean anreOpsl A. Jluveitaeni Gasuc S(A) =S,(A) Us,(A)
anreOpel JleiiOHuIIa A Has3bIBaeTCs CIENUaIbHBIM Oa3ucom, ecnu S (A) sBiseTcs
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muHeHbIM O0aszucom AnNN(A) m S(A) cHaOXeH JMHEWHBIM TOPSAKOM < TaKWM, YTO
X<y mnas moboro xeS,(A),yes,(A). 3amerum 4uro, ecaum S(A) sBiseTcs

crienManbHbBIM 0asucoMm anredper A, 1O S,(A) ={x| X e€s,(A)} sBnsercs TMHEHHBIM

6azucom anreopsl JIn A.

[lycte A u B - mpowusBoibHble anreOpbl JlelOHwWma Hag moieM K © mycth
s(A) =s,(A)us,(A), s(B)=s,(B)us,(B) cnenmansabie 6azucel anredp A u B
COOTBETCTBEHHO.

Paccmorpum andasut S(A) U s(B). bBynem rosoputs, uro X,y € S(A)uUs(B) He

CpaBHUMBIE, €Clli X M Y 00a He NMPHHAJUICKAT OJHOMY U TOMY ke MHOXecTBY S(A)
wn S(B). HeaccoumaTtuBHOE CIIOBO BHIIA

[...[[xi,xil],xiz],...,xik], k>0,

C TMPaBOHOPMHUPOBAHHOW paccTaHOBKOW ckoOOk B aiasure S(A) U S(B) HasbiBacTcs

CrienHanbHeM, ecmu X, €S,(A) s (B) s Beex 1< <k, X, m X, He sBusioTCS
J
CPaBHUMBIMH, U JUis BCeX 1< J<K oImeMeHTHI X, ¥ X, HE ABISIOTCA CPABHUMBIMHU
1= ]

Ui X, <X .

i1 j
Jluneiinbiit 6a3uc CBOOOHOTO MPOU3BEICHUS ABYX anreOp JleliOHuIa onucriBaeT

Teopema 2.2 Ilycte A u B - mpoumssonbHbie anreops! JleiOnumna Ham moieM K u
S(A) =s,(A)us,(A), s(B)=s,(B)uUs,(B) ux cnenuanbpHbie 6a3uChl, COOTBETCTBEHHO.

MHOKeCcTBO BceX crienuaibHbIX ciioB B andaBute S(A) U S(B) cocraBiseT JMHEHHBIH
0a3uc cBoboIHOTO MTpou3BeaeHuss A* B.

HamomuuMm, 4yTo mpobieMa BXOXAEHHs (B KOHEYHO TMOPOKIEHHBIE MOJAITeOph)
pazpemmma i anreOpel A, ecnm  cymecTtByeT A¢@deKTuBHas Mpoleaypa,
ompenensronas s J00ro daeMeHTa a€ A U I TF000H KOHEYHO IOPOKICHHOM
noxanrebpel B anreOpsl A mpUHAIICKHUT JIM AJIEMEHT a mnojairedpe B wmam Her. B
MPOTUBHOM CITy4ae TOBOPST, UTO MpoOsiemMa BXOXKACHUS i anreOpsl A HepaspemmMma.

K.A. Muxaiinooii [30] ObLIO J0Ka3aHO, YTO €CIM ABYX TIpPyMIax pasperimma
npoOsieMa BXOXKJIEHHUS, TO OHO W pa3pelirMa B UX CBOOOTHOM MPOU3BEACHUH. AHAIOT
3TOr0 pe3yibTara HeBepeH it anreop Jlu. B 1993 roay V.V. Ymup6aes [13] mokazan
HEPa3peIMMOCTh MPOOJIEMBl BXOXKICHHS IS CBOOOTHOTO TPOU3BEICHUS OJHOMEPHOMN
anreopsl JIu u cBoOogHON MeTabeneBoil anreOpbl JIu gocTaToOuHO OOJBIIIOTO paHra.
VYcaoBue 0 paHre CBSI3aHO C WHTEepnperatanueld MammH Mwunckoro. Kak ormedeHo
BBIIIIE, Pa3pPEIIUMOCTh MPOOIEMBbl BXOXKACHUS ISl CBOOOIHBIX MeTabeneBbix anredp Jlu
nokazano M.B. 3aiinieBbiM [12]. B moapasnesne 2.2 UCHONB3ys pe3yabTaThl U METOJIbI
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paboTsl [13], noka3aHa cieayromas

Teopema 2.3 Ilycts A- npousBosibHasi HeHyJeBas anreopa Jleibnumna u L - cBoboaHas
MeTtabeneBa anredpa JIu qocraroyHo Oosbiioro panra. Torna mpoOsemMa BXOXKIEHUS B
noaanreOpsl 1711 CBOOOIHOTO Npor3BeAeHusT A* L anropuTMHUYEcKd Hepazpenmma.

Tpernii pa3gen NocBelIeH HCCIAEAOBAHUIO aBTOMOP(U3MOB CBOOOAHBIX anredp
JleitOnuna. Bompoc o cyiiecTBOBaHUHM TUKUX aBTOMOP(HU3MOB KOHEYHO MOPOKIACHHBIX
CBOOOJHBIX aireOp BCETIa MPeACTABISICTCS OU€Hb HHTEPECHBIM U CJIOKHBIM.

[Tyctb M- HekoTopoe MHOTOOOpa3We IMHEHHBIX anredp Hag moiieM K w
A= kM<X1,X2,...,Xn> - cBOOOJHas anredpa ATOTO MHOTr00OpasWsi CO CBOOOJHBIMH

HOPOXKIAOMUMH X, X, ,..., X, .

n

ABTOMOppU3M ¢  anreOppl A Ha3bIBaeTcA
9JIECMEHTAPHBIM, €CITH HAMJIETCS | Takoe, 4TO

p(X)=ox + F(X,...; X, X phe-n X ), 02 €K,
e(X,)=x, j=i, 1<j<n

ABTOMOppU3M ¢ anreOpbl A  Ha3bIBa€TCS PYYHBIM, €CIA OH SIBIIAETCS

NPOM3BEACHUEM 3JICMEHTapHbIX aBTOMOp(hu3MOB. He pyuHbIe aBTOMOP(HHU3MBI
Ha3bIBAIOTCS JIUKHMHU.

X. HOur [15] u B. Ban nmep Kank [16] mokasanu, 4to aBTOMOPGHU3MBI aareOphI
MHOrowieHoB K[X,y] OT AByx mepeMeHHBIX X,y Haj moyieM K SBISIOTCS Py4YHBIMH.

Hpyrumu cnosamu, rpymma Aut(k[X, y]) mopoxnaercs moarpynmamu A adduHHBIX
aBTOMOpP(HU3MOB

a=(@x+by+c,ax+by+c,), a,b,c ek, ab, #ab,

U B TpeyroibHbIX aBTOMOP(HU3MOB

p=(@x+h(y),by+b), O0=abek, b ek, h(y)ekly]

1

Bonee Toro, rpynma Aut(K[X, y]) npeacrasnsercs B Buje
Aut(k[x, y]) = A*_ B,

rie A*x_ B - cBoOomHoe mnpousBeaeHue mnoarpynn A um B ¢ oObeauHeHHOM
noarpymnmnoii C = AN B [16].
I'pynmy GL (k) xak o0ObIYHO, OTOXIECTBISIEM C TPYNIOH JIMHEHHBIX
10



aBTOMOP(PHU3MOB.
B noxppasnene 3.1 nokazana ciemyromas

Teopema 3.1 Ilycre A=LB(Xy) - cBoGoxnas amreGpa JleiiGuuua or nByx

nepeMeHHbIX. ['pynma py4dHsix aBTOMOpPGU3MOB CcBOOOMHON anreOpwl JleiOnuma A
SBJISIETCS] CBOOOHBIM TPOM3BEACHUEM TTOATPYI JHHEHHbIX aBToMopdu3mMoB GL, (K) u

TPEYTOJIBHBIX aBTOMOP(hU3MOB T(A) c 00bEeTMHEHHOM MOATPYIIION
C=GL,(k)nT(A), T.c.

Tame(A) =GL, (k) . T(A).

[TouTtn sneMeHTapHBIe aBTOMOP(GU3MBI BcTpedannchk B padote [31] npu usyueHnn
aBTOMOP(U3MOB CBOOOIHBIX META0EIIEBBIX IPYIIN OT TPEX MOPOXKAAIOUTUX.

ITyecte A = LB{X,,X,,...,X,) - cBobonmHas anrebpa JleliOHMIAa cO CBOOOIHBIMU
obpazyromuMu X, X,,..., X, . Uepe3 A, 0003HauMM IpaBblii upean aireOpsl A,
HOPOXKICHHBIA dMeMeHTamMu Buma X, 1<i<r. Cnenmyromas JieMMa JIaeT OMHCAaHUE

MOYTHU 3JIEMEHTApHBIX aBTOMOPGHU3MOB CBOOOAHOM anreOpsl Jleionuma A

Jlemma 3.5 Ilyctb ¢ - sHmOMOpdH3M anredpsl A Takoif, 9to @(X,) = X, mpu i<n—-1mn
@(x )= f. Torma ¢ sBusercs aBTOMOpPGHU3MOM anreOpsl A TOrJa W TONBKO TOTHA,
Kor/a

f=ax +g+h
rie O=xa ek, ge(X,X,...Xx_), he Ann(A ).

ABtomMopdusm ¢ anreOpsl A HazoBeM K - CcTAOMIBHO pYy4YHBIM, €CJIH
aBToMoppu3M  anredpel LB(X,X,,...,X , ¥, ¥,s.--, Y, ), OIPEIECIECHHbII NPABHIOM

w(X)=o(X), w(y;) =Y, nis Beex |, j, ABNAETCA PYIHBIM.
B noapaznene 3.2 gokaszaHa cieayronias

Teopema 3.2 Jlro0oit moutn pydHoit aBTOMOpU3M CBOOOHON anreOpbl Jleitbnuia
KOHEYHOTO paHra sIBJISIeTCS 2 - CTa0UILHO PYyYHBIM.

Anamor Teopembl 3.1 g TPYNIBl  TOYTH  PYYHBIX  aBTOMOP(HU3MOB
JBYTIOPOKICHHON CBOOOIHOM anreOph! JleliOHuIa qoKka3zaH B moapaszaene 3.3.

Teopema 3.3 Ilycte A= LB<X, y> - cBoOomHas anrebOpa JleiOHMIIAa OT HOBYX
11



NEepeMEeHHbIX. ['pyIina mouTu py4HbIX aBTOMOP(HU3MOB CBOOOHON anredps! JleiOHuia
A sBiseTcss CBOOOJTHBIM TPOM3BEACHUEM MMOATPYII JIMHEHHBIX aBTOMOP(HU3MOB
GL, (k) n moutu TpeyromsHbIX aBTOMOphU3MOB AT (A) ¢ 00BEIMHEHHON OATPYIITON

H =GL, (k) " AT(A), T.e.
ATame(A) = GL, (k) =, AT(A).

B mnoapazmene 3.4 mocTpoeH TMpHMEp HE TOYTH PYYHOro aBTOMOpQHU3Ma
cBoOOmHBIX anredp JlelOHMIIA OT JBYX NepeMEHHBIX. M3ydeHue aBTOMOpP(U3MOB
CBOOOJHBIX auredp TECHO CBS3aHO C HW3YYEHHUEM JIOKAJIbHO-HUJIBIOTEHTHBIX
mudpdepenuupoBannii. Hanmomuum, dro nuddepenmupoBanue O anredper A
Ha3bIBAETCA JIOKAIBHO-HWIBIIOTEHTHBIM, €CJIM Mg JIo0oro ae€ A  CylllecTByeT

HaTypajbHOE unciio N = n(a) takoe, uro 0"(a) = 0.

Paccmorpum  nuddepentiupoBanne 0 ABYNOPOXKIACHHONH CBOOOTHON alreOpsl
Jleitbauma A, onpesensieMoe MpaBUiIoM

ox)=f, a(y)=g,
rae

f =[x xL.LLy, xI. 11, x] = [[LLy. x]. XL.[Ly. x]. x]].X]
g =[x, LIy, x]. X1 = [[Ly. x]. XLy, x]. X]]-

3amerum, uro f,ge Ann(A) u f =[g,X]. Hecinoxuno mnokaszatre, utro f wu g
HeHynesble dneMenTtsl M deg f =7, deg g = 6. Ipsamele Beaucnenus gawor 0°(X) =0 u
0°(y)=0, T1e., O sBIserca JOKaIbHO--HUIBIIOTEHTHEIM. Kpome Toro, 0° =0
nockonbky f,g e Ann(A). CaenoBarenbHo,

o=exp(0)=id+o0=(xx+f,y+Q)
ABJIIeTCS. aBTOMOP(hU3MOM airedpsr A.

Teopema 3.4 AtoMOpdu3M O JBYMOPOXKICHHOW CBOOOMHON anreOpnl JleitOHMIA
A= LB<X, y> HE SBJISIETCS MMOYTH PYUYHBIM.

ABTOp TJIyOOKO MpHU3HATENIEH CBOEMY HAyYHOMY PYKOBOJIUTENO mpodeccopy
YmupOaery Yanbawo YTmaxaHOeTOBHYY 3a MOCTAHOBKY 3ajad, HEOIEHUMYIO MOMOIIb
npu paboTe HajJ JUCCEpTAlMe W TOIIEP)KKY, a TaKKe BbIpakaeT 0JIaroJapHOCTb
CBOEMY HAay4yHOMYy KOHCyabTaHTy JI. Makap-JIumMaHOBY 3a IOJE3HBIE COBETHI INPH

paboTe Haj auccepTaIuei.
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1 IPEABAPUTEJIBHBIE CBEJIEHUSA

B sTom paspaene mpuBeneHBl OCHOBHBIC OIpEACiICHUs, 0003HAUYCHHUS U COOpPaHBI
CBEJICHMS, HEOOXOJIMMBbIC I JaylbHelIed paboTel. B mompasnmene 1.1 uznoxkeHa
KOHCTPYKIIMSL CcBOOOmHOM anreOpel JleiiOnuma. B moapasgene 1.2 u3noxkeHa
KOHCTPYKIIUSI YHUBEPCAJIbHONW MYJIBTHUIIMKATUBHONW 00€pThIBAIOIIEH anreOphl anreop
Jletionuma. B mogpasnene 1.3 mpuBeleHBl HEKOTOPBIC OINPEACICHUS W TEOPEMBI O
CBOOOJTHBIX MTPOU3BEJICHHUSX B rpynmax u B anredpax Ju u3 [29;11].

1.1 HEKOTOPBIE KOHCTPYKIIUM AJITEBPBI JIEUBHUIIA
BektopHoe mpocTpaHCcTBO ¢ Hal mojeM K, CHa0KeHHOE OMIIMHEWHOW oreparueit

[--1:9xg—>g
Ha3bIBaeTCs anreOpoil JIelOHuIa, eCii BBITIOIHIETCS TOXKAECTBO JIelOHuna
[X,[y, Z]] = [[X1 y],Z]—[[X, Z]vy]' (11)

Jns moboii anredpsr Jlenionuma ¢ uepe3 Ann(g) Oyamem oOo3HauaTh Hjaeal
areOpel (§, TOPOXKIACHHBIH BceMH 3JieMeHTaMH [X,X], tme Xeg. HMmeanx Ann(Q)
Ha3bIBACTCS AHHYJATOPHBIM HeaioM anreOpsl g . JleficTBuTenbHO, u3 Toxkaectsa (1.1)
JIETKO BBIBOJIUTCSI PABEHCTBO

[9,Ann(g)]=0,

YTO W OIpaBAbIBacT Ha3BaHue uaeaia Ann(g).
Anrebpa JleitOnuna ¢ siBnsiercs anreOpoii JIu, eciiv BBITIOHSETCS YCIOBHE

[x,x]=0,xeqg.
3aMeTI/IM, YTO U3 9TOr0 yCJIOBH:A CIICAYCT TOXKIACCTBO KOCOCUMMCTPHYIHOCTH:
[x,y1+[y,x]=0.

Torna ToxxaectBo JleibHuIa npeBpaiaercs B ToxaecTBy Axoou. Takum o6pazom,
mo0ast anredpa JIu siBisiercst anreopoit JleiOnuiia.

Hamomuum, uto anre6pa A HasbBaeTcsi c680000HOU aneebpol Jlelibnuya co
CB0O0OHBIM MHONCECMBOM NOpOMCOAOwUx X = {Xl,XZ,...,Xn...}, €CJIA BBIIOJHIIOTCS

CJIEAYIOIIHE IBA YCIOBUS:
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1) anrebpa A mopoxmaercs (kak aiareopa JleiOHua) MHOXKeCTBOM X |

2) nis 000 anreOpel JleiOnuma B w ama  mroboro otoOpaxkenu ¢ X — B
CYILECTBYET €AMHCTBEHHBIN roMoMophusM i : A — B Takol, uto v |, = ¢.

[Tyctes V - mpou3BoNIbHOE BEKTOPHOE MPOCTPAHCTBO HaJ mosieM K. Hamomuuw,
YTO TEH30PHOU aJIreOpoii BEKTOPHOrO NPOCTpaHCTBa V Ha3bIBaeTCs ajreopa

TV)=k-1&VOVZ ®...0V" ...,
CHA0KEHHAs] YMHOXEHUEM

Uu-v=u®veVei

rie ueV®, veV®. 3amerum, uro T(V) sBusercas cBOOOIHON acCONMATUBHOIM
anredpoit Hag V .

Jdemma 1.1 [Ipocmpancmeo T(V) =V ®VE®...®OV® @... ¢ 6unapnoii onepayueii
[-,—], onpedenennoii unoykmusmno (no onune smopoii Komnounenmst) no NPABULAM

[X,v]=x®v, xeT(V),veV,
[X,y ®V] =[x, y]®V—-[x®V,Yy], X,yeT(V), veV
sa8nsemces c60600nou aneedpotul Jletionuya nao V .

Ecim mHOXecTBO X cocTaBisier 6a3uc npoctpanctBa V, to T(V) craHoBuTcs
CcBOOOIHOM anredpoii JIelOHuIa co cBOOOIHBIM MHOKECTBOM MOPOXKAAOIUX X .

CaenacrBue 1.1 Ilycme A = LB<X> - c60000Has anzcebpa Jleubnuya co c60000HbIM

MHoNHcecmeom  nopoxcoaiowux X ={X,X,,...,X ..., Tozda 6asuc ancebpvr A
COCMaesIAOm 6ce NPasoHOPMUPOBALHbIE C08A 8 aldasume X , m.e. Cl06A 8UOA

[...[[xil, xiz],xis],...xik].

JokazarenbctBo Jiemmbl 1.1 u ero cienctust 1.1 MoxHO HaiiTh B padote [4].
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1.2 BA3UC YHUBEPCAJIbHOM MYJIbTUILIMKATABHON
OBEPTBIBAIOINEU AJI'EBPbBI
HamomuuMm, dYro BekTopHOe mpocTpaHcTBO L Hajg momem K, cHaGXeHHOE

OwnuHeitHON omepanuer [X,y] HaswpiBaeTcs anreOpoit JIu, €ClU  BBITOJHSIOTCS
TOXAECTBO:

[x,x] =0,

[[x, y1. 2] +[Ly.z]. x]+[[z, x], y] = 0.

[Tycte A- accommaruBHas anreOpa Haa mnojeM K. B amreOpe A ompenenum
oreparuio [-,] mosoxus

[X,y]=Xxy —yx,X,ye A

OneMeHT [X,Yy] anreOpsl A Ha3bIBACTCS KOMMYmMAamopom SJIEMEHTOB X H Y.

Yepes AY 0603naunmM koMmyTaTopHyIo anredpy Jlu [6] accounarusHoii anreOpsr A.
[Mycte L - anrebpa Jlu. AccommaruBhas anrebpa U =U(L) c enununei

HA3BIBACTCSA YHUBEPCAIILHOI 00epThIBatomEel 11 anrebps L, econ
1) cymectByet romomopdusm anrebp Jln £: L —>U7;

2) nis mo0oW  acconuMaTHBHOM anreOpel B ¢ emuHuneidr u o A 1000ro
romomopduszma @ : L — B cymectByer emunCcTBeHHBINH ToMomopdusm w U — B
aCCOLMATUBHBIX aJire0p ¢ eAUHUIIEH TaKoH, YTo We = @.

Teopema 1 (Ilyankape-bupkrog-Burr). I[lycts L - anredpa JIu u X, X,,...,X - 0a3uc

.
npoctpancTBa L. Torma acconmaTUBHBIE CIOBA BU/IA

XX ...X
h 12 n

00pa3yroT 6a3uc yHuBepcaabHO# odepThiBaroriei anreopsr U (L).

[lycte g - npousBoibHas anreOpa JleiOnuma u M - TpPOU3BOJIBHBIN
g -OuMomyJh, T.€. ONpeeIeHbI OMITMHEHHBIC OTOOPAKCHUS

Mxg—>M, (mXx)—[m,x],

gxM —>M, (x,m)—[x,m],
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rnie meM,xeg. IlpoctpanctBo ¢ ® M mnpeBpamaercs B anredOpy OTHOCUTEIBHO

YMHOXEHHUS
[Xl +ml’x2 +m2] = [Xl’X2]+[Xl’m2]+[ml’X2]'

rne  X,X, €g,m,m, e M. HamomHuMm, uro ¢-Oumomyns M  HaspIBaeTcs
JeHOHUIIEBBIM ( -OuMoysieM, eciu ainredpa g @ M sBusierca anrebpoit JleiOHuIa.
CnenoBatenbHo, (-Oumonyns M sBisercs JIeHOHHUIIEBBIM TOTJa M TOJBKO TOT[A,
Korja Juisi Bcex Me M u X,y € § BBIIOJHSAIOTCS paBEHCTBA

[m,[x, y11=[[m, x], y]=[[m, y]. ],
[x,[m, 1= [[x,m], y] =[x, y].m],

[x.[y, m]] =[x, y].m] =[[x,m], y].

W3BectHO [32], 4yTO yHHBepcalbHBIC OMEPATOPHI MPABOTO M JICBOTO YMHOXKCHUS
r.,l.,rne ae g, onpenenstoT neicTBus

r-M-—-mM(@m-r, =[m,x])
LM —>M (m-1 =[x,m]) (1.2)

Ha Jo0oM JelOHuueBbiIM Moayie M. Torma omnpenensiomue COOTHOLICHUS
g -OMMO/TyJIsl MOKHO 3alKChIBAaTh B BUIE

My = N1, — 0 (1.3)
I[X,y] = Ixry — rylx, (1.4)
I[X,y] = Iylx +Ixry. (1.5)

N3 nByx mocineIHUX COOTHOLICHUM CIIEIYET, YTO

(r. +1)I =0. (1.6)
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Yepe3 UL(g) o0o3HaYMM yHHBEPCAIBHYIO MYJITHILTUKATHBHYIO OOEpPTHIBAOILYIO
anreopy anreopel g. Ilo ompenenenuio [32], yHuBepcaiabHas MyJIbTHILIMKATHBHAS
obeprteiBatomas anreOpa UL(g) anreOpsr JleliOHuma § SIBJISETCS acCOIMATHBHOM
anrebpoir ¢ emumHuuen ¢ nopoxmaoummu - {r, |[xeg}, {l |xeg} u
onpeaenstonumu cootHomrenusmu (1.3)-(1.5). B [32] nokazaHo, 49to 000M mpaBbIii
UL(g) - Mmomyme M mpeBpamiaercss cornacao (1.2) B nelOHHIIEBBI ( -OMMOAYIb, U

oOpaTtHo, Jr000# JelOHuIEeBbI (¢ -OuMomyns M mpeBparnaercs B mpasbii UL(Q)
MOJIynb, T.e. Kareropuu mpaBbix UL(Q) momymeld w neHOHUIEBBIX ( -OuMomymneit

9KBUBAJICHTHBI.
Jlerko mpoBeputh, uto ecnmu X € Ann(g), to r, =0 . CunemoBarensrHo, Ann(g)

SIBIISICTCS TIPABBIM HJCAIOM anreOpsl §, TOPOXKACHHBIM BCEMH AJIeMeHTaMu [X, X], e
X eg. daxrop amreGpa g = g/ANN(g) sBIseTCS HAUGOIBLINM JHEB TOMOMOPQHBIM
oOpazom anredopsl g. OOpa3 snemeHTa X € g B a Oynem o003HauaTh 4yepes X . Uepes
U(g) 06G03HaYMM YHHBEPCATbHYIO aCCOMATUBHYIO 0OEPTHIBAIOILYIO anrebpy anreGpbl
JIn 6

ITycte A° - Gasuc mpoctpanctea Ann(g). J[OmoJHMM 3TO MHOKECTBO 10 Oasuca
AU A° npoctparcta ¢. Torma A= {5|ae g} COCTABISET 0A3WC NPOCTPAHCTBA Q.

Cormacao teopeme Ilyankape - bupkroda - Burra amreopa U(g) wumeer Oaswuc,
COCTOSIIIUN U3 CIIOB BUA

W= alaz...an,
rae & € Al<i<n,a <a, <..<a . Crenyromee yTBepkaeHUE T0Ka3aHo [4;5].

CaencrBue 1.2 Cnosa suoa

lrr ...r.,

Xag ey Tty
20e X € AU A’ cocmasnsiiom 6azuc aneebpor UL(Q).

1.3 CBOBOJHOE ITPOU3BEJAEHHUE B I'PYIIIIAX U B AJITEBPAX JIN
Ce0600nbiM npoussedenuem tpynn G, u G, nHazpBaerca rpynna G =G, *G,

YAOBJICTBOPSIONIAS CICIYIOIIUM JIByM YCIOBUSIM:

(@) G, u G, sBusrores moarpymmamu rpymmsl G, G, NG, =1 u G nopoxaaercs
TUMU MOATPYNIIaAMHU;
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(b) JIrob6pie romomoppmsmer G, >A u G, —>B B moarpymust A u B
POM3BOJIEHOW TPYNIBI H 0JHO3HAYHO MPOA0IDKAIOTCS 10 ToMoMopdu3ma G — H .

I'pynnet G, u G, Ha3bIBaroTcs c80000HbIMU MHOdMCumenamu cpynnvt G, *G,.

AHaJIOTMYHO MOTYT OBITh OIpeneseHsl CBOOOJHOE MPOU3BEIACHHE MPOU3BOJIBLHOTO
KOJM4YecTBa rpymir. Ha s3pIke MopoXKAaronuX U ONPEISISIONINX COOTHOEHUH TpyTa
G, *G, onpenensercs cleayOUMM CIIOCOOOM:

(@) G, *G, nopoxnaerca mHoxkectBamu G, G, u G, NG, =1;

(b) ompemenstomue cooTHomenuss rpynmel G, *G, COCTOAT TONBKO U3
OIpEIENAIOMUX COOTHOMEeHu rpynn G, u G, .

bonee oOmuMm sBiigeTCS MOHATHE CBOOOAHOTO MPOM3BEACHUS C OOBEIUHEHHOMN
noarpynnoi. Ilyete G rpymma, G,,G,,G, mnoarpynnsl rpynnel G, mnpuuem
G, =G, NG,. I'pynna G HaszbIBaeTcst c80000HbIM npoussedenuem noozpynn G, u G, ¢
o0bveounennou noozpynnou G,, eciu

(@) G mopoxmaetcs monrpynmamu G, u G,;

(b) ompenensromye COOTHOMEHUS IPYIIBI G COCTOST TOJBKO U3 ONMPEACIIIOMINX
cootHowmenuii noarpynn G, n G, .

B atom ciyuae mumem G = G, *, G,. Ouesunuo, ecmn G, =1, 10 G =G, *G,.

Crnenyromasi  KJacCHMYecKas TeopeMa OIUCBIBACT CTPYKTYpPY DJIEMEHTOB
CBOOOHBIX MPpOU3BeacHUU Tpym [29].

Teopema 1.2 Ilycms S, - cucmema nesvix npeocmasumenei G, no G,, S, - cucmema
negvlx npedcmasumenei G, no G,. Toeoa epynna G  sagusemcs C80000HbIM
npouzgedenuem noocpynn G, u G, ¢ ob6veounennou noocpynnou G, 6 mom u MmoavLKo 8
mom cayuae, ko2oa kadxcovii § € G 00HO3HAYHO Npedcmasisiemcs 8 guoe

9=9,..9.C

ede g, €S ,US,, 1=1,...K, 0,,0,, ooHospemenno He npumaonexcam S, um S,,
ceG,.

CaencrBue 1.3 Ilycmv G, u G, nooepynnvt epynnet G u G, NG, =1, u nycmo
Kaoxcowvili anemenm uz G 00HO3HAUHO NPeOCMABIsemcs 8 8Ude NPOU3BEOeHUs.

9=9.9,---9,,
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eoe . =1, g, aescum ¢ G, unu e G, u g,, ¢,,, He aexcam ooHoepemenno ¢ G, unu 6

i+1

G,. Toeoa G saensemca c60600nbIM npoussedenuem epynn G, u G,.

[IpencraBienne CcBOOOAHOTO TMPOM3BEACHHUS HA SI3bIKE MOPOXKIAIOIIUX U
OTIPEIEISIONUX COOTHOLIECHUHN TIO3BOJIAT JIETKO OMPEACIIUTh CBOOOIHBIE MPOU3BEICHHUS
JUIsL JTI00BIX MHOrooOpaszuii anredp. OpHako HeE Bcerja ynaercs MOJyYduTh TaKue
CTPYKTYpHBIE TeOpeMbl Kak B ciydae rpymmn. B 1962 rony A.W. upmos [11] usyuwnn
CBOOOJIHBIC MPOM3BEACHUS B MHOT000Opa3uu ainredp Jlu u moctpous 6a3uc cBOOOIHOTO
npousBeacHuss anredp JIu. AnreGpa Jlu L Ha3wpIBaeTcs c80000HbIM NpoU3sedeHUeM
nogainredp L, u L,, ecau

(@) L moposkmaercs monanredbpamu L, u L, u L, nL, =0;

(b) ompenensromue cooTHOmEHUS ANreOpbl L cOCTOAT TOIBKO U3 ONPEIeIISIOIINX
cooTHouleHui noganredp L u L,.

ITyers L, L, - mpousBonbpHble anreOpel JIu m mycte L - ux cBOOOJHOE
npousBeleHre B MHoOroo6paszuu anreOp JIu. Beibepem nuueiinbie 6asucel X, m X,
anmrebp L, u L,, coorBerctBeHHo. Ilomoxkum X = X, U X,. PaccmoTpuM cBOOOIHYIO

anredpy Jlu G co cBOOOJHBIM MHOXKECTBOM Hopokiatoux X . Mimeercs o4eBUIHBIHN
romoMopdusm G — L toxaectBeHHbI Ha X . BoiOepem auHelHbIM mopsanok < Ha X
TaKoe, 4To X, < X, Ansd moObIxX X, € X, X, € X,. BoiOepem nunelinsiii 6asuc B (Xoina-

Iupmrosa [33] wau [upmosa-JInaaona [34]) cBoboaHOM anreOpsl JIu G . BasucHoe
coBo W e B Ha3oBeM 0cOoOBIM, €ciM OHO HE COJECP)KUT IOJCIOBO BHIA [X,,X ], rae
X, X, € X, mmm X,X, € X, (omepauuss ymHOkeHUs B anrebpe G 0003HaYEHO
KOMMYTaTOpPOM).

B pa6ore [11] noka3ana ciemyroras
Teopema 1.3 O6pa3zvl ocobvix cros oopazyiom 6azy anrcedpol L.

B cayuae anreOp JleitOnuia creayer Ha4yaTh C TOYHOTO (hOPMAILHOTO
onpenenenus. Anredpa Jleitoanma C Ha3pIBaeTCs c80000HBIM NpouszsedeHuem anreop
Jleitbnunia A u B, ecin mmeercs mapa romomopdusmoB ' A—C u f:B — C Taxas,
uTO AU 000 anreops! Jleibuuma L u aas ar000i mapsl romomopdusmo o' i A— L
u f[':B—>L cymecrByer eauHCTBeHHBIH romomoppmsm @:C —L Takoi, dro
o= u of=pF. B srom ciyuae mpl mmmem C=A*B u «,f Ha3oBem
KAHOHUYECKUMU 20MOMOPPUIMAMU.
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2 TMOJAJITEBPBI CBOBOJHBIX _AJITEBP JEVBHULIA W
CBOBO/IHOE NTPOU3BEJAEHUE AJI'EBP JIEUBHULIA

B »sTomM pasmene paccMOTpeHBI CBOOOJHBIC MOAANTeOpPHl W CBOOOAHOE
npousBenenue anareop JlenOuuma. B pabote [35] mokasaHo, 4TO ABYMOPOIKIACHHBIC
noganreOpsl CBOOOAHBIX MPABOCUMMETPUUYHBIX alreOp cBoOOAHBI. B cinydae anreop Jlu
nojgaiareopsl cBoOOmHBIX anredp JIum cBoOomubl [34]. AHajor 3ToH TEOpeMbl IS
cBOOOMHBIX anreOp JleliOnuia HeBepeH. Hampumep, momanrebpa cBOOOIHONW anreOpsI
LB<X>, nopokacHHas anementamu [X, X],[[X,X],X], sBusercs mBymepHO#i abeieBoi,

T.€. HE fABIsETCS CBOOOMHOW. B mompasmene 2.1 Mbl ommimeM HEKOTOphIE CBOOOHBIC
noganreOpsl cBOOOIHBIX anreop JleroHuIa.

CB0OOOJHOE MPOU3BEACHUE SIBISETCS OJHUM W3 CaMbIX BaXKHBIX KOHCTPYKLHU B
teopun rpynm. K.A. Muxaitnosoit [30] ObUI0 J0Ka3aHO, YTO €CIHM JBE TPYIIIBI HMEIOT
paspemuMyro npoOjaeMy BXOXKAEHHUS, TO UX CBOOOJAHOE NMPOU3BEIACHHE TaKKE HUMEET
pazpemumMyo mpobiemy BxoxkaeHus. CBobogHoe mpousBeneHue anredp Jlu BmepBbie
obuto wm3ydeHo A.W. IllupmosiM [11], koTopwlii mocTpoms 0a3Wc CBOOOIHOTO
npousBeneHus anreop JIu. Ananor teopemsl K.A. Muxaiinosoit [30] mis anredp Jlu
okazayicsi HeBepHbIM. Y.Y. YwmupOaeB [13] mokazan Hepa3pemIMMOCTh IMPOOJIEMBI
BXOXKICHUS JJIsI CBOOOJHOTO MPOW3BEICHUS OJHOMEpHOU anreOpsl JIu u cBOOOIHOM
MetabeneBoil anredpsl JIu gocraroyHo Oonbiioro panra. HamomMHuMm, yto mpoGrnema
BXOXKJICHUS JIJIsl CBOOOIHBIX MeTabeneBbix anreop JIu paspermmma [12].

B monpazgene 2.2 onucaH JWHEHHBIA 0a3zuc cBOOOmHOTO mpou3BeneHus Ax* B
nByx anreop Jleitoauma A u B B mHOrooOpasum anre6p Jleitbnuia. JlokazaHo , 4to
npobiieMa BXOXACHHS Hepaspeliuma Jjsi CBOOOJHOTO TMPOU3BEACHMS MPOU3BOJIBHON
HeHyJseBoil anreOpsl JleiOnuia u cBoOomHON MeTaberneBoil anredpbl JIu mocrtaTouHo
Ooonpmoro panra. Takum oOpaszoMm, cymiecTByroT anreOpsl JlehOnuna A u B ¢
pazpemiuMoil mpoOseMoll BXOXKIEHUs Takoe, yTo A*B muMeer Hepa3zpelumMyro
npo0IeMy BXOXKICHHUS.

2.1 HEKOTOPBIE CBOBOJHBIE MNOJAJITEBPbI CBOBO/JIHBIX
AJITEBP JJEUBHUILIA
ITycte A=LB<X,X,,...,X, > - cBoOonHas anredOpa JleliOHuIa cO CBOOOAHBIMU

oOpasyromuma X, X, ,..., X, . I3BecTHo, uTo 6azuc anreOpsl A coctout [4] u3 cioB Buaa
[...[[xil,xiz],xis],...,xik]. (2.1)

B atom ciaysae L =A/Ann(A) sBisercs cBoOomHOM anreOpoi JIu u cBOOOIHBIC
oOpasyromue 3Toi anredpsl Oyaem o06o3Havath yepe3 Y,,Y,,..., Y,. XOpOLIO U3BECTHO
[34], uto U(L) sBisercs cBOOOMHOW acCOIMATUBHOW anreOpol OT MEepPEeMEHHBIX
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Yii Y,s--- Y, . 3aMETUM, UTO
A=xU(L)exU(L)®...&xU(L), (2.2)

T.. A sBiseTcs cBoOoHbM npaBbiM U (L) -Momynem ¢ 6a30it X, X,, ..., X, .
HanmomuuMm, 4to Lie<zl, Z,,... Zn> obo3HavyaeT cBOOOAHYIO anredopy Jlu or
CBOOO/IHBIX MOPOXKIAOUMX Z,,Z,,..., Z

n-*

XapakTepuzalruo cBoOOHbIX areop JIeiOHuIa 1aeT cieayronas

Jlemma 2.1 [Ilycmv @ - aneebpa Jletibnuya, nopodicoeHnas snemenmamu Z,,Z z

e 2,
Tozoa g saensiemcs c600600HOU aneebpoll Jletibnuya co c80600HBIMU NOPOHCOAIOUWUMU

Zl’ 22 yeooy Zn eCcjiu U mMOJIbKO eCjli 8bINOJIHAIOMCA Cﬂedyiou;ue YClo6us.:

1. g=g/Ann(g) = Lie<z,27,,...,2, >
2.9=2U(9)®z,U(g)®...®z.U(9).

Jloxkazamenvcmeo.  Heobxomumocth ycnmoBuit 1, 2 3amedena Bbimie. Ecnu
BBITIOJIHEHBI YCIIOBUS 1, 2, TO 04€BUIHO, 6a3UC § COCTOMUT U3 CJIOB BHJIA

[...[[zil,ziz],zis],...,zi ].

k

PaccmoTpum romomopdpusm @i A = LB <x,X,,...,X >— g TaKkoii, uto ¢(X) =z,
1<1i<n. CpaBuuBas 6a3uc (2.1.1) anreopbr A u 6a3uc anreOpbl § 3aKJIIOYaeM, 4To ¢ -
U30MOPPU3M. O

Yepes A, o00o3HaumMm mpaBblii wupgean anaredpsr A =LB <X, X,,...,X >

MOPOKAEHHBIN 3JIEMEHTAMU BUA X, 1<i<r, t.e.
A, =xUL)exU(L)®...®&xU(L).

ITycts L, - romoMop¢HsbIil 00pa3 anredpsl A, B L. Torga L. sBasercs uupeaaoM
anreOps! L, HOpOXAEHHBIM dlIeMEHTaMu X, X, , ..., X, . CienoBarenbHo,

LIL, = Lie(Y, 1\ Y, preees Yo )-

BeiOepeMm nuHelHBI 0a3zuc  anreOpsl Lie<yr+1,yr+2,...,yn>, COCTOSIILIMN U3
NPAaBUJIBHBIX CJIOB [34]
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1ChrevsCrrenns (2.3)

npudeM, ecin i < j , 1o d(c;) <d(c,) . Torna cnosa Buza

rr...r,i<i<..<i (2.4)

C G
i iy i

cocTaBisIOT 6a3uc anredbpsl U (L/L,).
Tenepb paccMOTPUM MHOKECTBO 3JIEMEHTOB BHJIA

X-W, (2.5)

rae 1<i<r, w - cioBa Buza (2.4).

Jlemma 2.2 Anceopa A, sasnsemca ceoboownou ancebpou Jleibuuya co c60600HbIM
MHOHCecmeom nopocoarouux (2.4).

Hoxazamenvcmeo. W3BectHo [34], uro 00Opassl 31aementoB (2.5) B L ¢B0OOIHO
noposkaaroT noxanredpy L, . [Tockonbky

L=Lie<y .,V ,,...Y,>®L, UL =Lie<y_ ...,y >,

TO HMCCM

U(L)=> @wU(L,),
rae W - mpoOeraet MHOXKeCTBO 35ieMeHTOB Buja (2.4). Torma

A =YY @xwU(L,).

i=1 w

Orcroga BBITEKaeT, 4ro osneMeHTHl (2.5) HesaBucumbl cmpaBa Hax U(L,).
[Tpumensist nemmy 2.1, monyyaem yTBEpKJI€HUE JIEMMBI 2.2, O

Teopema 2.1 Ilycmv X - npouzgonvnoe mHodcecmeo nepemenuvix u Y < X. Tozoa
npasvlil udean c600600HoU ancebpol Jletibnuya LB<X>, NOPONCOCHHBIL MHONCECTNBOM

Y, aensemcs c60600HOI aneedbpoil Jlelibnuya.

Lokazamenvcmeo. Ilycts A, - mpaBblii uzaean aareOpsl LB<X>, MTOPOKICHHBIN
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MHOXkecTBOM Y . Jlerko npoBeputs, 4to anredpa A, HOPOKIAETCsI MHOKECTBOM

YW, (2.6)

rae yeY, W - npoberaer Gasuc anre6pst U (Lie(X \Y)), noctpoeHHbIN Takxe, Kak u

0azuc (2.4). Tak kak B cuiy JIeMMbI 2.2 ciioBa Bujaa (2.5) anreOpandeckn HE3aBHCHUMEI,
TO JI000€ KOHEYHOE IIOJMHOXKECTBO JJIEMEHTOB MHOXecTBa (2.6) anreOpamdyecku
He3aBucuMo.  CreoBaTeNlbHO, MHOXKECTBO — 3JieMeHTOB  (2.6)  anreOpamyecku
HE3aBUCUMBI. JTO O3HayaeT, 4ro A, sBisercs cBoOoxHOW anrebpoi JlelOHHLa co

CBOOOJIHBIM MHOKECTBOM IMOpOsKaaronux (2.6).0

Jlemma 2.3 Ecmu ae Ann(A), mo a npedcmaeisemcs JTUHEUHOU KoMOUHayuell
anemenmos euoa [U,U], ede U € A .

Jlokazamenvcmeo. Eciau U,V € A, TO IOJT0XKUM
Uov =[u,v]+[v,u].
[TockosbKy
Uov=[u+Vv,u+v]-[u,u]—[v,v],
TO JOCTAaTOYHO JOKa3aTh, YTO a SIBJISETCS JIMHCHHON KOMOWHAIMEH 2JIEMEHTOB BHA
[u,u], uov, rme u,v - cimoBa Buma (2.4). U3 toxnecrBa JleiOuuma (1.1)
HEMOCPEACTBEHHO BBITEKAIOT COOTHOILICHUS
[[u, u], x] = [u,[u, x]]+[[u, x],u] = [u, X] - u,

[Uov,X] =[u,x]ov+uo]v,X].

[Tockonbky ANN(A) kak mpaBblii Macal MOPOXKAACTCS dJIEMEHTaMu Buaa [u,u],

UoV, TO W3 ATUX COOTHONIIECHUU CJIEAyeT, 4TO a SBJSETCS JTUHEWHOM KoMOWHaIuen
AJIEMEHTOB YKa3aHHOT'O BUA.O

Jdemma 2.4 Ann(A) A, = Ann(A,)

Hokasamenvcmeo.  Ouesumuo Ann(A,) < Ann(A). Tlycre a< Ann(A)(A,. Torma
r, =0 B anrebpe U (L). ITockombky U (L,) siBnsiercst momanreopoii anredpst U (L), To
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paBenctBo I, = 0 BepHo u B anrebpe U (L, ). CienoBarensno a € Ann(A,). O

2.2 CBOBOJHOE NPOM3BEJIEHUE AJITEBP JIEMBHUIIA

Hanomuum, uto anrebpa JleitOnuma C Ha3bIBaeTCsl CBOOOTHBIM MPOU3BEACHUEM
anreop JleitOuuna A u B, ecan umerorcs kaHoHUYeckre ToMoMoppu3Mbel - A—C u
f:.B—>C Ttakme, yto s mo0oit anreOper JleiOHuma L w s a1000i mapsl
romomoppusmoB «': A— L u f':B — L cymecTtByer eJMHCTBEHHBI TOMOMOP(HU3M
®:C — L Takoit, uto wa =a' u of = ['. V3 Takoro KaTeropHOTro ONpE/IeICHUs HEe
Cpasy CleayeT CyIECTBOBaHHE CBOOOHOTO MPOU3BEACHUS JBYX aireop.

Jlemma 2.5 Ceob6o0noe npouszsedenue A* B nmobotl napvl aneeop Jletionuya A u B 6
MHO2000pazuu  aneebp Jleubnuya cywecmgyem. Kpome moeo, KamoHmuueckue
comomoppuzmel . A—> A*B u B — AxB sasuaromces unvekmugHovimu.

Jokazamenvcmeo. Ilycts X - nuHelHbId 6a3uc anreOpsl A u Y - JUHEHHBIN 0a3uc
anrebpsl B. Tabnuna ymHoxxenus 1t A u B cOCTOUT U3 COOTHOIICHHIA

[a,b] =2 a;,c

ceX

JUTs M00bIX a,be X u

[d.e]=> 5,

fey

s mo0eIX d,e €Y, COOTBETCTBEHHO.

[lycte D =LB{(XUWY) cBobOoanass anrebpa JleiilOHMIIa CcO CBOOOJHBIM
MHOXeCTBOM mopoxaatonmx X UY. Yepes | o6o3Haunm wugean anredper D,
MOpOXACHHBIHA daementTamu [a,b]-> " af c st Beex a,be X wu [d,e]-D>. A/ f
s Bcex d,eeY . Paccmorpum G = D/l . Mimeem ecrectBenHble BioxkeHuss X — D,

Y > D wu ecrectBeHHbli TomMomoppusm D —G. HMx koMmo3unuu OmpenesstoT
a:X—->Gu p:Y >G.

Hoxaxem, utro G siBsieTcst CBOOOAHBIM MpousBeieHneM A U B ¢ kaHOHMYECKUMHU
romomopdusmamu @ u . Ilycts L - mpousBosbHas anreopa Jleibuuma u o' : A— L,

f':B—L - mnpousBonbHble TOMOMOpPHU3MbI. Tak kak D sBisercs cBOOOIHOM
anrebpout JleitOHMIA, TO CYIIECTBYET €AMHCTBEHHBIN Tomomopdusm 6 : D — L Takoi,
yro O(X) = a'(X) s Becex Xxe X u 6(y) = F'(y) nns Bcex yeY . [Mockoabky o’ u '

romomopusmel, TOo uMeeM Takke 6(1)=0. CraemosarenbHo, 6 HHAYIUPYET
romomopdusm @:G — L. OueBuanHo, uto wax =a' u of = f'. Iockonbky a(X) u
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L(Y) nopoxaaer G, orcroza ciieyeT eAMHCTBEHHOCTh @ .

PaccMotpuMm TOXIecTBeHHOE oToOpaxkenue id : A— A u HyeBoil roMoMOphHU3M
0:B — A. Ilo ompeneneHnio cBOOOJHOTO MPOU3BEACHUS CYIIECTBYET €IWHCTBEHHBIN
romomoppmsm @:G — L Takoit, uto wa =id u @f =0. D10 03Hauaer, Kera =0.

Amnanoruuno, Ker #=0. o

CaencrBue 2.1 Ob6vedunenue mHodxicecms nopoxcoarowux areeop A u B saersemcs
MHOdHCecmeom nopoxcoarowux onsi A* B, obvedunenue mmoorcecms onpeoensroujux
coomHowenuti A u B aensemcsa mmuoocecmeom onpedeniiouyux COOMHOUIEHUU OJis
A*xB.

Hameit 1menbio  sABJSIETCA  MOCTPOEHUE  JIMHEMHOro ©0Oa3uca  CBOOOJHOIO
npousBeneHuss JByx anreOp JleiOnuna. Jluneinslii 6Gasuc S(A) =s,(A) Us,(A)

anreOper JleliOHna A HaspIBaeTcsl  cneyuanvhviM Oasucom, ecau S (A) sSBiseTcs
auHeHHBIM Oaszucom ANN(A) m S(A) cHaOXeH JMHEWHBIM TOPSAAKOM < TaKWM, YTO
X<y mas moboro XeS/(A),yes,(A). 3amernm uto, ecmu S(A) sBiseTcs

CrienHanbHbBIM OazucoM anredper A, 1O S,(A) ={x| X e€s,(A)} sBnsercs TMHEHHBIM

6a3ucom anreGpst JIn A.

[lycte A u B - mpowusBoibHble anreOpbl JlelOHwWIa Hag moieM K u mycth
s(A) =s,(A)us,(A), s(B)=s,(B)us,(B) cnenmansapie 6azucel anredp A u B
coorBeTcTBeHHO. Paccmotpum  andasur  S(A)wS(B). Bymem roBoputh, dTO
X,y €S(A)Us(B) we cpasnumvie, eciu X U Yy 00a HE MPUHAJICIKAT OJHOMY U TOMY
xe mHOkecTBY S(A) mim S(B). HeacconmaTuBHbIe ¢10Ba BHIA

[...[[xi,xil],xiz],...,xik], k>0, (2.7)

C MPaBOHOPMHPOBAHHOW paccTaHoBKoW ckoOok B andaBute S(A) U S(B) HaswiBaroTcs
cneyuanenbimu, ecimi X, €5,(A) WS, (B) mms Beex 1< j<k, X m X, He sBiusroTcs
J

CpaBHUMBIMH, ¥ JIst BceX 1< J <K amemeHTH X, | M X, HE SBJAIOTCA CPABHUMBIMH
I- J

um X, <X, . Onpenenim cTeneHs deg ciora Buna (2.7) paBabiM K +1.
1= J

[Tycte W - MHOXECTBO Bcex crenuaibHbIX ciioB B ajdasure S(A)UsS(B) u C -

JMHEHHOE NPOCTPaHCTBO Han mojieM K ¢ juHelHsiM Oasucom W . Omnpenenum
OwnmmHeliHyto OuHapHytlo omeparmuto o Ha C. Ilyctb U uW V  TIpOU3BOJIbHBIE
crielMalibHbIC cJioBa BUaa (2.7). Onpenenum UoV clieayromuM o0pa3om:

(D1) ecnn v = X, €5,(A) Us,(B), Torna nonoxum UoV =0 mus Beex U;
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(D2) paccmoTpum ciy4aid, koraa V = X; € S,(A) US,(B).

(@) Homyctum, uto U = X;. Torma nmonoxum UoV =[X;,X;], ecimu X, U X; He
SBJSIFOTCSL CPaBHUMBIMH. B HPOTHBHOM Cilydae MOJNIOKHM UoV= > X, TaAe
[uvl=>aXx B Aums B.

(b) Momyctum, uto degu >2 u u =[u’,X,]. [omoxum Uov =[u,X, ], ecmu X,
M X, HE SBIIAIOTCA CPAaBHUMBIMH MIK X, < X,. Ecnm X, > X|, TO Mon0XuM

UoV = (U'OX,-)OXK +YaUu'ox,rue [Xk,Xj]=ZatXt BAwmB B.
(D3) Ecim degv>2 u v =[V',X,], To momoxkum UoV = (UoV)o X —(UoX )oV .

3ameuanue 2.1 I[lpouszsedenue UoV onpedesieH0 KOPPEKMHO U SABNAemcs JUHEUHOU
KomMbuHayuell  cneyuanbHulx croe W maxux, umo degw <degu+degv  wiu

deg W =deg,u+deg,V dusa ecex Xxes(A)Us(B).

DTO0 MOXKHO JIETKO MPOBEPUTHh MHAYKIMEH mo degu + degv. 3amMeruM, 4To Korna
V=X, u=[Uu’,x ] n X, >x, B(D2b), HeoOX0mMMO IPOBECTH OOPATHYIO HHIYKIHIO T10

V OTHOCHUTENHHO < W UCIOJIb30BaTh KOHEYHOCTh Habopa OyKB B U .
[Tpomomkum o Ha C nmuHeHHBIM oOpa3zoM. Toraa BepHa cleayromas JJeMMa

Jlemma 2.6 Aneeopa C saensemcs ancedpoii Jleibnuya.

Jloxazamenvcmeo. IlycTh U,V U W NPOU3BOJIBHBIC CICHANIbHBIC CioBa. MHIyKIHeH
no degu +degv +degw wmbl mpoBepum ToxaecTBo JlenOnuna (1.1.1) mamsa u,v,w, T.e.
MIPOBEPUM COOTHOIICHUE
Uo(Vow) =(UoV)ow—(UoW)oV. (2.8)
Ecimu degu +degv +degw =3, torma (2.2.8) nmerko cineayer u3 (D1) - (D3) u
toxaectBa JleiOnuna qis A u B. Homyctum, uto (2.2.8) BBIMOJIHSETCS IS BCEX
u’,v',W takux, 4to

3<degu’+degVv’ +degw’ < degu + degv + degw.

Ecmu degw >1, To w=[q, X], ¥ 10 HHAYKIIMOHHOMY TPEATIOJIOKECHUIO HMEEM
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Uo(vow) =uo(ve(qox)) =ue((Vog)ox—(vox)oq) =
= (Ue (voa))ox—(Uox)o (vod)—(Ue(vorx))oq+(ueg)e(vox)=
=((Uev)eq)ex—((ueg)ev)eox—((Uex)ev)eq+((UeXx)eq)ev—
~((Uev)ox)og+((Uox)ov) o+ ((Uog)ov) o x—((Uog)ox)ov =
=((Uev)eq)ox—((Uev)ex)eq)—(((Ueq)ex)ev—((UeX)eq)ev)=
=(Uev)e(qex)—(ue(gex))ev=(uev)ow—(Uuow)ov.
[Toaromy MoxHO cuutaTh, uro degw =1 u W= X € S(A) Us(B). OueBuano, u3
(D2) cnenyer (2.8), ecmu x € S, (A) s, (B). [Ipeamomnoxum, uro X € S, (A) S, (B).
Paccmotpum cnygait, xorma degv =1, te. v=yeS(A)UsS(B). Msl Takxke
npexamnonaraem, yto Yy € S,(A) UsS,(B). Ecnmu X u y He cpaBHUMSBI, TO Vo W =[Y, X] 1o
(D2a) u (2.8) nenocpencreenno ciuenyetr u3z (D3). Homyctum, uto X,y € A. Tak kak
degu >2, To umeem U =[q,z]. Ecmm z¢ A wim z<y wmm Z < X, Torna (2.8) takxke
cnenyet u3 (D3). [Ipeanonoxum, uro Z>Yy u Z > X. Torna
Uo(vow)=(qo2)o(yox)=qo(zo(yox)+(qo(yox)oz=
=qe((zey)ex)=qe((zex)ey)+(qe(yex))ez=(qe(zoy))ox-
—(qex)e(zey)—(qe(zex))ey+(qey)e(zex)+(qe(yex))ez=
=((@ez)eoy)ex—((qoy)ez)ex—(qex)e(zey)—((@eZ)oX)eoy+
((@ex)ez)ey+(qey)e(zex)+(qo(yex))ez.
CnenoBaTesbHO,
U (Vow) —(Uov)ow+(Uow)ov=—((qoy)o2)oX—(qox)o(zoy)+
+([@ex)ez)ey+(goy)e(zex)+(qeo(yex))ez.

Homyctum, d9to QoY =YW, rae o, €k, W, - croenuansHsie cnoBa. Ecnu

degw, < degq+1, To MO NMpenNONT0KEHUIO HHAYKIIMA UMEEM

(W, ©Z) o X =W, o (ZoX)=(W oX)oz
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B mporuBHOM ciydae, deg,W, = deg,q+deg,y mns Bcex tes(A)uUs(B) cremyer us
3amedanus 2.1. He TpyaHO 3aMeTHUTh, YTO MOCICIHUI CUMBOJ W, MPEALIECTBYET Z MO

<. CnenoBatenbHo, W oZ=[W,z] wu cormacio (D2b) ™Mbl cHOBa uMeeM
(W, 0Z)oX—=W, o(Z0oX) = (W, o X) o z. Orcrona noixydaem

—((@oy)oz)ox+(goy)o(zeX)=—((qeoy)oX)oz,

H aHaJIOTU4YHO,

—(qoX)o(zoy)+((gox)eoz)oy=((qoX)oy)oz

[ToaTomy

uO(VOW)_(UOV)OW+(U0W)OV=((qOy)oX)oZ+
+((Qex)ey)ez+(qe(yex)ez=(=(qoy)eox+
+(qu)oy—|—qo(yox))ozzO_

Ecmu degv >1, to mmeem V=[q,y]. Eciu X u y He cpaBHuUMBI Wik Y <X, TO
Vo X =[v, X] u (2.8) HenocpectBenHo cienyer u3 (D3). Eciu y > X, Torna

Uo(Vow)=uo((qoy)ox)=Uo(ge(yex)+ue((@ex)oy)
[TpoBenast 0OpaTHY0 MHIYKLHIO IO X OTHOCUTEIBHO <, MBI MOKEM MPEANOJI0XKHUTh

Uo((gox)oy)=(uo(gox))oy—(uoy)o(qgex),

Tak Kak Y > X. Torna

Uo(Vow)=(uog)o(yox)—(uo(yox))eq+(Uo(geox))ey-

—(Uoy)o(dox)=(Ueg)ey)ox—(Ueg)ex)oy—(Uoy)ox)oq+
+(Uex)ey)eg+(Ueg)ox)ey—(UeXx)eg)ey—(Ueoy)oq)ex+
+(Uoy)ox)oq=(Ucqg)ey)ox+((UeX)oy)og—((UoX)oq)oy—

—((uoy)eg)ex=(UcoV)ow—(UoW)oV. O

Teopema 2.2 [lycmo A u B npoussorvnvie ancebpur Jleubnuya nao norem K u
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S(A) =s,(A)us, (A, s(B) =s,(B)wus,(B) ux cneyuaibHovle bazucol
coomsemcmeenno. Mnoowcecmseo ecex cneyuanvuvix cioé ¢ angasume S(A) U s(B)
cocmaesem JuHelnslil 6asuc c60600H020 npoussedeHuss A*B.

Hokazamenvcmeo. Tlomaras X =s(a) u'Y = s(b) MbI vicnionbp3yeM Bce 0003HAUCHUS U3
JoKa3aTeabcTBa JieMMbl 2.5, Hamomumm, 4TO G sABIACTCA CBOOOTHEIM
npousBeneHueM A u B. Mel oroxxnectiasieM A u B ¢ a(A) u S(B), cooTBeTCTBEHHO,
TaKk Kak & ¥ [} SIBISIFOTCSI HHbEKTHUBHBIMHU.

[Tycts C - anredpa JleiiOnuna u3 nemmsl 2.6. Anrebpa C mopoxknaercs A u B.
Yepes a':A—>C u f':B—>C o0603Hauum BiokeHus. Toraa cCymecTByeT
CIUHCTBEHHBIH romMoMoppusM @:G —C Takod, uto wa=a u aof=p".
CnenoBatenbHO, TOMOMOP(HU3M @ SIBISIETCS TOKIeCTBeHHBIM Ha A u B. U3 Toxxnectsa
Jletionuma (1.1) nerko ciemyer, YTO KaXAbIH dJIeMEHT G SBISICTCS JIMHEHHOM
KOMOMHAIMeN CHelHalibHbIX CJO0B Bujaa (2.7). DTo o03HA4yaeT, 4TO @ SIBISETCS
n30MOp(HU3MOM. O

s anreOp JIu L, u L, ux ceobonnoe npoussenenue L, * L, B kareropum anreop

JIu moctpoero B [11]. OmHuM U3 XOpOIIMX CBOMCTB CBOOOIHOTO IPOU3BEICHUS
anreOp JIu [11] sBnsercs To, yTO yHUBepcanbHast obepTheiBaronias anredpa U (L, * L))

ABJIIETCS] CBOOOAHBIM TIpousBesieHueM U (L )*U(L,) anredp U(L) u U(L,) B Kateropuu
accoIMaTuBHBIX aredp ¢ enunuied. K coxaneHuto, 3T0 CBOMCTBO HE BBIMOJIHSIETCS B
ciyvyae anreOp JleiOnuna. HamoMHuM, 4To yHUBepcanbHasi oOepThiBarolias aiareopa
UL(g) anreOpwr Jleitonuma ¢ ompenencHa B [4] m UL(Q) sBiseTcs accolMaTHBHOM

anreOpoit, mopoxaeHHow Bcemu I |, rme ae(qg. MssectHo Takxke, B [14], uTo

al’ a?’

COOTHOILICHHUC
(rb + Ib)la = 0

BbInoIHsAeTCs Uit Becex a,be g. Eciu 0#aec A u 0#b e B, Torga 310 coOOTHOIICHHE
MMOKa3bIBACT, YTO

UL(A* B) £UL(A) *UL(A).

bynem roBoputb, 4ro  npobrema 6xoxcoenusi (B KOHEYHO TIOPOXKIICHHBIE

nomanreOprl) paspemmnma s anreopbl A, eciu cymecTByeT 3G heKTUBHAS TPOIEaypa,

ompenensonas g J000ro 3jeMeHTa a € A 1 Ui 11000H KOHEYHO IOPOXKICHHOM

nomanrebpel B anrebpbr A mpunHamnexut sneMeHT a anredpe B wnm mer. Onmna w3

CaMbIX BaXXHBIX TEOpEeM KOMOWHATOPHOW Teopuu rpyii, mokasanHas K. MuxaitnoBoit

[30], roBopwut, uTo ecim mpodieMa BXOXKAEHHS paspemrmMa B ABYX rpymmax G, n G,,
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TO OHa paspemmMa B uX cBobomHoMm mnpomssenennu G, *G,. V.V. Ymupbaen [13]

J0Ka3aja Hepa3pelMMOCTh MpPOOJIEeMbl BXOXKICHHUS I CBOOOJHOTO NPOU3BEICHUS
onHOMepHOU anreOpsl JIu m  cBoOomHO#M MetabeneBoit anreOpsl Jlu gocraTouHO
OOJBIIOrO paHra.

Teopema 2.3 Ilycmov A - npouszsonvuas Henynesas aneedopa Jletibonuya u L - c60600uas
Mmemabenesa anceopa Jlu docmamouno 6onvuio2o panea. Toeoa npobrema 8xoxcoeHus 6
nooaneedpy 0 606001020 npouszgsedenus A* L anecopummuuecku nHepazpewuma.

Hoxazamenvcmeo. IlycTh @ - HEHyJIEBOW 51eMeHT anredpel A U Z,,...,Z, - CBOOOJIHBIE
nopoxpaatone anreopsr L. [Tomoxxum M = a-U(L). U3 Teopemsr 2.2 cienyer, uro M
siBIsieTcst cBOOOMHBIM mpaBbiM U (L) -Moaysem.

Paccmotpum  f, f,...,f, eU(L). Yepes S o06o3zHaumM moganredpy anreOpsl
AL, nmopoxaennyto snementamu a- f,,...,a-f ,z,,...,z . U3 teopemsr 2.2 cuenyer,
9TO

SAM =(a-f)-UL)+...+(a-f,)-U(L).
CnenoBarenbHo, a- f € S Torma u Toiapko Torma, Korma
a-fe(a-f)-UlL)+...+(a-f,)-U(L),

gro skBuBaneHTHo f e f -U(L)+...+f, -U(L).

B [13] moka3aHo, 4TO CyIIECTBYeT HATYPaJbHOE YHCIO N, I KOTOPOro mpodiema

BXOX/ICHUS B TMpaBble HJCAJIbl aJTOPUTMHYCCKH HE paspeliniMa B YHHBEpPCAIbHOW
obepThiBatoneit anredope U (L) . O

3ameTuM, 4TO TpoOJjeMa BXOXKIACHUS NJisi CBOOOJHBIX MeTabeneBbx anreOp Jlu
paspernirma [12].
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3 PYUHBIE U IIOYTH PYYHBIE ABTOMOP®HU3MbI CBOBOJHBIX
AJITEBP JIEUBHUIIA PAHT A 2

B sToM paszene HUcciaeq0BaHbl aBTOMOP(U3MBI JIBYIOPOKICHHBIX CBOOOIHBIX
anreoOp Jleiouuna. M3sectHo [15-18], uto aBToOMOpdH3MBI anredp MuorowicHoB K[X, Y]

)41 CBO6OI[HI)IX aCCOIMAaTHUBHBIX anrer k<X, y> OT IBYX IICPCMCHHBIX HA[ ITPOU3BOJIbBHBIM

nosieM K sBisroTcst pyunbiMu. bojee toro [17-18], rpymmbl aBTOMOpdH3MOB anreOp
K[, y] u k<X, y> M30MOPQHBI, T.€.

Aut K[x, y]= Aut k(X y).

B pa6ore [19] moka3aHO, YTO aBTOMOP(GU3MBI IBYIMOPOXKICHHBIX CBOOOTHBIX
anreOp I[lyaccoHa Haj moyieM XapakTepucTuku 0 sBisttorcs pyunbimu. [1. Kon [36]
JI0Ka3all, 4TO aBTOMOP(HU3MBI CBOOOAHBIX anreOp JIu KOHEYHOro paHra SBISIOTCS
PYYHBIMHU. AHAJIOT 3TOW T€OPEeMbl BEPEH ISl CBOOOAHBIX aJiredp JIF0OOro 0JHOPOIHOTO
HIpalepoBoro MHOrooopasus ainreop [37].

AnreOpbl MHOTOWIEHOB M CBOOOJIHBIE aCCOLMATUBHBIE anreOpbl OT Tpex
IIEPEMCHHBIX B cllydae XapakrtepucTuku 0 umeroT awkue aBToMopdusmel [22;25]. B
pabote [28] nokazaHo, uTo aBTOMOpDHH3M

o= (Xl +[[X2’X2]’X1]’X2)

cB0GOAHON anre6pbl JleliGHuua or AByX mepeMeHHbIx LB(X,,X,) sBusercs aukum. B

nozpasnene 3.1 mpuBeIeHB OCHOBHBIC OTIPEICIICHHUS M OIMUCAHO TPEICTABICHNE TPYIIIIBI
PYYHBIX aBTOMOP(U3MOB JBYMOPOXKIACHHBIX CBOOOAHBIX anreOp JlelOnuna. B
nojapasnene 3.2 BBEIEHbI B PACCMOTPEHHUE IMOYTH HJIEMEHTAPHBIE aBTOMOP(PHU3MBEI,
KOTOpble 00001aloT 3eMeHTapHbie aBToMopdu3mbl. OmnucaHa CTPYKTypa MOYTH
AJIIEMEHTAPHBIX aBTOMOP(PU3MOB, U JI0Ka3aHO, YTO OHU SIBIISAIOTCS CTAOMIIBHO PYYHBIMH.
B moapaznene 3.3 ommcaHo mpencTaBiIeHUE TPYHIBI MOYTH PYYHBIX aBTOMOP(HHU3MOB
JIBYTIOPOKICHHBIX CBOOOHBIX anreOp JleliOnuna u B moapaszene 3.4 nmpuBeieH npuMep
HE TIOYTH PYYHOTO aBTOMOp(dH3Ma 3TOI anreOpsl.

3.1 PYYHBIE ABTOMOP®U3MDbI
[Iycte A= LB<X1,X2,...,X > - cBoOomnas anrcOpa JleitOHuma Ham monem K oT

n

INEPEMEHHBIX X, X, ,..., X, .

ABTOMOpPU3M @ cBOOOHON anreOpsl JIeiOHMIIa A Ha3bIBACTCSA 31eMEHMAPHBIM
[26;39], ecniu HalineTcs | Takoe, 4TO

o(X) = ax +9,
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O;taek,geLB<X1,X2,...,XH,Xi+l,...,xn>, 51 (p(XJ.):Xj UISL  BCeEX J#I.

ABTOoMOp(U3M W anredpbl A Ha3BIBACTCS pYuHbIM, €CIIU OH SIBIIETCS MPOU3BEIEHUEM

3JIEMEHTapHBIX aBTOMOp¢u3MoB. He pydnbie aBTOMOpdHU3MBI anreOpbl A Ha3BIBAIOTCS
ouxumu. Yepesz Aut(A) 0003HAUNM IpYIITy aBTOMOP(PH3MOB anreOpsl A .

amuce @ =(f, f,,..., f ) o3nauaer aBrOoMOpdm3M ¢ anreOpsl A Takoif, 4TO
p(x)=1f,1<i<n.
OnemeHTapHOEe TpeoOpa3oBaHme cuctembel snemenroB f, f,,..., f  3amenser

TOJIBKO OJIVH dJieMeHT f, Ha ameMeHT
of, + 9,
rne O=a ek, ge(f, f,....f ., f.,...f) 3amcs

(f, f,0n 1) >(91,950--.9,)

O3HAQ4YaeT, 4TO CHCTeMa 3JeMEeHTOB (§,,0,,...,0, momyuaercs u3 f,f,,..., f omuum
3JIEMEHTapHBIM IIPe0OPa30BaHUEM.

Jlerxo nokasats, uto aBTomopdmsm ¢ = (f,, f,,..., f ) aBmsercsa pyunsim Torna u
TOJIBKO  TOrJa, KOTAAa  CYIIECTBYeT  IOCIEIOBATEIBHOCTb  3JIE€MEHTapHBIX

npeoOpa3oBaHUid BUIa

(Xllxz’“'xn) — (fl(O)’ fz(O)’“" fn(o)) _)(fl(l)’ fz(l)!'“’ fn(l)) N
S o (FOE0 Y= (..., f)=p.

[Tycts A= LB<X, y> - cBoOOHas anreOpa JlelOHUIIA OT ABYX MEPEMEHHBIX X,V .
Yepes deg o0o3HaumM cTaHmapTHYI (GyHKIHIO creneHn Ha A, T.e. degx =degy =1.
[Tomoxxum L = AJAnn(A).

ABTOMOphU3M @ cBOOOAHOM anreOpnl JIeiOHMIIa A HA3BIBACTCS MpeyeoibHbiM
[26], ecin

@ =(ox+0,pY),

rne Oza,Bfek, gelB{y). UYepes T(A) o0003HAaUUM TpyHIy TPEYroJbHBIX
aBToMop(u3MoB cBoOOgHOM anredpsr JleitOnmma A, a uepes GL,(K) - rpymmy
JMHENHBIX aBTOMOP(PU3MOB anreopsl A.
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OnpenenuM crenenn y" snemenTa Y € A, momaras y' =y, y" =[y"*,y], n>2.

Jlemma 3.1 1) Cucmema snemenmos
A ={id =(x,y), 7 = (v, x+ay)|ack]
SIBJISIETCS] CUCTEMOM TIpe/ICTaBUTENEH JIEBBIX CMEKHBIX KiaccoB GL, (K) mo moarpymme

C =GL,(K)T(A).

2) Cucrtema 3JIeMEHTOB

B, = {5 = (x+h(y),y) |h(Y) = B,Y" +...+ B,Y*}

SIBIIICTCSL CUCTEMOM MPEACTaBUTENEH JIEBBIX CMEXKHBIX Ki1accoB T (A) 1o moarpyie

C =GL,(K)NT(A).

Hoxazamenvcmeo. 1) Ilycte | € GL, (k). Ecim | umeer Bun (ax+by,cx +dy), rae
c#0, 10
d ad
I =y, x+2y)e ((b—==)x+ay.cy).
Ecorm ¢=0, 1m0 1€T(l), te. I=idel. Homyctum, uyto y, =(Yy,X+ay),

7, =(y,x+a,y) u ,C =y,C, rorna

7. ey, =(Y—axX)o(y,x+a,y) = (x(a, —a)x+y)eC.

Orcrona cinenyer, uro @, = a,. CiaenoBarensHo, y, = 7,.
2) Tyets v = (ox+h,(y), By) e T(A), e h(y) = B,Y" +..+ B,y + p,y. Torna

Y IpCACTaBIBICTCA B BUJIC

OoA,

h(y)

- Y), A= (ax+ By, By).
Honyctum, uto o, = (X+h,(y),y), 0, = (X+h,(y),y) u 5,C =6,C. Torna

rae 0 = (X+

o, 08, = (x=hy(y),y) e (x+h,(y),y) = (x=h,(y) +h,(y),y) €C,
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oTKyna cienyet, uro h (y) = h,(y). CienoBarensHo, J, = J,. O

Jlemma 3.2 Ilycmo A, B, - mnoowcecmsa, onpedenennvie 6 nemme 3.1. Toeoa noboii

pyuHou asmomopusm @ aneedopvl A paznacaemcs 6 npoussedeHue 8Uoa
P=10007,00,0...07 09 04,
rne y, €A, ¥,y 2id, 6, €B,, J,,....,0,, #id, 1 eGL,(K) "T(A).

Jloxazamenvcmeo. NmeeM

P y“+---+&y2,y)o(a><+ﬂ1y,y),

(04 (04

(ax+h.(y),y) = (x+

(X, By +h, (x)) = (y,x)o<x+% y' +...+%y, V) (¥, B+ AY),

T.€. II00OH AIIeMEHTAapHBIN aBTOMOP(HU3M UMEET BUJT
l,odol,,

rne o €B,, I,,1, eGL, (k).

JIro60i1 pydHOl aBTOMOPPU3M ¢ TIPEIICTABISACTCS B BUIC
P=PoP,°...00,,
TIE @), P, ,....¢0, - DIEMEHTapHble aBTOMOp(U3MbI. ClIe10BaTEIBbHO, UMEEM
@=1006,0l,00,0...0l o6 ol _,

rae 6, € B, | eGL, (k).

k <n.

(3.1)

(3.2)

JlokaxxeM MHAYKIMEH 1Mo N, 94TO ¢ TMpeicTaBiseTcs B Buie npousBenenus (3.1) c

CornacHo nemme 3.1, aBromopdusm |, 3ammceiBaercs B Bune y, o A, rae y, € A,,

A, €GL, (k) "T(A). Torma

|06, =y,04,°6 =71°51,°2“1’
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re 5, = A, 08,0 A, € B,. Umeem
=y, 06/ o(Aol)od,0...0l 05 ol _,
[To MHIYKTUBHOMY TIPEIIOIOKEHHIO, TIPOU3BEICHUE
(A, o1)08,0...01 o5 ol .
3aITMCHIBACTCS B BHJIC
V:00;,005°..7 20 oV e A K<,
CraenoBaTteibHO,

P=y,00,0),00,°...7,°0,°V,°A

Ecmu y, #id, To monyuenHoe mpezacrasienue umeer Bun (3.1). Paccmorpum ciyuaii
y, =1d. Tak Kak 0, o9, = J,' € B, T0

P=y,00/00,00,0...7, 00, 0),,0A=y 008, 0,0...y, 00,0, °A

[MTockonbky K —1< N, To, M0 MHAYKTUBHOMY TPEIIIONIOKCHUIO, (0 3aIUCHIBACTCS B BHIC
(3.1).o

Jlemma 3.3 Ilycmo @ = (f,, f,) - asmomopgusm ancebpor A, npedocmasumulii 6 6ude
npou3eeoenust

¢:51°72°52°°°-°7k°5k1

rae id =y, € A, id =6, € B, msa Beex i. Ecimm o, = (X +h,(y),y) n deg(h,(y)) =n, ans
Bcex 1<i<Kk, 10

deg(f,)=n+n, +...+n, —(k-1),
deg(f,)=n+n,+...+n_, —(k—-2).
Hokazamenbcmeo. YTBepiKIeHUE IEMMBI JoKakeM HHAyKIuer mo K. Ecim K =1, o
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deg(f,) =deg(h)=n,deg(f,)=1.
HpCI[HOJIO}KI/IM, 4TO YTBCPIKIACHUC JICMMBI BBIITOJIIHACTCA IJIA k-1. HOJ’IO)KI/IM,
@, =0,0y,00,0...07,_,°0,,=(09,,0,)-
ITo MMPCAIOJIOKCHNIO MTHAYKIIMY UMCCM
deg(g,)=n+n,+...+n_, —(k-2),
deg(g,)=n,+n, +...+n_, —(k-3).

HanmomuumMm, uto cBoOoaHbIe anreOpsl JIu OT IBYX MEPEMEHHBIX UMEIOT TOJIBKO
nuHerHbIe aBTOMOpGu3MbI [28]. Tak kak 000k aBTOMOPGU3M areOpbl A HHIYIIUPYET
aBToMop¢u3M cBoOoaHoi anredopsl JIu L = A/JAnN(A) oT IBYyX NEpPEMEHHBIX, TO

HEeITMHEHHBIE YacTH 2IeMEeHTOB ,, §, mpuHaanexar Ann(A), T.e.
gl = Il + nl’

gZ =I2+n2’

rae ||, - nuueiinsle yactu g,, J,, COOTBETCTBEHHO, N, N, € ANn(A).
HNmeem

p=(f,f,)=0,0p,00,0...0p, 00,07, °06 =(0,,9,)°7, °F,.
[pumensis y, = (y,x+ay) x (d,,d,), morygaem
(1) =(9,,9, +ag,).
Torna
deg(r,) =deg(g9,) =n,+n, +...+n_, —(k-3),
deg(r,) = max{deg(g,),deg(g,)} = deg(g,) =n, +n, +...+n,, — (k—2).
Hanee,

(f., f,) =(n.r)e 6, =(r,r,)o(x+h(y),y) = (r +h().r,).
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CraenoBaTeibHO,
deg(f,) = max{deg(r,),deg(h,(r,))}, deg(f,)=deg(r,).

Tak kak deg(h,)=n,, 1o

(r)" = [rZ”k_l, r,]= [rznk_l, | +n 1= [rznk_l, | 1=[.[0 1.0 1,

rae |, - mumeiinas gacts I,,a n, € Ann(A).

[Tockomeky deg(r,)=n,+n,+...+n_, —(k—2), To
deg(h (r,))=n+n, +...+n —(k-1).
CnenmoBaTtesbpHO,
deg(f,)=n,+n, +...+4n_—(k-1),
deg(f,)=n,+n,+...+n_, —(k-2),
YTO U JOKA3bIBAET YTBEPKJICHUE JIEMMBI. O

Jlemma 3.4  Pasnoowcenue (3.1) asmomopgusma @ u3z aemmwul 3.2 agusemcs
OOHO3HAYUHBIM.

Jloxazamenvcmeo. J|0CTaTOYHO IOKa3aTh, 4YTO
7106,07,00,0...07, 00, 0y, e A#id,

npu kK>1, y, € A, 7,,....7, #1d, 6, €B,, J,,....0, #id, 1eGL,(K)nT(A). HomycTum,
4TO

7100,07,°0,°...07,°0, 0¥, cA=id.
Torna

807,006,007, 00 =y ol oy . (3.3)
37



CornacHo jemMme 3.2
(f,f,)=0,0y,00,0...0p, 00,

nu deg(f)=n+n,+...+n —(k-1), deg(f,)=n+n,+...+n_, —(k-2). Tak xak
npaBas 9acTh (3.3) paBHa

(I,1,) =y e A" oy €GL, (K),

to deg(l,) =1, deg(l,) =1. Cnenosarensno, deg(f,)=deg(l,) u deg(f,)=deg(l,),

9TO ¥ MIPOTHUBOPEUUT paBeHCTBY (3.3). O

Teopema 3.1 [pynna pyunsix asmomopghuzmos c60600HoU ancebpwvi Jleubnuya A om
08YX NEpPeMeHHbIX SGNAEemCs C80DOOHbIM NPOU3BECOCHUEM NOOPYNN  JIUHEHbIX
asmomopghusmos GL,(K) u mpeyeonvuvix asmomopgpusmos T(A) ¢ obvedunenHoll

nooepynnoii C = GL, (k) " T (A), m.e.
Tame(A) = GL, (k) =, T(A).

Hoxazamenvcmeo. Tax kak A, m B, - cucremsl neBbix cmexHbIX kimaccoB GL,(K) u
T(A) mo monrpymme GL,(k) " T(A), To mo nemme 3.2 mo00ii pydHOIl aBTOMOPHH3M

npencrasigercss B Bune (3.1). Ilo nemme 3.4  9T0 mpencTaBieHHUE SIBISETCS
oxno3HauHbIM. Cornacuo [29],

Tame(A) = GL, (k) *. T(A),
rne C =GL,(K)nT(A). o

3.2TMOYTHU DJIEMEHTAPHBIE ABTOMOP®U3MBbI
IIycte A= LB<X1,X2,...,XH> - cBoOoaHas anreOpa JleitbHuna co cBOOOAHBIMHU

obpazyromumu X, X, ,..., X

ca X
ABTOMOpGU3M @ anredpbl A Ha3bIBACTCA  HOYMU IJIEMEHMAPHBLIM, €CIH
cymectByeT | Takoe uTo mpu j#i, @(X)=X u ¢(X;)=h. Asromopdpusm y
Ha3bIBAECTCS NOYMU PYYUHbIM, €CIIA OH SABIIAETCS POU3BENECHUEM MOYTH JIEMEHTAPHBIX
aBTOMOP(HU3MOB.
HamoMHuM, 4TO MOYTH 3J€MEHTapHble aBTOMOpP(U3MBI BCTpeHaIUCh B padoTe
[31] npu wu3yueHunn aBTOMOP(GU3MOB CBOOOJHBIX META0CNEBBIX TPYII OT TpexX

38



MOPOXKIAOIIHX.
3ameTuM, 4T0 aBTOMOp(hU3M

o= (X1 +[[X2’X2]!X1]’X2)

u3 [28] anreGpsr LB(X,, X,) SBISETCS MOYTH YIEMEHTAPHBIM.
W13 nemmbl 2.1 BbIIEIUM OJHO CIEACTBHUE

CaencrBue 3.1  Onoomopgpusm o= (f,f,,....f) anceoper A  saersemcs
aA8MOMOPGUIMOM M020a U MOJILKO M020d, KO20A 6bINOIHSIONCSL YCIOBUSL:

1) L= A/Ann(A) = Lie< f, f,,..., f, >;
2) A=fUL)@® fUL)®...® fU(L).

OnpenenuMm OMH KJ1acc aBTOMOP(PU3MOB anreOpsl A .

Jemma 3.5 Ilycmo ¢ - snoomopgpuzm ancebpvr A maxoti, umo ¢(X,) =X npu i<n-1
u o(x,)=f. Tocoa ¢ saseraemca aemomopguzmom aneebpvr A mozoa u monvko mozoa,

Ko20a
f=ox +9+h

rne 0= ek, ge<x,X,...X_,> heAnn(A ).

Jloxazamenvcmeo. Jlomyctum, 4to ¢@ - aBTomMopduisMm aireopsl A. OueBugHO, @
WHUIUPYET JIEMEHTapHbIN aBToMOopdu3m anredpst L, T.e.

f =ax +g+h,

rne 0za ek, ge<x,X,...X,> heAnn(A).

[Mycts W = (X, %,,..., X ,,aX + Q). 3aMeHsis @ Ha @y ', MOXKHO CUUTATh, YTO
f =x_ +h, tne he Ann(A).

[To cnencrButo 3.1 sHAOMOphU3M @ anredpsl A sABIsSETCS aBTOMOP(PU3MOM TOT 1A

U TOJIBKO TOTJa, KOrjaa
A=xU(L)@®xUL)®...&x U(L)® fu(L).

DTO0 SKBHBAJICHTHO TOMY, uT0 h e A, . ITo nemme 2.4 umeem h e Ann(A ).
Homyctum, uro f ynosierBopsier yciouio ieMMbl. Eiie pas 3aMensis ¢ Ha @y
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MOXHO cuuTaTh, uto f =X +h, rme he A . OueBunHO, @ yHAOBIETBOPSET YCIOBHIO

1 cnenctBus 3.1. Tak xak he A, |, To ¢ ynoBieTBopseT U ycioBuio 2 ciuencrus 3.1,

T.€. @ - aBTOMOp(H3M. O

Jlemma 3.5 maer ommcaHue MOYTH DJIEMEHTapPHBIX aBTOMOPGHU3MOB aireOpn A .
Cnenys [27] ompenenuM cTaOMIBHO Py4HBIC aBTOMOPGU3MBL. ABTOMOpDH3M ¢

anreOppl A HazoBeM K - cmabunvmo pyuHbiM, €ClId aBTOMOPOHU3M I anreOpbl

LB(X,, X, X, Y1 Yor---0 ¥y )y OIpenenenHbiii mpasmaoM w (X)) =o(x), w(y,) =Y,
JUIS BCEX 1, |, SIBISICTCS PYYHBIM.

Jlemma 3.6 Asmomopguzm
0= (% +[[%,%,1,x1,%,)
aJreopsl LB<X1, X2> ABIIsAETCSA | - CTAOMIIBHO PYYHBIM.

Joxazamenscmeo. Vimeem
(X, Xy, X3) = (X, %o, X5 +[X,, X, ]) =
— (X, +[X5 + X, X L X T+ X0, X + 1%, X I1, %5, X5 +[X,, X, ]) =
— (X, + X5 + 1%, X 1 X 1+ Xy, X5 +[X,, X 11,5, X +[X,, %]
— X, %+ [Xs + X0, X 1, X, 1+ [X,, X5 +[X,, % 1]) =
= (X, +[X5 +[X0, X 1, X, 1+ [X,, X5 +[X,, X 1], X5, X5) =
= (% X, X T+ 1%, X 1+ L1%, , X 1 X0 ]+ DXy, [X,, X 11, X5, X)) =

= (% D% X% ] X%, T+ DX [ % 01X, X5) = (% +[[X2, X1, %], %5, %) = 6,
T.€. aBTOMOphU3M O sABisIeTCs | - CTAOMIBHO PYYHBIM. O

K coxenennro He yaaeTcs J0Ka3aTh, YTO BCE MOYTH dJIEMEHTAPHBIC aBTOMOP(PU3MBI
ABJISIIOTCS | - cTaOMIBHO pyuyHbIMU. TeM He MeHee JJoKa3aHa Claeayromias

Teopema 3.2 Jlwboti noumu pyunou asmomopghuzm aneebpor A = LB<X1,X2,...,XH>
saensiemcs 2 - cmabuibHO pyUHbLM.
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,ZZOKas’amerbcmeo. YTBCp)KI[eHI/Ie TCOPEMbI JOCTATOYHO AOKa3aTb MJId IIOYTH
QJICMCHTAPHOTO aBTOMOP(l)I/ISMa Q. bonee TOI'o, MOXHO CUHUTAThb, 4YTO

P(x)=x,1<i<n-1,¢(x )=X,+h he Ann(A, )

ITo nemme 2.3 nmeem

S
h= ;ai[wi’wi]’
rae w, e A, ,. CiienoBarensHo, ¢ =y, -y, ...\, , TO€

wi (%) =X +o[w,w ]y, (%) =%,1<i<n-1, 1< j<s,
HOBTOMy MOKHO CUHUTaTb, 4TO

(D(Xn) = Xn +[W’W]’ We An—l’

o(x.)=x,1<i<n-1.
[Tponomxenue aBromoppuszMa ¢ Ha anredbpy LB <X,X,,...X,y,,Y¥, > o0003HauNM
uepes y, T.e. w(X) = o(X), 1<i<n, w(y,)=vy,, j=12.

Huxe Mbl paccMOTpHUM dJIeMEHTapHbIe MPe0Opa30BaHMs, OCTABIISIIOIINE HA MECTE

SJEMEHTHl X, X,,...X ,. [loatomy 3ammce (X, X,,...X ,VY,,Y,) COKpam@aem 1o

(X, Y., Y,). Umeem

(oo Yoo Yo) = (X, Yo W, ¥,) = (X, + Y Yo I+ Yo ow+[ww], y, +w, y,) —
= (X, LY Yo ]+ Yoo w+wWwl, yy, Y,) = (X, + 1Y Yol + Yy o W+ [w,wl,
Y, +W) _)(Xn +[y1’y1]_ YioY, +[W’W]’ Vi Yo +W)_>(Xn +[y11y2]_ Yoy, +

+[w,w], Y1 yz) - (Xn +[w, w], Yi: yz) =y
T.C. v SABIIACTCS pyT'IHI)IM. 9T0 O3Ha4yacT, 4TO (0 SIBIIACTCA 2 - CTa6I/IHBHO pquI)IM. O

3.3 TIOYTU PYUHBIE ABTOMOP®U3MBbI
Kak u panee, monoxum A = LB<X, y> - cBOOO1Has anrebpa JleiOHuIa HaJ mojaeM

k ot mepemennbix X,y u L= A/AnnA.

41



ABTOMOpGU3M @ anreOpsl A HA3BIBACTCS NOYMU MPEY20bHbIM, €CIH

»=(9,8),

rne 0= pfek. Uepes AT(A) 0003HAYNM TPYIITy TOYTH TPEYrOJIbHBIX
aBToMoppuaMoB anreopel A, a wuepe3 ATame(A) rpymnmy MOYTH PYYHBIX

aBTOMOp(U3MOB anredopsr A .
Ecim @ = (g, py) sBnsercs aBToMopdu3MoM, Toraa u3 JieMMbl 2.1 ciemyer, 4To

A= gU(L)® (By)U(L) = xU (L) ® yU (L). (3.4)

CnenmoBarenpHo, g =ax+a, rne ae yU(L). 3ametnM, dYTO @ HHAYIUpPYET

JMHEHHBIA aBTOMOp(dU3M CBOOOHON anreOpsl Jlm L, Tak kak Bce aBTOMOP(U3MEI
areOpsI L  sBmsrores auHedHeiMu  [36].  Otcroma a=pw+b, rae

b e Ann(A) ~nyU(L).

CaencrBue 3.2 Asmomopgusm @ anreeopvr A sasnsiemcsa noumu mpey2oibHbiM mo2oa u
MOJILKO mo2od, K020a

@ = (ax+7y +yu, By),
rne o, B,yek, 0a,,ueU(L) u yue Ann(A).
Jlemma 3.7 1) Cucmema s1emenmos
A ={id=(xy), 7 =(y.x+ay)|ack]

SIBJISIETCS] CHCTEMOM TIpe/ICTaBUTENEH JIEBBIX CMEKHBIX KiaccoB GL, (K) mo moarpymme
H =GL,(k) " AT(A).
2) CucreMa 3JIEMEHTOB

B, = {0 = (x+yu,y)| yu e Ann(A)}

SBJISICTCS CUCTEMOM MPeICTaABUTEICH JIEBBIX CMEKHBIX KitaccoB AT (A) mo moarpyie

H =GL, (k) N AT(A).

Hoxazamenvcmso. 1) Ilycte | € GL, (k). Ecmu | umeer Bun (ax+by,cx +dy), roe
c#0, 10
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1= (yox+ L y)o (0 Dyx+ay. o).
C C

Eciu ¢ =0,10 | € T(A), Te. | =id ol
Homyctum, uto ¥, = (Y, X+a,Y), 7, =(y,x+a,y) u y,H =y,H, Torna

7o ey, =(Yy—ax X)o(y,x+a,y) = (x(a,—a,)x+Yy) e H.

Orcrona cnenyer, uro &, = a,. CaenoBarensHo, y, = 7,.

Iycts y = (ax+yu+ By, ) € AT(A), tne h(y)=B,y" +..+ B,y* + By. Torna v
MNpCaACTAaBJICTCA B BUAC

O0oA,

u
rae o = (X+y7),Y)1/1: (ex+ By, By).
Honyctum, 9to O, = (X+ yu,,y), 0, = (X+yu,,y) u o,H =6,H . Torna
O, 03, = (X=yu,,y) o (X+uy,,y) = (X—yu, +yu,,y) e H,

OTKyZa cleayeT, uTo YU, = yu,. CiegoBarensHo, 6, = 9J,. O

Jlemma 3.8 Ilycmo A, B, -- mnooicecmesa, onpedenennvie 6 nemme 3.7. Toeoa nioboii
nOYMuU pYYHOU asmomopdusm ¢ aneebpvt A paznacaemcs 8 npouzsedeHue suoa

@=y,00,0y,00,0...0y, 00 0/, (3.5)
roe y, €A, 7,y =1d, 6, €B,, 6,,...,0,, #id, 1 e GL,(k) " AT(A).

Jloxazamenvcmeo. NmeeM
u
(ax+yu+py.y) = (X+y;, y)e(ax+ 4.y, Y),

(x,ﬂy+xu+ﬁlx):(y,x)o(x+%,y)o(y,m+ﬁly>,
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T.€. JI000 MOUTH 3JIEMEHTAPHBIN aBTOMOP(HU3M UMEET BUJ
l,odol,,

rne o € B, I,1, eGL,(Kk).
JIro60i1 pyuHO aBTOMOP(PU3M @ TIPEICTABISACTCS B BUIC

P=QoP,°...o0,,
rne ¢,,@,,...,, - I04TH JICMCHTAPpHbIC aBTOMOp(bI/BMI)I. CJ'ICI[OB&TCJ'IBHO, NMCCM

(p:|10510|20520”_o|n05no| (36)

n+l?

rae o, € B, | eGL, (k).
JlokaskeM MHIYKIUEH 0 N, 4TO ¢ IpelcTaBiseTcs B BUje npousseneHus (3.5) ¢

k<n.
CoruacHo nemme 3.8, aBToMop(huU3M |, 3anuceiBaeTcsa B BUAE ), o A, rue y, € A,

A, €GL,(k) " AT(A). Torma
l,od, =y, 0A 00, =y, 00,04,
rie S, = A, 068,04 € B,. meem
@p=y,00 c(Aol,)ed,0...0l o5 ol |
ITo MHIYKTHBHOMY TIPEAIOIOXKEHHUIO, TPOU3BEICHIE
(A4 ol)ed,0...0l 06 ol .

3aIMCHIBAETCS B BUJIE

V,00,0¥,0...7, 00, oV, oA KZn
CnenmoBarteibHO,

(0=71°51’°72°52,°“-7/k051207“10&'

Eciu y, # id, To momyuyennoe mpezacrasienue umeer Bup (3.5). Paccmorpum ciyuaii
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y, =id. Tak kak 0, o0, =8,'€ B, 10
P=y,00/00,00,0...7, 00, 0),,0A=y 00, 0,0...y, 00,0, °A

[Mockonbky K —1<n, TO, M0 HHAYKTHBHOMY IPEAIOI0KEHHIO, () 3alMChIBACTCS B
Buze (3.5).0

Jlemma 3.9 Ilycmo @ = (f,, f,) - asmomopgusm ancebpor A, npeocmasumutii 6 sude
npouU36e0eHUsl

P=0,0y,°0,°...0%,°08,,

rae id =y, € A,id 26, e B, mnascex i. Ecmm 6, = (Xx+yuy) u deg(yu,) =n, nns
Bcex 1<i<Kk, 10

deg(f,)=n,+n,+...4+n, —(k-1),
deg(f,)=n,+n,+...+n,_, —(k-2).
Hokazamenvcmeo. Y TBepKIeHUE JIEMMBI JJOKakeM HHAYyKIuer mo K. Ecim K =1, o
deg(f,) =deg(yu,) =n,, deg(f,)=1.
[Ipennonoxkum, 4TO YTBEPKACHUE JIeMMbI BbIoJIHseTCs 11 k —1. TTomoxum,
@, =0,0y,00,0...07,_,°0,,=(09,,0,).

Tornma
deg(gl) = nl +n2 +..t nk—l _(k _2)’

deg(g,)=n+n,+...+n_, —(k-3).

3ameTnM, yTo N, > 2, Tak Kak id # O, € B,. Torna deg(g,) > deg(g,).
HNmeem

Q= (f1v fz) - (gl’gz)oyk O§k'

Ecmu y, = (y,X +ay), Torna
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(91; gz) oV — (921 gl +agz) = (I‘l, r2) =y

deg(r,) =deg(g,) =n,+n, +...+n_, —(k—3),
deg(r,) =deg(g, +ag,) =deg(g,)=n,+n, +...+n,_, —(k—-2),
nockonbKy deg g, > deg g,. CnenoBatensHo, deg I, < deg r,. [anee, nmeem
(f,f,)=(r,r,)o0, =(r,r,)o(X+yu,y)=(,+rw,),r,).

3ametnM, uto deg w(u, ) =degUu,, TOCKOJBKY |/ WHAYHHPYET IJUHEWHBIN
aBTOMOP(H3M. CrenoBaTebHO, deg r,y(u ) =degr,+n -1 u
deg(f,)=degr, +n —1. Torma

deg(f,)=degr, +n, —1=
=n+n,+..+n_,—(k-2)+n -1=

=n,+n,+...+n, —(k-1)

deg(f,)=degr,=n+n,+...+n_, —(k—-2).o

Jlemma 3.10  Pasznooicenue (3.5) asmomopguzma ¢ u3z nemmovr 3.8  asensemcs
OOHO3HAYHDBIM.

Jloxazamenvcmeo. J|oCTaTOYHO MOKa3aTh, YTO
y,00,07,00,0...07, 00 °¥,,°A#Id,
npu K>1, y. € A, v,,....r, #1d, 6, €B,, 0,,....0,, #1d, 4 € H. lomyctum, ato

7,00,0),00,0...00,00, o, oA =Id.

Torma
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S, 07,00,0...07,008, =y, ol oy . (3.7)
Cornacuo jJemMme 3.8
(f,f,)=0,0y,00,0...0p, 0O,

u deg(f)=n+n,+..+n —(k-1), deg(f,)=n+n,+...+n_, —(k—2). Tax kak
npaBasi 4acTh (3.7) paBHa

(,L)=y oA oy, eGL,(K),

to deg(l,) =1, deg(l,) =1. Cnenosarensno, deg(f,)=deg(l,) u deg(f,)=deg(l,),

YTO M IPOTHBOPEUYHUT PaBeHCTBY (3.7).0

Teopema 3.3 [pynna noumu pyunvix  a8momop@umosd  c80000HOU  aleedOpbl
Jletibhuya A om 08yx nepemMeHHuIX A8semcs C80O0OHbIM NPOU3BEOEHUEM NOOPYNN
nunelnvix asmomoppusmos GL,(K) u noumu mpeyeonvnvix asmomopgpuzmos AT (A) ¢

ob6veounennoti nooepynnou H =GL, (k) N AT (A), m.e.
ATame(A) = GL, (k) *,, AT(A).

Hoxazamenvcmeo. Tak xkak A u B, - cuctemsr neBpix cMmexHbix kimaccoB GL,(K) u
AT(A) mo moxmrpymme GL,(k) NAT(A), To mo nemme 3.8 mo0oii moutH pydHOMH

aBTomoppusM mpenctasisiercs B Buupe (3.5). Ilo memme 3.10 sTo mpencraBneHue
sBisgeTcs oqHo3HauHbIM. CoracHo [29],

ATame(A) = GL, (k) *, AT(A),
rne H =GL,(K)~AT(A). o

3.4 ITIPUMEP HE IOYTU PYUHOI'O ABTOMOP®U3MA
[Tomoxum cHoBa A= LB<X, y> - cBoOOHas anreOpa JleiOnuia Hag mojaem K ot

nepemeHHbIX X,Y u L =A/AnnA. Paccmorpum auddepennupoBanue 0 aiareopsr A
OTIpeIeTICHHOE TIPABIIIOM

o(x)=f, a(y)=g,

rac
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F =[x xL.ILy, 1 11 x] = [LILy, 1, XL[Ly, X1, x11.x],
g =[x, xLILy, x]. x]1=[[Ly. x]. XLILy, x]. X]].

3amerum, uto f,ge Ann(A) u f =[g,x]. Ucmome3ys (1.1) u (3.4), HE TpyHmHO
nokazatb, yto f um ¢ - HeHyseBble 3nemeHThl M deg f =7, deg g =6. Ilpsmbie
Bhumcienus nart 0°(X) =0 u 0°(y) =0, T.e. 0 ABIIETCH JOKATHLHO--HUIBIIOTEHTHBIM.

Kpome toro, 8° =0, mockoinsky f,g e Ann(A). PaccMoTpum oToOpaxkeHue
o=exp(0):A—> A
3a1aHHOE TPABHIIOM
o=exp(@) =id+0=(x+f,y+0).
S ABJSIETCS aBTOMOP(HU3MOM ajareOpsl A, 0OpaTHBIM K KOTOPOMY SIBJISIETCS
ot =exp(-0)=id-0=(x-f,y—0g).
JIeHCTBUTENBLHO, MBI UMEEM

(Soo™M)(X)=8(x-f)=

= o(x = [[Dx, xL.ILy. x].x]1. x] + [[LLy, x]. XL.ILy. x]. x]1.x]) =
=x+ f —[[[x+ f,x+ fL[ly+9g,x+ fl,x+ f]],x+ f]+
+[Iy +9,x+ fl.x+ fLIIy+9,x+ f],x+ f]l.x+ f]=
=x+ f =[x x]1+[f, x1LI0Yy, x]+[g,x],x+ f]l.x+ f1+
+[I[Ly, xI+[g.x].x+ TLILy. x] +[g.x].x+ f]].x+ f]=
=x+ T —[[DxxLILYy, X1 x]].x] = [ £, xL.LLy. ], x]1.x] +
+[[LLy, X1, xL.LLy, 1, x11,xT + [L[[g, x]. xL.[Ly. x]. x]1.x] =

= x—=[[[f,xL.ILy, xI. x]1.x] + [[L[9, x], x].LLy, x]. x]].x] = x
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(Go5)(Y)=5(y-9)=

= o(y =[x xLILy. x]. x]1+ [[Ly, x]. xL.ILy, xI. x]]) =
=y+g-[Ix+ f,x+ flIIy+9,x+ fl,x+ f]]+
+IIy +9,x+ fl,x+ fLIIly+ g, x+ fl,x+ f]]l=
=y+ 9 - x]+[f.xLIly, x]+[g, x].x+ f]]+
+IIILy. x1+ 19, x],x+ T LIy, x]+[9, x].x+ f]]=
=y +9 =[x XLILYy, xI,x]1 = [[f, xL.ILY, xI. x]] +
+[[Ly, ] xL.ILY, x]. x]1+ [[[9. x]. XL.[Ly. XI. x]] =
=y =[[F. xLILy, x]. x11+ [[[9, x]. xL.[Ly. x]. x]1 = y.

CrnenoBaTenbHO, O - aBTOMOP(PU3M.

Teopema 3.4 Asmomopguzm O 08ynoposcoeHHou c800600HOU ancebpuvl Jlelibnuya
A= LB<X, y> He A8IA1emCcsl NOUMU PYYHBIM.

loxkazamenvcmeo. JlonmycTuM, 4To O - MOYTH PYy4HOIl aBTOMOpPU3M. B cuity cBoiCTB
A u B,, 0 MoXeT ObITh 3aIIUCaH B BUJE

O=y,00,0y,00,0...0y, 00, oA, (3.8)

rne y, €A, 7,0y, 1d, 8, €B, 9,,...,0, #id, A € GL, (k). [Tomoxum

(.. f,)=706,07,00,0...07,°6,.
Ecnu deg o, (X) = n,, roraa mo temme 3.9

deg(f,)=n,+n,+...4n, —(k-1),

deg(f,)=n,+n,+...4+n,_, —(k-2).

Mbr umeem degf, >degf,, deg(x+ f)=7>deg(y+9)=6 u o6=(f,f,)oA. D10
BO3MOKHO TOJIBKO TOoraa, korma A€ H .
Homyctum, uto A~ = (ax+w, BY), rae a, B #0. Torna
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f,=a(x+f)+y(y+9),
f, = B(y+09).

CnenosarensHo, degf, =7, degf, =6 u
degf, —degf, =1=n, -1.
Torma n, =2 u orcrona cnegyer, 4To
S = (X+ply,y1.y).
[Tonoxum Taxxke
(h,h,)=y,08,0p,0...00, ,07,.

U3 nemmsl 3.9 nerko crnexyert, uto degh, < degh,.
Kpowme toro, mer umeem (h;,h,)od5, =(f,, f,). Torna

f. =h+plh,,h,],

Jns kaxngoro a€l dyepe3 @ 0003HaYUM €ro crapuiMe OAHOPOJIHBIE YACTH IO

OTHOILICHHIO K cTeleHu. Torna

af =1, =plh,h,]1=pB°[y+9,y+9]=pB°[9,y]

3ametuM, uto T =[g,X] u [Q0,Yy] nuHEHHO HE3aBHCHUMBI. DTO MPOTHBOPEUHE

ITOKAa3bIBACT, 4TO O HE€ SIBISETCS ITOYTHU PYYHBIM. 0O
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3AK/IIOYEHUE

JluccepranioHHas ~ paboTa  TOCBAIICHA  HCCICAOBAHHIO  aBTOMOP(H3MOB
JIBYIOPOXKICHHBIX CBOOOJHBIX anreOp JIeHOHWIIAa M HMCCICIOBAaHUIO CTPYKTYPBI
noganredp cBoOoaHBIX anredp JleiOnuna. B auccepranmonHoi paboTe MOJyYeHBI
CJICTYIOIIUE PE3yJIbTATHI:

* TOKa3aHO, YTO TMpaBbIe Hcalbl CBOOOMHBIX anredp JIeiOHMIIa, MOPOKICHHBIC
JOOBIM  TTOJMHOKECTBOM MHOXECTBA CBOOOTHBIX TMOPOXKTAOIINX OTOW anreOphl,
SIBJITFOTCSI CBOOOTHBIMU anreopamu JIenOHuIa;

* TMOCTPOCH JIMHEWHBI O0a3uc CBOOOJHOTO TPOWM3BEICHUS [BYX aireop
JlentOHMIa;

* Jl0Ka3aHa Hepa3pelIuMOCTh MPOOJEMBbl BXOXAECHUS Ui CBOOOJHOTO
IIPOU3BEJEHUSI TMPOU3BOJBHON HeHyneBol anreOpel JleiiOHMIIa W CBOOOIHOM
MeTabeneBoit anre6ps! JIn JocTaTOYHO OOJIBIIOTO paHra;

¢ IIOJIYYCHO IPCACTABJICHHUC TIPYIIIIbI PYYHBIX aBTOMOp(bI/ISMOB CBO6OIIHBIX
anre6p Heﬁ6HHHa OT IBYX IIOPOKAAOIINX B BUAC CBO6OI[HOFO IIPOU3BCIACHU;

* OIHCAaHA CTPYKTypa IMOYTH DJIEMEHTAPHBIX aBTOMOP(GHU3MOB CBOOOIHOM
anreOpsl JIeiOHMIIA KOHEYHOTO PaHTa;

* JIOKAa3aHO YTO MOYTH Py4YHbIE aBTOMOP(PU3MBI CBOOOIHOM anreOpb! JleiiOHuia
KOHEYHOTO paHra siBJSI0TCS 2 - CTAOUIIBHO PYYHBIMU;

* MOJIYYEHO MPEICTABICHUE IPYIIbI IOYTH PYUHBIX aBTOMOP(HU3MOB CBOOOTHBIX
anreOp JleitbHuIa OT ABYX MOPOXKAAIOIIUX B BUJI€ CBOOOJHOTO MTPOU3BEACHUS;

* MOCTPOEH MPUMEP HE IMOYTH PYUYHOrO0 aBTOMOp(HU3Ma CBOOOJHOU airedOpsbl
JleitOHMIIA OT ABYX MOPOKAAFOIIHX.

PaGora mMeer TeopeTmyeckoe 3HauYeHHE. Pe3ynbTaThl W METOHBI JHCCEepTaIluu
MOTYT OBITh HCHOJB30BaHBI JJIA JaJbHEHIEro uccienaoBanus anredp JleliOHumna u
CBOOOJHBIX ayiredp, a TakKe MPU UCCIIEIOBAaHUM aBTOMOP(PHU3MOB CBOOOAHBIX anreop.
Kpome Toro, pe3yabTaThl MOTYT OBITh UCIIOJIB30BAHBI MPY YTEHUH CHEIUATBHBIX KYPCOB
0 TEOPUH KOJIEII.
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Bbeiicen0aeBa Kyaiima HleprailKpI3bI

EPKIH JIEUBHUII AJITEGPAJIAPBIHBIH IIIKI AJITEBPAJIAPHI
MEH ABTOMOP®U3M/IEPI

6D060100 - MaTemaTrka MaMaHbIFbI OOMBIHINA (hrmocodus gokropsl (PhD)
FBUTBIMH JIOPEKECIH ATy YIIIiH YCBIHBUIFAH TUCCepTaIUsIFa

TYUIH

3eprTey HbIcaHbl. JIeiiOHuI anredpanapsl.

KymbicTbiH  MakcaTbl.  JlucceprauusuiblK — KYMbIC — epkiH  JlelOHuI
anreOpanapblHblH ~ aBTOMOpGU3MAEPT MEH I1IIKI  aireOpaliapblHbIH —KYPbUIBIMBIH
3epTTeyre apHaJIFaH.

3eprTey omicTepi. JlMccepTanusabIK KYMBICTa TONTAp TEOPHACHIHBIH dJICTEpl
MEH HoTHXenepi, JIn anredpanap TEOPUSCHIHBIH KYPBUIBIMIBIK KOHE KOMOWHATOPJIBIK,
oAicTepl MEH HOTHIKEIIepl KOJIIaHBLIIbI.

ZKyMBICTBIH Heri3ri HYTHKeJepi:

* epk 1H JleiOHull anreOpanapblHbIH, €pKIH TYABIPYIIbUIAD KUBIHBIHBIH 1IIKI
KUBbIHbIHAH TYBIHJIaFaH Ke3-KeJIreH OH Hujaeanaapbl, epkiH JleOHul anrebpanapsl
OO0JIATBEIHABI AAJIEACHII,

* exi JlelOHun anreOpanapblHbIH €pKIH KOOEHTIHIICIHIH ChI3BIKTBI 0a3uci
TYPFBI3bLI/IBI;

* KaHaga aa Oip Henaik emec JIeOHUI anreOpanapbl MEH >KETKUIIKTI YJIKEH
panrTti Mmetadenzik Jlu anredpanapblHbIH €pKIH KOOESHUTIHICI YIIIH €HY MPOOJeMacChIHbIH
MIEMIUTIMI] €MEC eKEHIITT JAJIEIIEH/II;

ekl aWHBIManBUIBI  epkiH  JIeWMOHMIT  anreOpallapbIHBIH  KOJIJIBIK
aBToMOp(du3MIEp TOOBIHBI €pKIH KOOSUTIHAI TYpiHAe OCiHEeNeHy1 aJIbIHIbI;

* epkiH JleiOHuIl anreOpanapblHbIH dJEMEHTap JACpIiK aBTOMOPHU3MIEPIHIH
KYPBUTBIMBI CUTIATTAJIIbI;

* epkiH JlelOHuIl anreOpanapblHBIH KOJABIK JEpJiK aBToMopdu3maepi 2-
TYPFBUIBIKTHI KOJIJBIK OOJATHIH IBIFBI JQJICTACHI];

* ekl aWHbBIMaNbUIBl epKiH JleWOHull anreOpaiapbIlHBIH KOJJIBIK Pk
aBTOMOpGU3MIEp TOOBIHBIH €pKiH KOOSHTIH I TYpiHJe OeHHEeIeHY1 albIH/IbL;

* Kl alHbIMaNbUIBl €pKiH JleHOHuUIl anreOpanapbIHbIH KOJIJBIK JEPJIiK eMec
aBTOMOP(HU3MHIH MBbICAJIbI TYPFBI3bLIIBI.
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FplibIMu skaHAJIBIFBIL. J[MCCepTaIMSIIBIK KYMBICTBIH OapJIbIK HOTIDKENEPI KaHa.

TeopusiJIBIK KoHe TNMPAKTHKAJBIK MAaHBI3ABLIBIFbI. JMCCepTalUsAIBIK >KYMBICTHIH
TEOPHUSIIBIK MaHbBI3Bl Oap. JluccepTalusHBbIH HOTIKENIepl MEH  ouicTepid JIerOHwmIy
anreOpanapsl MeH epkiH JleiOHuI anredbpanapeiH Oy/IaH opi 3epTTEyre, COHBIMEH KaTap
epKiH anreOpanapablH aBTOMOpdU3MIepl MeH auddepeHIranIapblH  3epTTeyre
KoJIIaHyFa 00aibl.
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Beisenbaeva Kulaisha Shertaevna

SUBALGEBRAS AND AUTOMORPHISMS OF FREE LEIBNIZ
ALGEBRAS

SUMMARY

of the dissertation for completion of scientific degree of Doctor of Philosophy
on a speciality 60060100 - Mathematics

The object of the research. Leibniz algebras.

The aim of the research. This dissertation work is devoted to the investigation of
automorphisms of free Leibniz algebras and investigation of the structure of subalgebras
of free Leibniz algebras.

he methods of the research. We use the methods and results of group theory and
structural and combinatorial theory of Lie algebras.

The main results of the work are:

* it is proved that the right ideals of a free Leibniz algebras generated by a
subset of a set of free generators are free subalgebras;

» a linear basis of the free product of two Leibniz algebras is constructed;

* it is proved that the subalgebra membership problem for free products of
some nonzero Leibniz algebras and free metabelian Lie algebra of a sufficiently large
rank is undecidable;

» a representation of the group of tame automorphisms of two-generated free
Leibniz algebras in the form of free product is obtained,;

» the structure of almost elementary automorphisms of free Leibniz algebras is
described,;

* it is proved that almost tame automorphisms of free Leibniz algebras are 2-
stably tame;

« a representation of the group of almost tame automorphisms of two-generated
free Leibniz algebras in the form of free product is obtained;

* an example of an automorphism of two generated free Leibniz algebras which
is not almost tame is constructed.

Scientific novelty. All main results of the work are new.
Theoretical and practical significance of the research. Results and methods of the
dissertation can be used for the further research of Leibniz algebras and free algebras, as
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well as for the study of automorphisms and derivations of free algebras. Besides, the
results can be used as a basis for special courses on the theory of nonassociative rings.
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