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GEOMETRIC MODELING
OF LAYING GEODETIC LINES
ON RULED SURFACES

Abstract. Geodesic lines find interesting applications during solving most tasks of the fundamental sciences
(mathematics, physics and other) and engineering practice. In differential geometry, the geodesic lines are typical
lines for determination of the inner properties of the surface. However, the formation of the geodesic line on the sur-
face envisages certain difficulties, and are solved generally by methods of the computing mathematics and descrip-
tive geometry.

In this article, the development of simple and convenient algorithm of formation of the geodesic line on ruled
surfaces are considered. In common case, the three-dimensional model of the geodetic line formation algorithm on
the ruled surface is expressed in following: the ruled surface we replace by sided surface, and at any position of the
consideredside, the intersection point of the geodesic line with the edge of fracture (curvature of the two-sided angle)
will be identified as the cross point of the adjacent generatrix with the surface of the cone of revolution — congruence
of geodesic line laying directions with the peak at initial point, rotation axis, incident to the considered generatrix,
and angle at the cone peak, equal to the doubled angle between rotation axis and geodesic line laying direction. Next,
as the initial parameters the adjacent with mentioned generatrix, upper determined point, laying on it, and direction
of the geodesic line — angle between section of the obtained geodetic and adjacent generatrix, are accepted. Thus,
multiply repeating the described cycle, we obtain mass of points, which composes the desired geodetic line. Hereby
the mathematic description ofthis algorithm is provided.

Key words: descriptive geometry; ruler surface; generatrix; laying direction; direction congruence; geodetic
line; point of intersection.

When solving many problems of fundamentalsciences (mathematics, physics, etc.) and of engineering
practice, the creation of a mathematical model of an object or process is reduced to the construction of
networks of special lines (curvature, asymptotic, geodesic, level, the maximum slope, etc.) belonging to
curved surfaces of objects, surfaces describing the dependence of "composition-property”, etc. Families of
geodetic lines occupy a worthy place among them and have great theoretical and applied value.

In differential geometry, geodesic lines are characteristic lines for determining the internal properties
of a surface, and by drawing geodesic lines and measuring their lengths, you can determine all the internal
propertics of a surface (for example, Gaussian curvature). This is explained by the fact that any
sufficiently small arc of the geodesic line represents the shortest line on the surface among all the lines
connecting the ends of this arc that can be drawn on the surface [4]. However, the construction of a geo-
desic line on the surface is a certain difficulty, which is solved mainly by methods of computational
mathematics and descriptive geometry.

In differential geometry the geodesic line is specified by differential equation of the 2™ order with
ordinary derivative [4]:
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where I';; - Cristoffer’s symbols of the 2nd order. They expressed only through the coefficients of the first
quadratic form and its” derivative.

From the properties of the differential equations, it is observed that through each point on each
direction one and only that one geodesic line permeates. Therefore, geodesic lines form the two-parameter
plurality. These parameters are determined from the initial conditions, which are specifiedas below:

- with point A(u,, v,) and direction t of curve(du/dt = p) in this point A;

- with two points A(u,, v,,) and B(x,, v,).incident to that curve.

Problems solved with these initial conditions are formulated as:

1) build on the surface the geodesic line through the point in specified direction;

2) connect by geodesic line two points of the surface.

Differential equation (1) of geodesic line in common cases is not possibleto be integrated, even in
case of unarysurface, therefore it is solved mainly by numerical methods [4]. The technical surfaces in
general cases are constituent, therefore it is necessary to elaborate a simple and convenient algorithm,
designated for the geometric modelling of the geodesic lines on composite surfaces.

In the area of the applied geometry the rank of authors elaborated the graphic ways of solving the
problems of building the geodesic line on surface with usage of the descriptive geometry. These works are
G.E. Pavlenko [9], V.V. Vanin [2], IvanovaL.S. [6], Elkin L. M. [11],Kovalev V.N., Harchenko A.l. [7],
Scheffers [12], Glagolev N.A. [5], Ryzhov N.N. [10] and others.

Known methods [2, 5-7, 9, 10-12] of building a geodetic line on the surface do not provide
thefulfillment of the condition of equality to zero of the geodetic curvature of the obtained line, and as a
consequence, the accuracy of laying a geodetic line in a given direction is not provided. Increasing
accuracy by reducing the iteration step results in a large amount of computing operations. Also,
msufficiently developed issues that take into account the features arising when overcoming the geodetic
line of points and lines of the junction of the compartments of composite surfaces. Therefore, one of the
components of the tasks of mathematical support of automation of some technological processes is the
development of algorithms that provide high accuracy of laying a geodetic line on the technical
(composite) surface.

In order to eliminate these shortcomings as much as possible, the author [13] proposed a method of
constructing a geodetic line on a technical surface based on the following property of the geodetic [4]: the
g line, described by the middle M of arc AB, is geodetic for a given surface F, if an infinitely small arc AB
of the curve 1 on this surface always moves "straight", i.e. the trajectories of movement of points A and B
have equal length and are perpendicular to the arc AB.

In the paper [13] it is shown that the proposed method of constructing a geodetic line has a significant
advantage. The main advantage of the developed method is a strict adherence to the specified direction of
laying geodetic, as well as the exclusion of unnecessary operations - construction of the involute. The
error of the method is accumulated only by the error of approximation of the arcs of geodesic triangle by
the corresponding line segments. Thus, the relative error of the method at the iteration step of 2 mm
amounted to 0.11%. With an increase of the iteration step to 3 mm, which for modern high-speed
computers is a relatively high value, the error of the method increased to 0.823%.

This article discusses the development of a simple and convenient algorithm for a particular case, the
construction of a geodetic line on ruled surfaces.

The linear surfaces, formed by move of the straight line through the specified law, make a largeclass
of surfaces of zero and non-zero Gausse’s curvature, which are unrolling and not unrolling. Solving of the
problem of construction of the geodesic line on unrolling surfaces comes to the identification of one-to-
one concordance between surface and its’ involute. Then the straight line, connecting two specified points,
is reflected in geodesic line on the surface. In case of non-developablesurface such method is inapplicable.
Therefore the elaboration of simple and convenient algorithm of construction of geodesic line on the ruler
surfaces is an important task. The developed method can be used not only for ruler surfaces. The
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curvilinear surfaces can be approximated ruled lines for simplification of construction the geodesic lines
on them.

During the claboration of the method the ruler surface was considered as approximated by sided
surfaces (exposed to triangulation), where the rectilinear generatrixes of the ruler surface — are the essence
of curvature of the sided surface.

Due to this, the method of construction of the geodesic line on the ruler surface was found on the next
property of the geodesic line [5]: in case of compound surface the respective angles of the adjacent arcs of
geodesic line to the junction line of composing ones are equal.

The proposed algorithm, based on the given property of geodesic line, consists of the following
operations:

We have ruler surface @, formed by move of the straightforward generatrix/ per the advanced
specified law. Let specify on this surface @ the initial point My,belonging to some generatrix/, We know
also the initial direction #, of laying the geodesic line g, coming from the initial point My.Generatrix/ on
the surface @ in each its” position is uniquely defined. Therefore, the choice or identification of the point
M location, belonging to that line, is not difficult.

In common case, the spatial model of the algorithm of the geodesic line construction on the ruler
surface, is expressed in following: when replacing the ruler surface by sided surface, at any disposition of
the considered side, the point ofintersection of geodesic line with the edge of fracture (curvature of the
two-sided angle)will be determined as the point of intersection of adjacentgeneratrix /;.; with the surface
of cone of revolution — congruence of directions #; with the peak in point M,, axis of rotation, incident to
the generatrix/; and to the angle at cone peak, equal to the doubled angle between axis of rotation /; and
direction 7, (figure).

Lics

Figure

Let imagine the mathematic description of the suggested algorithm.

Problem: it is required to determine the coordinates of points of intersection of the straight line with
the surface of cone.

Equation of the straight line in space, passing through the two specified points, is defined by the
formula:

= = ) (1

wherea = x, —x1, b=y, —yi,c =2, — 7.
Equation of surface of the straight circular cone with peak at the origin of coordinates, while axis of
rotation coincide with the z-axis, is expressed by formula:

k?z? = x% + y? )
where & = tgp, ande — half of the angle at peak of cone of revolution.
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Let solve the system of given equations. For this we express x and y by z
a b
X=X +E(Z—Z1);y =1 +E(Z—Z1)

and put in (2)

a {2 b 4

k?z% = x% + ZExl(z —2z)+ C—z(z —z)2+yE+ ZEyl(z —z)+ C—z(z — 2,)?
grouping the terms of the same name, we obtain the expressions for solving the quadratic equation
xz2+2Bpz+y =0
o= (a? + b?) — c?k?,
p=c (ax;+by;) -z;(a? + b?),
y = c?(xf + yi) — 2czy (axy+by,) + 27 (@® + b?).

—p+ P-4y

2«

Z1p =

For preparation of the mathematic provision for compiling the program of calculation on computer
the trajectory of geodesic line laying, we perform the analytic description of the proposed algorithm of
solving the problems in space.

For simplification of the analytical expressions, we execute the conversion of rectangular coordinate
system with transfer of origin of coordinates to the point M;of the sought geodesic line and superposition
of z-axis with generatrix direction ;O M;.

Formulas of conversion of the rectangular coordinates of the point in general case are expressed with
the help of Euler’s angles (—angle of precession, 8—angle of saltation, ¢—angle of pure rotation)

x = xo + (cosypcosg — simpcosfsing)x’ + (—cosysing — sinpcospcosp)y + simpsind * z,
y = yp + (sinpcos@ + cospcosfsing)x + (—cosypsing + cosycospcosp)y + cosypsing * z,
Z = zy + sinfsing * x' + sinfcosg *y' + cosl = z.

In our case the rotations are performed only twice, therefore all mathematic expressions are slightly
simplified.

x = xo + (cosyP)x' + (—sinmp)y + sinmpsing = z,
y = yo + (sin)x + (—cosysind + cosypcospcosp)y + cospsing =z,
Z=12zy+sindxy + cosf xz.

Since, the position of each generatrix/; is determined, then the Euler’s angles can be reckoned as
known.

_ (YB—-YA)
Y = arctg m,
(ZB —Z4A)

0 = arcly ((XB — XA + (YB — VA7)

Thus, multiple repeating the described cycle, we obtain the plurality of points M;, composing the
geodesic line g.

Afterward, we assume the making of computer program and execution of calculations of geodesic
line laying on different ruler surfaces. Based on calculation results we can perform the comparative
analysis of degree of accuracy of geodesic line laying.
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TY3Y CBI3BIKTEHI BETTEPJE T'EQAE3VSUILIK CBI3EIKTAP/EI
JKYPTY3VAIH TEOMETPHSIEIK YJITICI

AnHoTanms. ['eoae3 bk ChI3BIKTAp TYOCTCHI FRIIBIMIAP (MaTeMaThka, pusuka skoHe 0acKa) *KoHE MHXKe-
HEPIIK TOKIPUOCHIH KOITETCH €CENTEPiH IMbIFApyJa KeI3BIKTHI KoymaHbic Tabaasl. Juddeperuumanapl reoMeTpusiia
T€O/IC3USUIBIK CHI3BIKTAp OCTTIH IIKI KACHETTECPIH AHBIKTAHTBIH CPEKIIE ChI3BIKTApP OObIN TadbIIaAbl. Anatina Oepii-
TCH JACHCHIH OCTIHIC TCOAC3HAIBIK CHI3BIKTHI TYPFBI3Y KONTCTCH KHBIHIBIKKA KCITIM TIPEJICAl, COHABIKTAH HCTi31HIe
CCCNTCY MAaTCMATHKACHI KOHE ChI30a TCOMCTPHA dNICTCPIMCH IHCTITC L.

Y CHIHBLTBINT OTBHIPFAH MAaKAJNaJa TEOJC3ISUIBIK CHI3BIKTBIH TY3Y CBI3BIKTBI OCTTEPAEC TYPFBIYABIH KapamaibIM
JKOHE TMAWJaTaHyFa BIHFAHIBI aArOPUTMI KapacThIpblmraH. JKanmel »kaFmaiiia, TeONE3MSUIBIK CHI3BIKTBIH TY3Y ChI-
3BIKTHI OCTTEPAC TYPFBI3YIbIH AMTOPUTMIHIH KCHICTIKTIK YITICIH KeJeCiACH TYKbIPIMAAYFa OOIabl: TY3Y ChI3BIKTHI
OcTTi Kem >KaKThl OCTICH aIMAaCTBIPAMbI3, KAPACTHIPBUIBI KATKAH KATBHIH KE3-KEJITCH >KaFTaNbIHIA TCOC3HAIBIK
CBI3BIKTHIH, CBIHY KBIPBIMEH (€Ki KAKThI OCTTIH OPTaK KBIPHI) KUBLIBICY HYKTECI KOPIII jKacay IIBIHBIH AHHAIY KOHYC
OCTIMCH KHBLIBICY HYKTCC1 OOITBIM aHBIKTAIAABL. Byt skepae aiHaIy KOHYC O¢Ti - Tedeci OacTanmKbl HYKTSIC OpHAIAC-
KaH, 0C1 aFBIMIAFHI YKACAYIIbI TY3YMECH OCTTECKEH, TEOAC3HUIBIK ChI3BIKTHIH OarbITTaphIHbIH TOOBI. KoHyC TebeciHiH
OyphImbI aifHATY OCI MCH T€OJC3HSIIBIK CHI3BIKTBHIH OAFbITHI APACBIHAAFBI OYPHIIITHIH CKi €CEICHTCH MIAMAChIHA TCH.
Apb1 Kapaii KepImi >KacayInbsl OacTamKbl »KacaylIbl PETIHIAC, AHBIKTAIFAH HYKTEC OAcTamnKbl HYKTE pEeTiHAC (Kemeci
KOHyC Telecl) KaObIIgaHaZpl Aa, Kelecl HyKTeHI Taly YINH KENTIpUIreH anropuTtM KaitramaHansl Oceliaifmia,
JKa3bLFAH IMKIIBI KOII PET KAWTanay apKbLIbl 13CIIHICH T€OC3USIIBIK CHI3BIKTHI KYPAWTHIH KOI HYKTEJICP KHbIHBIH
aHbIKTaiMbI3. OCBI ATOPHTMHBIH MATEMATHKAIIBIK >Ka30aChI KEJATIPLITeH.

Tyiiin cezaep: cbr3d0a reoMETpUS;, TY3Y CBI3BIKTBI OCT, >KAcayIlbl, CHI3BIKTAPABIH OAFBITHI, OAFBITTAPIBIH
KOHTPY SHIIHSCHI, TCOC3HSUIBIK CBI3BIK; KHBIIBICY HYKTECI.
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TF'EOMETPUYECKOE MOAEJIHPOBAHHUE MMIPOKJAJAKH '’EOJE3HYECKUX JIMHUN
HA JUHEHYATBIX HOBEPXHOCTAX

AnnoTtamus. ['eome3nyeckue THHUA HAXOMAT WHTCPECHBIC HMPUIOKCHUS IPH PEIICHHH MHOTHX 3a7ad (yH-
JAMCHTANBHBIX HAyK (MATEMATHKH, (M3MKM W Ip.) W MH)KCHEPHOH mpaktwku. B mu(epeHnnaasHON reoMeTpun
TCOACSUYICCKUC JIMHUHU SABJIAIOTCA XAPAKTCPHBIMH JIAHIAMHA AJIA ONPEACICHUA BHY TPCHHHX CBOICTB TIOBCPXHOCTH.
OxHAaKO MOCTPOCHHE T€0IC3UHMECKOH JIMHUK HA MOBEPXHOCTH MPEACTABILICT ONPEACTICHHbIC CIOKHOCTH, PEIIAcTCs B
OCHOBHOM MCTOOAMH BBIYHCIUTCILHOM MATCMATHKH U Ha‘{epTaTeJl])HOfI TCOMCTPHH.

B craree paccmarpuBaercs pa3zpaboTka IMPOCTOTO W YIAOOHOTO aIrOPHUTMA IOCTPOCHHUS T€OIC3HICCKON JIMHUI
HA JIMHCHYATHIX MOBEPXHOCTIX. B 00mieM ciyvae, mpoCTPAHCTBEHHAS MOJACIH AJITOPHTMATIOCTPOCHHS T€0IC3HYEC-
KOH JINHUH HA JTMHEHYATOMIOBEPXHOCTH, BBIPAYKACTCA B CACAYIOMIEM: THHECHYATYIO MOBEPXHOCTD 3aMCHACM IPAHHOM
TIOBEPXHOCTBIO, IPH JTFOOOM PACTIONOKECHHH PACCMATPUBACMON TPAHH, TOUKA MIEPECEUCHIS T€OIC3UUECKOH ¢ pedpoM
H37I0Ma (JIMHUSL U3ru0a ABYTPAHHOTO Yriia) OyAeT OMPEACIThCI KaK TOUKA MIEPECCUCHHS CMEXHOW 00pa3yIomei ¢
TIOBEPXHOCTHIO) KOHYCA BPALLCHUS — KOHIPYHLMH HANPABJICHUN MPOKIAJKH I€OAC3MUCCKON ¢ BEPIIMHONW B UCXOJ-
HOH TOYKE, OCH BPAIICHMS, HHIUICHTHOW paccMaTpuBacMoil 0Opa3yIoImeii, i yIJIOM IIPH BEPIIMHE KOHYCAa, PABHOH
YABOCHHOMY YIUIy MEKAY OCBHO BPAIICHHA M HANIPABICHUEM MPOKIAAKH reOAe3HUeCKOm. Jlamee 3a HCXOAHBIN mapa-
METPBI MPUHUMAFOTCSI CMEKHAS C PACCMOTPEHHOH 00pa3yromas, OMPEIACICHHAS BBIIIE TOYKA, JIGKAINAsA HA HEH, W
HATMPABICHAC TCOAC3HMHUCCKOW — YTOJN MCKAY OTPE3KOM MOJIYUYCHHOH TCONC3HYCCKON W CMCKHOH 00pasyromieh.
Takum 00pa30M, MHOTOKPATHO IOBTOPSIS ONMHMCAHHBIN IWKII, MOJXYyYHM MHOKECTBO TOYCK, COCTABILIFOIICE HCKOMYIO
TEOIC3UHCCKYI0 THHUIO. [ [pHBOINTCS MATEMATHYECKOE OMMMCAHNE JAHHOTO AJITOPHTMA.

KimoueBpie ciioBa: HauepTareiIbHAS TCOMETPHS, JIMHEHYATAas MOBEPXHOCTh, OOpA3yIOMIAs, HANpPaBJICHHC
MIPOKJIAIKY; KOHTPYIHIHS HAMPABICHUN, T€OC3HUCCKAS JIMHAS; TOUKA IICPECCUCHU.
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