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SOME ASPECTS OF THE CONSTRUCTION OF
A MATHEMATICAL MODEL FOR CUTTING METALS

Abstract. Creation of reliable high-performance machines specifies the use of new materials for manufacture of
their parts. At the same time, manufacturers do not have time to introduce new processing technologies using durable
cutting tools that require a lot of time and financial resources. Scientists and technologists are increasingly using
modern information technologies and application packages to quickly solve these problems. To use existing software
products, it is necessary to introduce a lot of initial data for which additional research or a lot of time to search for
them is required. The developed software products are based on empirical data, as a result of which the spectrum of
their use is narrowed.

The distinction of the program being created is that the models being developed will be based on the results of
approximation dependencies on the parameters of cutting conditions, with corrected data obtained by solutions of
probably static models.

This article discusses some aspects of the construction of a mathematical model for cutting an elastic metal strip
in a non-classical formulation. The action of the cutter is modeled as a moving inclined concentrated force, at the
point of application of which unrestricted stresses arise. Using the properties of the generalized Dirac and Heaviside
functions, analytical expressions for the stress tensor components are obtained. The resulting equations are derived
and the boundary conditions are formulated. The results obtained serve as the basis for formulating a mathematical
model of the corresponding thermo-dynamic problem for an elastoplastic metal strip.

Key words: cutting, cutting tool, resistance to rupture, concentrated force, deformation, mathematical model,
thermodynamic problem.

Introduction. Creating technologies for processing new parts and designing relevant processing tools
requires a lot of time and money. Organization of applied research, especially the experimental part, has
become one of the expensive stages in research activities in recent years [1].

With the development of information technology, when solving knowledge-intensive problems,
scientists and technologists are increasingly using software [2-4]. To use existing software products, it is
necessary to introduce a lot of initial data for which additional research or a lot of time to search for them
is required [5-8].

In this case, the task for technologists is simple, to produce a part from a new alloy, it is necessary to
assign the appropriate cutting conditions and select the necessary cutting tool. In the course of the
research, it was established that production workers spend huge amounts of time and money to master just
one new part. The lack of specific reference information and the urgency of resolving the issue forces the
technologist to use the trial method.

In almost all studies, whatever the model, the determination of the cutting process indicators is based
on experimental data on the standard mechanical properties of the material being processed (resistance to
rupture, flow limit, relative elongation and contraction), on the machinability properties, for example, chip
shrinkage, determined directly when cutting in the studied conditions [9-11].
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As a result, all models using these approaches have a significant limited application due to the
assumption about the shape of the zone of primary deformations and the authors “tune” their models to the
specified cutting conditions [12-15]. In this connection, in the published works there are significant
differences in the views of different schools in relation to individual aspects of the cutting process. This
hinders the creation of a comprehensive predictive theory of cutting, which would allow carry out the
study of working processes in various conditions without prior experiments [16].

To solve the problems arising in the field of metal processing a group of scientists for the project
AP05132157 “Development of simulation models of cutting processes and forecasting on their basis the
optimal parameters of the tool and processing conditions™ by the grant financing of the Science Com-
mittee of the Ministry of Education and Science of the Republic of Kazakhstan proposed a software
product development methodology predicting values of the arising force and temperature phenomena, the
amount of tool wear, which are accompanied by imitations of the cutting process.

Based on the methodology, the software product is developed based on the cutting process from the
position of a systematic approach as a process that has a certain structure with certain functional properties
and interrelationships of structural elements, which are: cutting tool, cutting conditions and the material
being processed.

The difference between the created software product and the existing ones is that the models are
based on the data of approximation dependences obtained on the basis of the fundamental laws and pos-
tulates of the mechanics of a deformable solid body in the contact area of bearing surfaces in dynamics.

Main part. The action of the cutter on the metal strip with the width — 4 in the line of Oy, with the
length — / in the line of Ox and the thickness — /4 in the line of Oz occurs as follows (figure).
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Metal cutting pattern

The cutting process is modeled as the oblique movable load action in the coordinate plane Oxz (here
Oxy is located in the middle plane of the strip), ¢,(x,t) = B,d(x —ct) p,(x,t) = B.6(x — ct},
where &(x — ct) is the Dirac delta function, ¢ characterizes the cutting motion rate of the metal strip. The
metal strip lies on a completely non-deforming base fixedly, while the other facets are free from loads.
In this case, it is considered that there is a flat stress-strain state, the desired variables do not depend
on y, therefore
&, =0, @ = & =8, =0

The stress state of the body under consideration in the Oxz rectangular coordinates with the absence
of bulk forces is described by the following equilibrium equation [17-19].

Gxx/x + ze/z = O’
(1)

o, +to, =0.
Xz X 2z Z

The defining relations between symmetric stress and strain tensors have the form




ISSN 2224-5278 Series of Geology and Technical Sciences. 2. 2019

( E
am:l_vz[8m+vgzz]’
L
< azz:—l_vz[ezﬁvem], )
o= 3 g
. 2+v) ¥

The desired solution is presented in the following form [20]

{Ux —u+yz—@,(z)4-D,(z)B

U, =W+Vz-,(z)9 @)

where 4, B, @ are unknown coordinate functions to be determined and

1 hi2 ) h/2
IU dz, w=— IU dz, l,U—— JUZdZ
_h2 B 3 3 “h/2

h/2

h_!i]zdz D, (z) = 2{1—12(}1)2} D,(z) =— {1—?&] }z

Taking into account the kinematic relations between the strain tensor and the components of the
displacement vector, the equation of the state for the problem in question will take the following form

p
o, = _EV2 [u'+ 2 — B, (2) A~ D,(2)B + VW +218z],
E ’ ’ r
< Gzzzl 2[V(u'+Zl// -@(z2)A —@Z(Z)B)+V+26’z], )]
-V
h2 2
o, = W+ A—— 1-20= B+W'+zV' - D(2)6'
L7 20+ 20 n

In order to simplify the scheme for solving the problem in question, let’s integrate the equilibrium
equation (1) through the thickness, as a result of which there will be the following system of ordinary
differential equations

N, +Po(x—vt)—o, (x;-0,5h)=0
M .., -0 +0,51[P.S5(x—vt)+o, (x;—0,5m)]=0 (5)

Q... tPo(x—vt)—o_(x;—0,5h)=0

XX %X

0.5h
where N = I o . dz — normal force,
—0.5h

0.5h
Q.= I 0 ,.dz — intensity of shear,
—0.5%
0.5h
M . = I 0 ..zdz — internal bending moment, which taking into account (2)-(4) can be
-0.5h

expressed through the integral quantities
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Nxle_vz(”'JrVV)’
Eh’
M, =———(y'+26 (6)
§ M= =g W20
Eh h’
= Jy+Zl B+w|
LG 2(1+V){l// 20 }
At that
2 3
Gzz[x,—ﬁJ: E2 v u'—ﬁl//'Jrh—A'—h—B' +V -6h|,
2 1-v 2 6 20 o

ze[x,——J:L v —hA+
2) 2(1+v)

The obtained expressions (6) and (7) inserting in (5) will be

2 2
3h B+W'—QV'+h—9}
2 6

- ' 2 2
Ehz(u'+VV) +P.5(x —ct)— 2 l//—hA+£B+W'—ﬁV'+h—9' =0,
1-v 21+v) 5 2 6
3 ! 2
Lz(y/JrZ@) B z//+h—B+W' +
12(1-1%) 2(1+v) 10 (®)
-< 2 2
i Po(x—ct)+ w—hA+£B+W'—ﬁV'+h—Q' =0
2 21+v) 5 2 6
2 2 3
L l//+h—B+W' +PS(x—ct) - - v u'—ﬁl//+h—A'—h—B' +V—-6h|=0
_ 20+v)|” 10 1-v 27 6T 20

To determine the unknown functions, let’s use the boundary conditions for the metal strip under
consideration:

N=0, M=0, Q=0, x=0,L )
U=t=4 4 ,_-k (10)
U=U,=0 2

o, =-P5(x-ct) h
a z=— (11)
o, = Pzé'(x - cl) 2

Using the boundary conditions on the face metal strip planes, there will be

f 2 3 .
vwsly s g e g iy von=—Po(x—ct), P =plY
2 6 20 E
< 2 2 (12)
l//+hA+£B+W’+£V’+h—(9, =P.5(x—ct), EcszM
5 26 E
|
thzzo[%—lw+ﬁAJ
276 45

o =-s[ 537 |
h 2
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Then, instead of (8) and (12) there will be
r ' 2
Ehz (u'+W) +PS(x—cr)— £ l//—hA+&B =8,
-V 2(1+v) 5
3 ' 2
iz(l//—i-Z@) __Lh 1//+h—B+W’ +
12(1-v7) 2(1+v)
2
i Po(x—ct)+ £ l//—hA+&B =0
2 2(1+v) 5 (14)

5 !
Eh l//+h—B+W’ —-PS(x—ct)-
2(1+v)

E
1-v*

v —0h]=0
0 [V~ 6h]

Y4

2
VL2M'+%A']+V+0/’I =—Po(x—cf),

A

u 1 Ch B =
WwH+hA+12| ———y |+ W'+=V'+—0" | = Po(x—c),
h 2 2 6 (15)
In the first equation (13), neglecting the members of a high order of smallness, which greatly simp-
lifies the mathematical calculations, there will be:
I{1-v = 1 3w
V=s—Po(x—ct)—=vu'+——|,
41 2 2 2 h
- u
hA=Po(x—ct)—12—+ 5y —hlV",
h (16)
Taking into account the boundary condition (13), the equilibrium equation is reduced to the form

( !
Ehz (u’+vV) +Px§(x—ct)—2 .

I-v
3 '

Lz(y/+2e)— L2 PN Ly

12(1-v7) 2(1+v)

h

h 3
—sPo(x—ct)+
2 2(1+

& [hA—swlzl} =0,
V) h

i {W’+2Z+EA} —PS(x—ct)- E2{4V—6K}:O.
2(1+v) h 3 1-v h

£ [hA—swlzl}:o,
+v) h

(17

.

Using the expression (16) there will be:
( u+(1+vlV =y,

h2 W w5 A+dv., -
LA U N N Y
6(1—V)[W hZJ [ h+3"//} 1 3 ob—a,

u 1y 5 h 4 u
W —2=+-PS(x—ct)+=p——V +——v— =M, (18)
L h 3 373 1-v h

where ¥, v, — the unknown integration constants to be determined from the boundary conditions. Taking
into account the first equation (18) there will be

A
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Differentiating the first equation (17) and substituting the last (18) into the resulting system after

some mathematical calculations, there will be

- —
u"+6l 3v 1+v 1—5 1+v £:

1-v 7-v(l+v) h’ 7-v(l+v)h

_L(l—v){l— L L+ ) }E&(x—cl)
8—v(l+v) 8—v(l+v)7-v(+v)

4,2
1-v (1+v) K 1Px§(x—cl)
8—v(l+v)7-v(+v) 3 h

3—1/8—1/(1+V)Jr 1 5+20v £+
1-v7-v(l+v) 1-v71-v(Q+v) |k

1-3v 3—V_6l+4v 1 8—v(l+v)|u _ (19
l-v {1-v 1-v 8—v(l+v))7—-v(l+v) |k’

X"—lO(l—V){lJr

12(1—1/){1—

3—V8—V(1+V)+31+4V 1
l-v7-v(l+v) I-v 8—v(l+v)

—2(1- V)|:2 +

} —=o(x—ct) -

3—-v N 1+4v 3 1-v
3(7—1/—1/2) 8—v(l+v) (7—V—V2)

3—V8—V(1+V)_31+4V 1 m’ X =hy,
| 1-v 7-v(+v) I1-v 8—v(l+v) | h

6(1-v)

]1325'(x —ct)+

6(1-v)

.
which can be written in vector-matrix and unified form

17”+h—121§17—VZIF+];F§(x ct)+ P.GS'(x —ct), (20)
where
« (B & 61-3v  l+v 5 I+v
B= = blZ:__—;
b, b, 7 1-v 1- W1+v)/7° 71-v(1+v)/7

b21=12(1—v){1 11 31/[3 v 3l+dy 1 8- ‘(1+v)}
1%

1-v 4 1-v 1-u(1+1)/8 ) 7-u(1+V)

3-v8- V(I+V) 51 1+4v
1-v7-1+v) 71 v1-v(1+v)/7 |

b, =—10(1—V){1

3 1=y (1+v)
f—(uj _ 56 1-v(1+v)/81-v(+v)/7

1801-v) 1-v/38-v(l+v) 1+4v 1 ’
I-v 7-v(l+v) 1-v 1-v(1+v)/8

— 7] ——
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Y ([ 0] S N (1+v)
R 81-v(1+v)/8| 56 1-v(1+v)/81-v(1+v)/7
G= ,
1-v/3 1+4v I-v
—o(1— |
( V)[(7VV2) 8—1(1+v) (7VV2)]
1 1= (1+v)
B 56 1-v(1+v)/81-v(1+v)/7
_4(1_V){1+§1—V/38—V(1+V)+§l+4v 1 }
2 1-v 7T-v(1+v) 2 1-v 8-1(1+v)

The desired solution is presented in the form
Y =X +Z+hWB'F, (21)

where B~ is the inverse matrix. At the same time, X isa particular solution (20) corresponding only to
the right part without taking into account the boundary conditions:

. . P . .

X"+BX = 7’“ o(x—ct)F + Po'(x —ct)G, (22)
Since, for the generalized Dirac and Heaviside functions, the following relations take place:
o(x—ct)= %[H(x —ct)—H(ct - x)]' = %[5(x —ct)+(ct - x)] =0(x—ct).

If take into account that (x —ct)"0(x—ct) =0, neN, x—ct eV the solution (22) can be pre-
sented in the following form

X :%[H(x—cl)—H(cl—x)]Z)?nw, 0l=1,
n=0
at that
X' =X5(x—cl)+ %[H(x —en)-H(et-0)| Y X, , w
n=0 n!
v v oo Y, 1 - © (x_CZ)n
X :X0§(x—cl)+Xl§(x—ct)+E[H(x—ct)—H(ct—x)]ZXn+2—|.
n=0 n!

Therefore, X, , +BX, =0, n=0,1,2,.... X, =G, X, =F, then the solution (22) will take the

n+2

form

- M H et — Het - NS 1y 5 | pae E=D B | =e)” 5 2
X—Z[H(x ct)—H(ct x)];( I)B{PZGJr(ZnH)hF} - B"=h"BB---B

7y hLBz _0,

N, (Z)=-N_(X +hWB'F), % =10.] (23)
M (Z)=-M_(X +hW,B"'F)),

0.(Z)=-0.(X +hW,B'I),

The solution of the problem (23) with regard to the values of the elements of matrix B can be
presented as
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7= éshklx + D chk,x + M sin k,x + N cos k,x

k = \/\/b th, ) —4b b, b —b, ., k \/\/b b, ) —4b b, +b +b,,

Thus, in the first approximation, there is a linear problem for the cutting technology of metal strips.
At the same time, the considered thermodynamic problem of cutting metals with a significant heat release
in the framework of clastoplastic, in the general case becomes essentially nonlinear [21]. In this case,
according to the method of elastic solutions of A.A. Ilyushin, solving the linear problem becomes the first
approximation for the general thermodynamic problem.

Conclusion. During the research it was found that existing software products cannot simultaneously
predict the occurrence of cutting forces, temperature phenomena of the process, as well as tool wear. In
addition, to use these programs, a young scientist or technologist from the production must enter a huge
amount of data. To enter these data, it is necessary to have very high skills in higher mathematics, in the
mechanics of solid deformable bodics, in dynamic problems of mathematical modeling, and also
generating initial data in software tools requires a long time to find data from sources.

In this regard, the phenomena of the cutting process, i.e. the deformed state, are described by mathe-
matical equations, the output elements of which will be the component forces, the cutting temperature and
tool wear. The obtained data will be tested by comparing with the values of the calculation of the obtained
data using the program developed on the Microsoft Excel application. The correlation coefficients will be
adjusted if necessary. Based on the data obtained, the dependencies of the cutting parameters on the
processing conditions are constructed. Approximation of the obtained dependencies will help to create
probably static models. On the basis of which the software product will be created.

I. T. Xoxubeprenos', V. 1. XoxuGeprenosa', A. b. Axmenos’, b. H. AGcanpikos’

'M.Oye30B arsmaars OrrycTik Kazakctan MemekerTik yruBepcnreti, ITsnvkent, Kazakcran,
*M. Viyr6ek aTbiHaarsl ©36ekcTan YATTHIK YHHBEPCHTETI, TAMIKeHT, ©30¢KCTaH,
*0. B. BeKTYOB aThIHAAFbI XHMHS FHUTBIMIAPHI HHCTHTYThI, ATMaThl, Kazakctan

METAJUIKECY YIIIH
MATEMATHKAJIBIK YJTI'UVIEPAI KYPYAbIH KEUBIP ACIIEKTLIEPI

Annoramus., JKorapbl camanbl CCHIMII MAMIMHAMAPIBI KAcay OJIAPABIH OApibIK OONMICKTCPIH OHIIPYyTe
apHATFaH >KAHA MATCPHAJTAPABl KOMIAHYFa ajbln keneai. by okarmalima, eHAIPYHIUICD JKAHA TYPAKTHI KECY
KypalaapbiH MaWAadaHbII, KaHA 6HJCY TEXHOJOTHUIAPABI EHTI3yAe yarepmeiiai, cededi 0 y3aK YaKbITTHI JKOHE
KapyKbl PeCypcTapsiH KakeT eremi. OCchl MIHASTTEpl JKEeACI ey YIiH, 3epTTey OaphICBIHAA FATBIMIAP XKIHE TEX-
HOJOWSIAP 3aMAHAyH aKMapaTThIK TEXHOJOTHAIAPABI SKOHE KOJIAHOANBl 3€pPTTEY MAKETTEPIH KOJAAHYyAA.
OpekerTeri 0aFaapIaMabIK KacakTaMa eHIMIEPIiH MaiAaIaHy YINiH, KOCBIMINA 3ePTTEYJIECP HEMECE OJapIbl 13eyTe
Y34aK YaKBIT TAIAM CTLICTIH, KONITCTCH 0ACTAKBI MOTIMETTCPAL CHAIPY KKET. O3IPICHICH OaFr apiaaMajblK OHIMACD
SMIOUPHKATBIK ICPCKTESPTe HET13ACATCH, COHBIH HOTIKCCIHIC OJIAPABIH KOIAAHY CICKTPI TAPBLIBII KCTCI.

XacanateiH OarmapiaMaHbIH AWBIPMAIIBLUIBIFEL, 93IPJICHETIH MOJCIBIACP JKYBIKTAY TOYCIALUTIKTEPIHIH HOTH-
JKCIICPIHE KOCKIM PSKEMACPAIH MApaMETPIICPiHe 0a3aIaHbIN, BIKTHMAJIBI-CTATHCTHKATBIK MOJCTBACPIIH ATBIHFAH
MICITIMIMEH TY3ETIITCH AEPEKTEPTE HETI3ACICTIH O0Ia Ibl.

Makanama cepmiMal METajl KOJAFBIH KIACCHKAIBIK CMCC JKAFAAWIA KECYy YIIIH, MCTALT KSCYTe apHAIFaH
MATCMATHKAJBIK YITUICPOl KYPYABIH KeHOIp acmeKTinepi KapacThIPsLIagsl. KypamasH OpeKeT €Tyl KOJIIAHBLIATHIH
HYKTEZIE IIEKTEYCi3 KEPHEYJIEp maiaa 60NaThiH KO3FANIbICTAFBI OYPBHINTHIK KOHICHTPALMJIAHFAH KYII PETiHAEC MO-
menpacHreH. YKammbuanraH Jupak skoHe X3BHCAHI ()YHKUHSIAPBIHBIH KACHCTTCPIH MAHAATAHA OTBIPHIN, KCPHLY-
JEPiH TSH30PIBIK KOMIOHCHTTEPIHE APHAJFAH AHAIUTHKAIBIK MOTIMETTED albHAABL. PyKcaT TeHAeyIepi KyphLiasl
JKOHE IICKTIK TAIANTAP KAIBIITACTHIPBIIIBL.

ATBTHFAH HOTIDKCIICP 37IACTOINIACTHKAIBIK MCETAILT JKOTAKKA APHAJFAH THICTI TCPMOTHHAMHKAIBIK MOCCIICHIH
MATEMATHKAIBIK MOACIIH KYPY YIUiH HETi3 OObIN TaObLIabL

Tyiiin cezmep: KeCy, Kecy KypambLTO3IMIUIIK INETi, INOFBIPIAHFAH KYII, IMIIIHHIH ©3Tepyl, MaTEMAaTHKAIBIK
MOJICIIb, TEPMOTUHAMHUKAIIBIK MIHICT.
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HEKOTOPBIE ACIEKTBI HIOCTPOEHUASA MATEMATHYECKOM MOJEJIH
JJIA PE3AHUA METAJLJIOB

AHHOTaHI/Iﬂ. COSZ[aHI/Ie HAACKHBIX BBICOKOIMPOU3BOAUTCIBHBIX MAIHH 06yCJ'IaBJ'II/IBaeT NPUMCHCHHUEC BCC
HOBBIX MATCPHAJTIOB AJIA U3TOTOBJICHUA HX /:[eTanefI. HpI/I 9TOM IMPOU3BOAUTCIN HE YCIICBAKOT C BHCAPCHUCM HOBBIX
TEXHOJIOTHH 00paOdOTKH ¢ MCMOB30BAHACM CTOHKHX PEKYIIHX HHCTPYMCHTOB, KOTOPHIC TPCOYIOT HEMAJIO BPSMCHH
H (I)I/IHaHCOBBIX CPEACTB. Z[,JI}I OMCPATHBHOTO PCHICHHA JTHX 3a4aY IMPU HCCICOAOBAHWAX YUCHBIC U TCXHOJIOTH BCC
60 pIIIE TPUMEHSIOT COBPEMEHHBIC HH(POPMAIIMOHHBIC TEXHOJIOTHH U TTAKETHI MPUKIATHBIX TpoTrpaMmM. [ Hemois-
30BAHIA CYMICCTBYHOIIUX MPOTPAMMHBIX ITPOAYKTOB H606X0£[I/IMO BHCCTH MHOXXCCTBO HCXOOHBIX JAHHBIX, A1 KOTO-
PBIX Tpe6yeTc;1 JOTNOJHUTCIBHBIC HCCICAOBAHUA HJIA MHOTO BPCMCHH HX ITOHCKA. P33p360TaHHI>Ie IPOrpaMMHBIC
TPOAYKThI 633Hp0BaHI>I HA SMITUPHUYICCKUX JAHHBIX, BCICACTBUC UCTO CYKACTCA CIICKTP UX NMPUMCHCHHU .

O1mdue co3naBacMOM MPOTPaMMBI, COCTOWT B TOM, YTO pa3padaThIBacMBbIC MOACTH OyayT 0a3HMpoBATHCSI HA
pe3yIpTaTaX AMMPOKCHMAINHOHHBIX 3ABHCHMOCTCH OT MApaMCETPOB PCKUMOB PE3AHHA, ¢ KOPPCKTHPOBAHHBIMH
JAHHBIMH IOy YCHHBIMH PCIICHUAMHA BCPOATHO-CTATHICCKUX MOZ[GJ'IGfI.

B cratbe paccMaTpHBAIOTCSA HEKOTOPHIC ACTICKTHI MOCTPOCHHSA MATCMATHUCCKOW MOICTH A PE3KH YNPYron
METAJUIMYECKON MOJIOCHI B HEKJIACCHUYECKON MOCTAHOBKE. JIEHCTBHE peslia CMOACIMPOBAHA KAK MOABHKHAS HAKJIOH-
HAS COCPCIOTOYUCHHAS CHIIA, B TOUKE MPHIOMCHHSA KOTOPOH BOSHHKAIOT HCOTPAHHYCHHBIC HANMPMOKCHUA. COmB3ysa
cBoiicTBa 0000meHHBIX (yHKIMH Jupaka W X3BHCAIA, MONYUCHB AHATHTHYCCKAC BBIPAKCHHA I KOMIIOHCHT
TCH30pa HAPsLKCHUH. [10CTPOCHBI Pa3peIIArONING YPABHCHAS H C(HOPMYTHPOBAHBI TPAHUYHBIC VCIIOBHAL.

[Moxy4eHHBIC PE3YNBTATHI CIYKAT OCHOBOM K IMOCTPOCHHI) MATCMATHUCCKOH MOJCITH COOTBCTCTBYIOIICH TCP-
MOTHHAMHYCCKOH 3a1a4H AT YIPYTOIUIACTHICCKON METATITICCKOH TOIOCHL

KimoueBbie ciioBa: pe3aHus], peKyIIHi MHCTPYMEHT, IPEACT MPOYHOCTH, COCPEIOTOMCHHAS CHIa, aedopma-
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