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APPROXIMATE EQUATION PLATE OSCILLATION
FOR TRANSVERSE DISPLACEMENT OF POINTS
OF THE MEDIAN PLANE

Abstract. The materials used in building structures have elastic and viscoelastic properties, are anisotropic,
multilayer and other mechanical characteristics. Two-dimensional elements are components of many structures.
Construction of general and approximate equations of oscillations of a various kind of plane elements is an actual
problem in the development of theoretical bases of calculation of building designs and construction in general. These
problems include the objectives of improved models of non-stationary nature of the structures and their elements, the
materials of which are difficult mechanical, rheological properties inherent to various building designs under the
influence of various external factors.

Keywords: plate, oscillation, mixed points, dynamic motion, approximate equation, three-dimensional
problem, stress.

Let limitless in terms of plate thickness 2/, is below the surface of a semi-infinite medium at depth
(ho — hl) Put the plane XY in the median plane of the plate at z=0. Axis OZ to the right towards the

outer surface of the outer layer. Denote the layer parameters index" 1", the upper layer [— 0 < (x, y) < 00,
h <z <(h,—h )] by the index" 2", and the lower half-space [— w0 <(x,y)<oo; —h <z< O] - index" 3".

We assume that the materials of the upper layer of the plate and the grounds are homogencous,
isotropic, show the viscous properties.

We introduce the potentials of @ and W transverse and longitudinal waves well-known formulas
i) = gmdqb(l) + rorPV), ()

where i) - the displacement vector points in the layer of the plate and the foundation.

In potentials @ and PV equations of motion of a layer of the plate and the foundation will take
the form of:

o) - o2y
! !
NI(A(D()):IOI pYE MI(A‘II()):IOlaZ—Za (2)
where the operator &V, is equal to:
N, =L +2M,,
o o

A — three-dimensional Laplace operator; A = L,, M, — viscoelastic operators.
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o’ oyt oz’

——258 ——



ISSN 2224-5278 Cepus ceonoeuu u mexnudeckux Hayk. Ne 3. 2018

The Helmholtz theorem, in the absence of internal sources of the vector potential‘i’ of transverse
waves must satisfy the condition:

divP? =0 3)
a closing equation for finding four unknown potentials ® Dol gl ‘P3(l).

2 1 » 2 2
Displacement, #,v,w deformation &, and strains in Cartesian coordinates through the potentials O
and ¥ the longitudinal and transverse waves are determined by the well-known formulas.

In [1] it is shown that the boundary value problem vibrations of the plate under the surface are
reduced to the integro-differential equations (2) with boundary and initial conditions: on the outer surface

(z=h,)
o) = fP(x,p,t), o) = fO(x,y.0); )

on the contact boundary between the upper layer — plate (z = /)

o =58 =0, 6@ =0, W) =l 35)

on the boundary of the plate - foundation (z = —/,)

o=+ £x3.)

zz

ol =0, ¢+ fO(x,3,1)=0;

w(l) = W(S) + f0(3)(x,y,t) (] =X, y) (6)
Furthermore, there should be conditions decay at infinity, i.e. at z — —©
@ =0, P =@l =@l =0, (7

2 3

The initial conditions are zero, 1.¢.
oot ¥

=7 _y-g (®)
a o

(1=13) 1=0 (j=123).

The task of the vibrations of the plate in a differentiable environment is reduced to the study of
equation (2) satisfying the boundary (4), (5), (6) and initial conditions (8).

In the study of oscillations of plate’s accurate three-dimensional problem is replaced by simpler, two-
dimensional points of median plane of the plate, which imposes limitations on the external conditions.
These restrictions are that external forces cannot be high frequency.

The above problem is solved with the use of Fourier X and Y Laplace at 7.

In the work [1] found the General solution of the formulated three-dimensional tasks for zero initial
conditions and the General expressions for the displacement and strain.

w , 0° o (oy®
u(l) - Z {|:(lg ) + Clan Py jU (l)—i- Clan a_x —ay + W (l)j:| X

n=0

2 @ 52 & aV(l) S 2t
A -D0, " - Do, —x| D+ 2 || —1;
X (2n)!} e |:[ 5 O P ]Ul O o X Y 5 (2n Py 1)!
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0
v = Z [/1(" +C,0,, ]V(l) c0, 2 [aU +W(l)] X
n=0 ay y 8)6

’ 8
} Z |:[/1( D an (l) D an
( ) = o’ -
Y% L 2nt
x| —1— +/1(21)W1(l) .
ox (2n + 1)! )
W0 = Z{[(ﬂ(n ere) /L(l))/V(Z) C,0, A (1) oUW U, oy ® y
1" Ox oy
) 2t N i{[(ﬂ(ﬂ) B /’L(l))/V(l) D 6U1(l) N aVl(l) Z2n ‘
(2n+ 1)! A S oy ||@2n)|
C n—m— 1 m M (1) (1)
| —; 0, = Z/L /12 =1 _F where operators 4’ and A,’ are equal
1
0’ L[ 6 o
A= {AN (alzj A}; 2S)Z|:lell(¥j_A:|; Azery (10)

© y 82 82
GJ(cic) M{Zﬂ:(l - Cl)ﬂ(z I+ Clan(ﬂ(zl) - 22(21) +¥ _Wj:|
n=0

(1) 2 2
xag CQM( —240 ;2—8 j (1+c )l }
X

X(ag—y@)*WU)j}( l {21) 0, A

+ (1+0:D1 )ﬂﬁ -2D an (

j+(l+aD )AL }

oW ) 7 21
ox | (2n+1)
(l) 82 82
c’)=M 1+C ﬂ +C 22 +
W 1 ;) |:( ) an( axZ ay2j:|
aV<’ SRR C ]
= {C Ql{ —22W - 2+ay2j—(1+cl)zg>}x

2
X(_@V +w j}( ) Z{IJJD ( ))+2D an( +§xzﬂx
aVll . 2 aUl(l) Oy ) 72
1+D -2D —_— —
e {( F DAY =200 = | Gt B ey
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- afou® ar®
_M{Z {c.0, (09 - A)-(+c)A >(—+ +
n=0

ox oy

et e, - S koo, A 47
a8 1(l) 5 2n+1
{U—+ gy}/gh 1200, AW }2—+1)}

Ox
0 (l)
=M > 2CQ1n + A7) + A +2CQ1n
n=0
ZZn IS () aU
+ "+ D L+
2 1) 1) 2n+1
v D0, A0 - - 82 s a0 | _opg a0, 2|
ox? oy T ox dx oy 2n+1)
110 V<1> Gk
o) =M {Z le.bavo, + a0 {wlgwﬁ”axz +

)
) ﬂgﬂ){(l O - ¢, ai_zﬂm . [(1 O 20,0, 20 P2 } '

o f> a0 - 0 L0 po, + AW 0
Gne1) | T &)\ e T e AT

8V, y 8W() &
~2D,0,, <2 |p,0,, (A - Ay - A"] }

dx0y (2n)
i o U(l) GE
GJ(/IZ) = M1|:Z ﬂ:cl[zﬂ’gl)an + ﬂ’(n ] a a |:2C an (1) ayZ +
n=0

2 )
1 zg"{(l —c, 1w -c, :7”1/@ & [zclglnzf” + 1+ C,)alm azx }x

x z’" n i 20 _ i 8 D0 4+ 20 V(l)_
sy IR 2R it LA TR

(1)
2DQM‘W 0.0, (A - a)- A7 ]%}m (a1

where unknown U (1),V(1),W1(1) are the tangent and normal displacements of the points in the plane z =0
and points of median plane of the plate, U 1(1),1/1(1),W(1) - value of derivatives Z transverse displacement
or values type of deformation (W(l) -deformation at Z =0).

Operators 252),/1(21 ) are two-dimensional integro-differential describing the propagation of longitu-
dinal and transverse waves in a plane z=0.

For finding the unknown U (1),V(1),W1(1) U 1(1),1/1(1),W(1) we have boundary conditions (4)—(6).
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Using the formulas (9) and (11) of strains and displacements substituting these expressions into the
boundary conditions (4) - (6) equations are obtained for determining the unknown functions that are
general solutions of the considered problem and describing oscillations of a three-dimensional
environment.

For the study of oscillations of rectangular plates in terms of the need to formulate boundary
problems.

Under the boundary tasks fluctuations limited plate in the plan, which is under the surface, means the
conclusion of the equation of oscillations of plates; the formulation of boundary conditions on the edges of
the plate and the initial conditions for the functions.

As a general equations of oscillations of plates obtained by the author [1] contain derivatives of any
order of the coordinates X, }/ and time/ , stacked on the structure and therefore are not suitable for

solving applied tasks and of engineering calculations.
For this purpose it is necessary to formulate approximate boundary value problems of oscillation.
In [2-5] is obtained approximate equation of transverse vibrations of the plate for transverse shift

Wl(l) points of median plane of the plate in the shape of

2777(1) 477 (1) 2737 (1)
) i

where A ].,P,qb(x, ¥, t) are equal to
-1 -1 X
4 =pM "l + p,N, (ho_hl)a

3 _ 3 2 _
A, ,OIM (Nf1 +3M11)/%+'OZN2{'02N21M—,0N1 h, (h02 hl):|;

3

4; = {(3 —4M, N, )M_ (2]\/[1]\[171 )M}pﬂv —-2p (3M —2N; )h3

4, =4(-MN; 1)%3 I IYRE) (VAR L) _6@)3

P:%lel{ngh; |:p(M +3N; {j;j 4[2%}2(}\41\[)( N, {gj jh(h h)}
c1>(x,y,z){1—(3—2MIN1 )h A+(pM; {gjhz{F M, f° {(]\/[N | ERA {a j(h h)h}

2
(13)

Reaction of the basis of P, is determined by the formula (13) includes both the velocity of the points
transverse displacement of the plane z =0 and the odd derivatives time.

Thus, the law of resistance P(Wl(l)) (13) explicitly contains the parameters of the plate, foundation
and topcoat.

Despite the fact that the equation (12) is approximate, it is quite difficult. In the operators (13)
contains all the parameters and operators characterizing the mechanical and rheological properties of the
materials of plates - and the base layers and their thicknesses.

We derive the boundary conditions on the edges of a rectangular plate. For simplicity, consider a flat
edge x = const , the boundary conditions for easy record of the conditions forx = const, and for an
arbitrary curved edge of the known formulas through the boundary conditions at x = const, y = const .

Boundary conditions will display on the theory of thick platform or plates.
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Based on the boundary conditions on a surface of a plate z =/ or z = —h we obtain the dependence

)

of the quantities ul(l),Vl(l), from transverse shift 7}"/.

ow\ ow
) =——1—; = —— (14)
ox
Rigid fixation of the edge x = consrt. As it is known from the theory of thick plates are two types of
such fastening

=y =y =0 (15)
or
i) =it =) =0 1)
hinge-supported edge x = const .
For this fix also two ways of fastening.

or

Edge, free from strain.
For the free edge stringent conditions are

O'J(;):ag):ag):O. (19)
Rigid and hinged fixations are quite simple, and using the approximate formulas (13) and the
dependence (15), we obtain for the transverse displacement of the boundary conditions:

For rigid fixation

(1)
w =P o (20)
ox
For hinged fixation
2177(1)
W(l)za;? =0. 1)

For the edge, which is free from strain, in the formula of- &, take the first additive component | z ,

and for ") the first two, as the first identical equation is zero due to conditions (15)

It 1s obtained
2777(1) 2777(1) 2p77(1)
(2+3D1)%+(1+D1){2%—pMl(an ﬂ:o

x2 2 812
8 iGe AR
— | 2AWY - M| = || =0 22
ax |: 1 p atz ( )
o
excluding 8121 in the second condition (22) from the first, we obtain
82Wl(1) 82Wl(1) B 82W1(1)
2+3D) o~ +(1+D) > — p(1+ DM —|=0
3177(1)
agg =0. (23)
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3w ow '\
The third of the conditions (19) gives p L -F (l ), 1.¢. in the first approximation 81
X X

does not

depend on y, and decide upon a solution to a particular problem.

The first additive component in (23) differs from the classical and the second matches. The first
condition (23) takes into account the deformability of the edge over time and d'Alembert principle similar
to the dynamics of a material point.

General initial conditions for the plate as a three-dimensional body are of the form:

au(l) @V(l) 8\4/(1)

u(l):v(l):w(l):O; p - p” — p” =0, (t=0). (24)
Using dependency (14) for movements have
(1) 3
=M p O Az,
ox ox 6
(1) 3
W) :—aWI Z+D1£AWI(I)Z—; (25)
oy oy 6
2177107 L2
wl =) 4 {(21)1 DAY +(1-D,)pM ! %}%

In the beginning let us consider the initial conditions from (24) for the movement. Then from the
expressions (25) we get

)
To—o Zamii=o
X
)
agfl = 0; %AWI(I):O, (26)
y
2177(1)
i =o; M o, (27)

or’
Differentiating the expression (25) and by using the second three initial conditions (24), we similarly
obtain

M A3y
o= _BWT (28)

ot or’

Initial conditions (26) and (27) provide the necessary number of initial conditions for transverse shift

Wl(l) meets with the hyperbolic equation of fourth order in the coordinates and time.

In conclusion, it should be noted that the evaluation and conclusion initial and boundary conditions
for the plate under the surface completely coincides with similar initial boundary conditions for a free
plate, obtained in the works [1].

Thus, in the formulation of boundary value problems boundary conditions do not depend on the
presence of the upper layer and lower foundation.
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lKopKLIT Ara arsrHAAFE KBI3BLT0paa MEMIICKETTIK YHUBEPCHTETI, Kp3pumopaa, Kaszakcran,
“[1I. VanuxasoB aTsHaare Kexmetay MemyekeTTik yaupepenteri, Kexmeray, Kasakctan

KOJIBEY BIFBICYJIAP JKAFTANBIHIAFEI ' KA3BIKTBIKTBIH OPTACLIHIA OPHAJIACKAH
HYKTEJIEP YIITH INTACTHHA TEPBEJICIHIH )KYBIK TEHIEYI

AnnoTtamusi. Makanaga CBIPTKBI dcepiiep KE3iHAE HINTIOI XKOHE TYTKBIP HINTII TUIACTHHANAPABIH JTHHAMH-
KaJbIK KO3FAJIBICHIH AHBIKTAY JiPLIACPIH MATEMATHKAIBIK TCOPHS TYPFBICHIHAH TYCIHAIpyTe TanmbiHFaH. OChl KO3Ka-
packa HerizaenreH (PM3MKAIBIK OCHCBHI3BIKTHIK MATepHaNaap TEHACYJICPIHE *KAKBIHIATHIIFAH, OACTANKbI ayBICTHIPY
MEH KEPHEYJIEPAl ECKEPTCH KHE €CKEPYCi3 TYTKBIP HUNTIII IIACTHHANAPIBIH OOMIIBIK >KOHE KOIICHCH JipLTAcpiHiH
HAKTHI TEHACYJCpl MbFapbuFraH. HakTel TEHACYIEp HETI3IHIAEC COJ HEMECE OJapAaH KEHIHTI ASJIIK Jopeskeci Oap
KeHOIp Ky BIKTAY TCHACYJICPI TATAHFAH JKOHE OJIap YIIiH MCKAPAJBIK SCCTITSP KYPACTHIPBLIFAH.

Tyiiin ce3aep: racTuHKa, Tepdertic, apanac HyKTelIep, JHHAMHKAIBIK KO3FAJIbIC, KYbIK TCHICY, YII OJIIEMIl
€cell, KCPHEY.

A. K. Ceiirmyparos', 3. T. Ceiiiosa?, K. KamnGaiike3er', A. K. Cmaxanosa', M. C. Cepix6our’

"KbI3BLIOpIMHCKHI TOCY IAPCTBEHHBIH yHIBepCcHTET M. KopkeiT Ata, Kei3sriopaa, Kasaxcran,
*KoKmeTayCKuii rocyIapcTBeHHbIH yHuBepcuTeT mM. 111 Yaymxanosa, Koxmeray, Kasaxctan

INPUBJNKEHHOE KOJTEBAHUE ILTACTHHBI YPABHEHHUA
JJA NONEPEYHOTI'O CMEHIEHUA TOYEK CPEAMHHOU IVIOCKOCTH

Annoramus. B Hactosmen padoTe MPEIMpHHATA MOMBITKA H3I0KCHHA MATCMATHUICCKON TCOPHH KOJICOAHHI
YIPYTOHl WIH BAKOYNPYTOH MIACTHHKY AT U3YUCHHA THHAMHYCCKOTO HX MOBEACHUA NMPH HECTALIMOHAPHBIX BHEIN-
HUX BO3ACHUCTBHAX. Ha OCHOBE TAKOTO MOAXOJA BBIBEACHBI TOUHBIC YPABHCHHA MPOJOJIBHBIX M MONEPEYHBIX KOJE-
OaHuil BA3KOYNPYTHX IUIACTHH C YYETOM M 0€3 y4YeTa HAYANbHBIX CMCIICHHH WM HANPSDKCHUH, MPHOIMKCHHBIC
ypaBHEHHS (PM3MUECKOH HEIMHEHHOCTH MaTepuaia. Ha OCHOBE TOUHBIX YPaBHEHHH NMPOAHATU3HPOBAHBI HEKOTOPBIC
BBITCKAFOINHEC M3 HUX MPUOIMKCHHbBIC YPABHEHIS C TOH MM HHOH

KimoueBnbie c/1oBA: TIIACTHHA, KOJICOAHNE, CMEIIAHHBIC TOUKH, THHAMUYCCKAS ABHKCHHE, TIPUOIIKCHHBIC
YPaBHEHHUE, TPEXMEPHAA 334a44, HATIPIHCHHE.
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