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CONDITIONS OF EXTREME STRESS STATE

Abstract. In continnum mechanics, the theory of stresses contains the spreading of Newton's laws for point
masses to a continuous medium, and the theory of deformations contains a geometric description of the changes that
occur when the points of the body move. Stress is a concept used to determine how loads are transmitted through a
solid body. In the three-dimensional coordinate system X, y, z, stresses acting on planes with normals parallel to the
coordinate axes are known as components of the stress tensor. To calculate the stability of open and underground
mines, it is necessary to know the conditions in which the destruction occurs. The mechanical theory of strength is
devoted to the analysis of the boundaries of the stress state at which stability loss and destruction occur.
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Cohesive rocks up to a certain level of stress and strain generally retain their properties. Any small
change in shear strain dy corresponds to a change in the shear stress dt of the same sign dt/dy> 0 (figure 1).
The deformed state at the point B is characterized by a plastic component y* and an elastic component v
of general deformation. The unloading of material from point B will be accompanied by the restoration of
clastic deformations, and upon repeated loading to the achieved level tg, it will occur purely ¢lastic,
without the appearance of additional plastic deformations. Thus, the achieved stress level during reloading
after preliminary unloading will serve as the boundary of the ¢lastic state region and is called the yield
stress. The stress Ty, at point C (figure 1) is called the ultimate strength. As long as the level of t does not
exceed 1Ty, the loading process is accompanied by an increase in the yield strength, called hardening, after
reaching 7., in the rock, the process of reducing resistance (dt/dy< 0), called softening, begins.
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Figure 1 — Nonlinear dependences of stresses and strains in axes y-T
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In the space of principal stresses, the yield strength will form a certain surface, which is called the
yield surface. The equation of this surface is the symmetric function of the principal stresses, in general
terms it is written as follows:

F(c,,0,,035) =K, (1)

where K is a constant associated with ultimate strength.
Since the basic symmetric functions of the stress components are its invariants, then equation (1) can
be represented as:

F(J1 (To), 12 (To), J5(To)) =K, 2
where

J1 (Ty) =06, +06,+065=30,

I, (Ty) =-(0,06,+ 06,065+ 636)),

J;(Ts) = 010,05

— are the linear, quadratic, and cubic invariants of the stress tensor.

Concretization of dependence (2) leads to one or another criteria of strength. For rocks, it is of
mterest to consider the mechanical theories of Tresca, Coulomb, and Mohr [41].

The Tresca criterion states that the ultimate tangential stress in the body is equal to some constant
value C:

Tp=C. 3)
Since 1, = (01 - 63) / 2 then we have
01-03-2C:O. (4)

Formula (4) describes a plane parallel to the hydrostatic axis. If we consider all the main stresses to
be equal, then the Tresca criterion describes a regular hexagonal prism in the space of the main stresses.

The Coulomb criterion is based on the assumption that the rock's resistance to shear in the fracture
plane is equal to the adhesion C plus a value proportional to the normal stress in this plane:

jt/=C+fo, (5)

where /t/ - the absolute value of the ultimate shear stress; f is the coefficient of proportionality.

The coefficient f is called the coefficient of internal friction, since the expression fo is similar to the
dry friction force.

We write criterion (5) in terms of the principal stresses o 1 ©;3.

For this, the normal o and tangent T stress on the considered site are expressed in terms of the
principal stresses:

o,+o, 0©,-0
=— 5 > +——cos2f
i (6)
T= E(Gl ~0,)sin2p
Where the angle B between the normal N to the site and the direction of stress o; (figure 2).
Putting (6) into (5) gives
1 . 1
C= |z'| - fo= E(Gl ~ o, )sin2 - fcos2,b’)—5(c71 +0,)f . (7
This expression has a minimum value as a function  when
1
1g28 =——. (3)
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Figure 2 — Graphical representation of stresses on an inclined plane
Since tg 2B< 0, obviously that the angle B lies within 45°- 90 and
sin2 = (2 +1) 7,
cos2f = —f(f+l)7%

Putting (9) into (7), we obtain the Coulomb criterion expressed in terms of principal stresses:

[ +1)/ } [f +1)/+f:2C}. (10)

Concerning (10) it implies that if the left side of the equation is less than 2C, then destruction will not
occur; if more - then it will happen.

In the coordinates ©1,0; the equation (10) describes the line BSC (figure 3).

The uniaxial compression strength S is obtained if we put in equation (10)

o= 0:

©

;=S =2C[(f*+1) "+ f]. (11)

The criterion assumes o, >03> 0, i.€., it corresponds to the conditions of volume compression.
In the tensile site, we supplement the Coulomb criterion with the durability condition at tension:

o;=T, (12)
where T is a durability for tension ( T<0).
The segment ATV corresponds to the formula (12) in figure 3.

Os

Figure 3 — Coulomb criterion on the axes of principal stresses
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Equation (10) can be written by introducing the notation f= tg ¢ and after simple trigonometric
transformations we obtain

T 9
o, =S+octg?| =-L |, 13
1 CtE 1 2 (13)
where ¢ is the angle of internal friction.
The slope angle ¥ of the straight line BSC to the axis o, is determined by the ratio:
T 1+sin
ctgy =cg| Z-2|= 1309 (14)

4 2) l-sing
The Coulomb criterion in the space of three principal stresses is a hexagonal pyramid, in which the
axis o) = 63 = o3 is the axis of symmetry.
Mohr's criterion states that the resistance to shear along the site is a function of the normal stress on it:
/t/=F (o). (15)
If the function F is linear, then the Mohr’s and Coulomb’s criteria coincide. The form of the function
F (o) is determined by the test results under conditions of triaxial compression. In the space o1, ©,, o3 the
Mohr criterion will describe a surface resembling the Coulomb pyramid, but with curved boundaries.
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AKBIPJIBI KEPHEYJII JKAFTAWIBIH ITAPTTAPBI

Annotammst. TyTac opra MEXaHHKACBIHAA KEPHEY TEOPHACHI HYKTENI Maccaiap YImiH HbIOTOH 3aHIApBIHBIH
TYTac OpTaFa TAPAIyBIHAH TYPambL an acopMamms TCOPHICH ACHEHIH HYKTCICPIH ayBICTHIPYAa OONATHIH ©3Te-
PICTCpOiH TCOMCTPHSIBIK CHMATTAMACHIHAH Typansl. KepHEy Oynm Tyrac OCHE ApKBUTHI JKYKTCMCICPHiH Kajal
OcpislyiH aHBIKTAy YIIIH KOJJAHBUIATHIH YFBIM. X, Y, Z KOOPAMHATTAPBIHBIH YII 6IIIEMAL )KYHECiHAC HOPMAIAPMCEH,
TApaieab KOOPAWHATTBHIK OCHTEPIE IAPAIIICIb MKA3BIKTHIKTA OPCKET CTETIH KEPHEY TCH30PBIHBIH KOMIIOHCHTTEPI
periHae Oenrimi. AMIBIK YKOHE KEP aCThl Tay-KEH Ka30aJIapbIHBIH TYPAKTHUIBIFBIH CCENTEY YIIIH Tay-KeH Ka30ama-
PBIHBIH KYHWpPEY >KarJaWIapblH aHBIKTAY KaKeT. Makana OPHBIKTBUIBIKTBIH KOFANYHI KOHE KYHPEYl OPBIH AlaThlH
KEPHEY i KYH IIEKapachIH TaNxay Ke3iHaeri OCPiKTIKTIH MEXaHUKAIBIK TCOPISUIAPBIHA APHAIIFAH.

Tyiiin ce3aep: KepHEY TCOPHACHL, TYTAC OPTA, TAY >KBIHBICTAPBI, TYPAKTBLIBIK, CHI3BIKCHI3 TIY CIILIIK.
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YCJI0BHUA NPEAEJIBHOTI'O HAIIPAKEHHOI'O COCTOAHUA

AnHoTtanmusa., B MexXaHWKE CIIOITHON CpeAbl TCOPHSA HANMPSDKCHUH COACPKUT PACHPOCTPAHCHHUC 3aKOHOB
HproToHA A1 TOUEHYHBIX MAcC HA CIUTOIIHYTO CPEAy, a Teopus Ac(hopManii- TeOMETPHICCKOE OIICAHUE H3MECHCHHUH,
TIPOMCXOIAIINX IPH NMEPEMEIICHISIX TOUCK Tesa. HanpspkeHue 370 MOHATHE, HCIOIb3YEMOE A OIIPEACICHHS TOTO,
KAK TCPCAAIOTCA HATPY3KH Hepe3 CIUTOITHOC TEIO. B TpeXMEpHOH CHCTCMCE KOOPAMHAT X, V, Z HANPSDKCHUS, ACH-
CTBYIOIIIMC HA MJIOCKOCTAX C HOPMAJAMH, HNAPAUICIBHBIMH KOOPAWHATHBIM OCAM, H3BCCTHBI KAaK KOMITOHCHTBI
TCH30pa HAMPsDKCHUH. [{ma pacuera yCTOHYHBOCTH OTKPBITHIX H ITOI3CMHBIX TOPHBIX BRIPAOOTOK HCOOXOIUMO 3HATH
YCIOBHA, B KOTOPBIX MPOUCXOAUT PA3PYLICHHC. AH.’:UII/ISY TPAHHUIIBI HAMPSHKECHHOTO COCTOAHMA, HA KOTOPBIX IMPOHUC-
XOAAT MOTEPA YCTOMMUBOCTH U Pa3pyLICHHE, MOCBAIICHBI MEXAHHYCCKUE TCOPHH MPOYHOCTH.

Kirouernbie ¢JI0Ba: TCOPHSI HANMPHKCHHH, CINIOMIHASA CPSAC, TOPHBIC TOPOIbI, YCTOMUHBOCTh, HCIHHCITHASL 3a-
BHCHMOCTb.
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