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SIMULATION OF THREE-PHASE TRANSFORMER
OPERATIONAL CONDITIONS

Abstract. With the purpose of improvement of power transformer current protection, it is necessary to know
their behavior in various operating modes. This article is concerned with the mathematic simulation of three-phase
power transformer operating modes. Building of mathematical model was carried out according to the equivalent
circuit for double-wound transformer, that takes into account, apart from resistance and reactive resistance, mutual
induction resistance and loads. The proposed mathematical model, written as a system of differential equation
system, is universal, since it describes all the possible operating modes that occur during the operation of power
double-wound intact transformer. The adequacy of the proposed mathematical model is confirmed by the results of
experiments performed. Comparison of simulation results and experiments showed that the simulation error does not
exceed the allowable values for relay protection.

Key words: transformer, mathematical model, protective relay, current protection.

The behavior analysis of a three-phase transformer protective relay is carried out under natural
operational conditions and in an emergency operation mode. At the same time, considerable attention is
paid to transient phenomena [1, 2].

As a rule, most of the time while in operation, the transformer runs in a steady state, and transients
occur in it when switching from one steady state to another one, for example, when the voltage of the
electrical network or load changes, and when the transformer is hooked up or during a short circuit. In
turn, emergency transients in transformers occur during sudden short circuits in the windings, load or
network [3, 4].

The process of energy conversion in transients and steady-state modes in the three-phase
transformers is described to the fullest extent possible by a mathematical model with phase coordinates,
the differential equations of which are built for phase voltages according to Kirchhoff’s law [3-5].
However, such a model is not able to simulate these processes in transformers when voltage or load is
unbalanced, since in this case the phase voltages are unknown. In addition, the calculated values of
currents and voltages are obtained in reduced, but not in a natural form. To solve these problems is
proposed as follows.

The circuit for the generation of differential equations of the mathematical model with the phase
coordinates of a three-phase transformer is shown in figure 1.
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Figure 1 — Three-phase double-wound transformer circuit

In accordance with this circuit and [5], the operation of a three-phase transformer at a balanced
voltage in the network and a balanced load is described by a system of differential equations

u, =R,1, +dy,/d
up = Ryl +dyy/dt
u. =R, +dy./d
0=R,+R,, +JL )1, +dy, /dt |- (M
0=(R,+R, +JL ), +dy,/dt
0=(R,+R, +]jL ), +dy./dt

where u,, i; — instantaneous phase voltages and currents in the primary and secondary windings (i = A, B,

C and a, b, ¢); R; and y; — resistance and flux linkages of primary and secondary windings;
Z,=R_,+]jL_;: R, and L,; - resistance and load inductance of phase (i = a, b, ¢).

The flux linkages of primary and secondary windings are expressed in terms of phase current and
relevant inductance as follows:

Wa =1Ly +iplp +ichye +1,Ly, 1,0y +1 Ly,

Wy =1,Lp, +igly+iclpe +1,Lg, +1, Ly, +1 Ly,

Ve = iALcA + iBLCB + ich + iaLCa + ibLCb ¥ icLCC ? @
V., = iALaA + iBLaB + i(:Lac + ia (La + Lwa) + ibLab T iCLaC ?

vy, =1,L, +igL s +1Lyc +1,0,, +1,(L, + L, ) +i.L,.,

v, =1,L, +igL g +icLc+1, L, +1,L, +1,(Le, + L) .

It should be noted that in formulas (1) and (2) there used inductances associated only with the main
magnetic flux in the transformer. In accordance with [6], the exact calculation of the inductance and
inductive reactance of the windings in a three-phase transformer is rather complicated. However, if it is
granted that the magnetic circuit of the transformer is not saturated, then they can be simplified as follows:

If the phase voltage U, the no-load current I; of the transformer and the resistance of the primary
winding R, are known, then the impedance and inductive reactance of the primary winding phase, as well
as its inductance Ly, can be calculated [6] as follows:

leUl/inla XIZVZIZ_RIZ’ aL1:X1/2'TC'foa 3)

where f. - network frequency. It should be added that the phase voltage U, no-load current I, and
resistance R; of the primary winding are easy to determine experimentally.
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Providing that the inductances of the transformer windings are proportional to the square of the
number of turns, then the inductance of the secondary winding and the mutual induction of the primary
and secondary windings are calculated as

L2 =(W2/W1)2-L1 and le :((Wl'wz)/wl)z'Lla “)

where w; and w, - number of turns in primary and secondary windings.

As a result, in mathematical expressions (1) and (2) the own inductances of the phases of the primary
and secondary windings

Ly=Ly=Lc.=L; and L,=L, =L, =L,. (5)
In this setting mutual inductance between the phases of the windings
Ly=Lge=Lea=L/2amdL,=L,=L,=L,/2,
Ly=Lg=Le=L, =Ly =Le,=Ly=Lg =L, =L, (6)
The resistance of the phases of the primary and secondary windings

R,=Ry=R.=R; and R, =R, =R =R,, (7

where R; and R, - resistance of the phases of the primary and secondary windings of the transformer.
They can be calculated by the known cross section and the length of the windings wire. In practice, the
values of these resistances are easiest to obtain by measuring.

Since it is impossible to use the system of equations (1) when there is an unbalanced voltage in the
network or an unbalanced load, in this case the differential equations of the mathematical model should be
composed by the mesh-current method. A similar result can also be achieved by the rearrangement of the
system of equations (1) in terms of subtracting the corresponding lines [5, 6] with the subsequent
replacement of the phase currents by the loop currents. As a result of the corresponding lines

up =1,R, —15Ry + d\VAB/dt
upe =ipRp —i R + d\|ch/dt

8
O:ia(]Ka—i_]Kwa)_ib(]Kb—i_]wa)—i_d\llab/dt ’ ( )
O :ib(Rb +wa)_ic(Rc +ch)+d\|lbc/dt
where flux linkages
Wap =1,(Ly —Lap)+ip(L g —Ly)+ic(L e —Lpe)+ -
+ia(LAa _LBa) +ib (LAb _LBb) +ic(LAc _LBC)’
Wpe =1, (L — L) +ig(Ly =Ly ) +ic(Lge — L)+ i
+ia(LBa - LCa) + ib (LBb - LCb)+ iC(LBC _LCC)’
Vo =1, Ly —Lyy) +ip(Ly, —Lip) +1c(L, =Ly ) + .
+ ia(L’a + Lwa - Lba) + ib(L’ab - Lb - wa) + iC(L’ac - Lbc)’ ( )
Wy =1, (Lg, —Le) +ip(Lyp — L) +ic(Ly, = L) + 0
+ia(Lba _Lca)+ib(Lb +wa _ch)+ic(Lbc _Lc _Lwc)‘ ( )
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The replacement of the phase currents by the loop currents is carried out by applying the equations
1, =1, 1g=1, 1, 10 ="1,, 1, =13, 1, =1, —1;, 1, =—1,, (13)

which are composed according to the circuit in figure 1.
As a result, after substituting formulas (13) into the system of equations (8) and rearranging it, it is
possible to obtain a new system in terms of

U, =1,(R, +R,)—1,R, +dy, /dt
Upe = (i, =1, )R +1,R ¢ +dy,/dt

0=i,(R, +R, +R, +R ) —i,(R, +R , )+dy,/dt[" )
0=(i,—1,)(R, +R, )+i, (R, + R )+dy,/dt

In this system of flux linkage of the circuits
v, =1i,L;, +1,L, + 1,1, + 1,1,
v, =1L, +1,L,, + 1,1, +1,L,,,
vy =1Ly +1,L5 +1,L5; +1,1,,, (15)
v, =1L, +1,L, +,L,+1,L,,.
In this case internal inductances of the circuit
L,=L,-2-L+Ly,
Ly,=Ly—-2-Lyp.+L, (16)
L,=L,+L  -2-L +L,+L,
L,=L,+L,,-2-L, +L,+L,,
and mutual inductances of these circuits, consequently
Loy=Ly=Ly—Lic—Lyg+Llpc, Lyy=L; =Ly, —Ly, —Le, + Ly,
Liy=Ly =L, —Ly—Lg +Lg. Lyy=Ly=Lg Ly —Lg +Lc.. (17
Ly=Ly=L—-Ly-Ly+Lg. Lyy=Ly=L,;-L,.-L,+L,.

Such mathematical model makes it possible to simulate the processes in a transformer at both
unbalanced supply voltage and unbalanced load. In this case, the currents in all windings of the
transformer are obtained in their natural form, which, in turn, greatly facilitates the analysis of processes
in any transients.

The switching from one steady state to another one involving system of equations (14) is simulated as

follows. At the initial instant of the transformer transient mode, the currents 1, +1, in the primary and
secondary windings are taken to be equal to these currents as they are at the time when the previous mode
ends. For example, when the transformer is hooked up into the network, the currents 1; +1, in the primary
and secondary windings are taken to be equal to zero. The time of the process under study is divided into
time intervals with duration At and it is considered that the currents 1, +1, within each time interval are

constant. When passing from time interval ¢ to time interval q+1, these values are calculated using the
formulas below.
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In a transient mode, the current in circuit 1 [7] is calculated as the sum of the current 1,; of the periodic
(forced) and aperiodic (free) components, i.€.

i. :ipi +iai' (18)

1

The periodic component of current i in the time interval q is sought as a particular solution of the
system of non-homogencous equations obtained from (14). In this system, voltages are considered to be
sinusoidal, and differentiation operator d/dt is replaced by jo [7]. As a result, system (14) is transformed
to

U, =[(R, +R,)+iX, i + (R, + X, )0, + jX,s05 + X0,
Upe = (R, +3X,)L +[(Ry + R )+ X0, [L + X005 + X010,
0=iX,I + X, +[R, +R, +R, +R )+ jX,]L, +[-R, +R , )+ X, ]i,
0=iX 0, +jX 0L, +[(- R, + R, )+ X, i +[(R, +R, +R, +R )+ X, ]i,

. (18)

where inductances are calculated as X,y = ®Lyyy - and v and w take on a value from one to four.

The aperiodic component of the current i,; is sought as a full solution of a system of homogeneous
differential equations. This system is also derived from (14), taking uap = 0 and ugc = 0. In the numerical
solution of this system dt and di in it are replaced by At and Ai. Then the components of the resistance
voltage drop are transposed to the left-hand side of the equations. As a result, the change in currents Ai in
the circuit elements over the time interval is calculated by solving the system of equations

[RBiZ - (RA +RB)il]At = Lll A11 +L12 A12 +L13Ai3 +L14 Ai14
[RBil - (RB + RC)IZ]At = L21 A11 + L22 A12 + L23 AIS + L24 Ai14
[Rbi4 _(Ra +Rb)i3]At = L31 A11 +L32 A12 +L33 AIS +L34 Ai14
[R.i, — (R, +R )i, JAt =L, Ai, + L, Ai, + L Ai, +L,, Ai,,

(19)

Since at the initial instant of the transformer transient mode, the currents in the circuits are taken to be
equal to these currents as they are at the time when the previous mode ends, the aperiodic component of
the current in them at the time of load-break switch contact closure is taken to be equal to the periodic
component but with the opposite sign. And its value in circuit 1 within the interval q+1 is calculated as

1ai,q+1 = 1ai,q + Aai,q i (20)
Thus, the obtained mathematical model allows simulating almost all steady-state and transient
processes in an intact three-phase transformer.
This mathematical model verification was carried out using an experimental transformer of TSZI-6
type (three-phase dry-type self-cooled transformer), in which the transformed secondary winding had
12 turns of copper wire with a cross section 2,5 mm°. Parameters of this transformer are shown in table.

Rheostats with a resistance of 6.7 Ohm were used as the load.

Parameters of an experimental transformer of TSZI-6 type

Parameters of transformer of TSZI-6 type Notation Value
Phase voltage, V U, 230
No-load current, A Iy 0,31
Number of turns in primary/secondary windings W1i/W, 447/12
Resistance of primary/secondary windings, Ohm Ri/R, 1,26/0,06
Load resistance, Ohm Ry 0,165-6,7
Load inductive reactance, Ohm X 0
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The results of simulation and experiment in the form of currents in the windings of the experimental
transformer at a balanced voltage in the network and a balanced load depending on its value are shown in
figure 2, where the first are represented by lines and the other one - by dots. To simulate the processes on
a PC, the application package MATLAB 6.1 was used.

Correlation of the results of calculations and experiments shows that the modeling error in the whole
range of allowable loads does not exceed 10-12%.

IzaA“ I,A ]\
201 0,48

151 0,36 \\R Is,A

1010,24 \
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LA
\N\'—‘-—’L_L___"_\__.
0 0 3,35 Ry,,Ohm

Figure 2 — The results of simulation and experiment of currents
in the windings in the transformer of TSZI-6 type at a balanced supply voltage and load

Figures 3, a and 3, b show the results of the simulation of currents in the windings in the transformer
of TSZI-6 type at an unbalanced supply voltage and an unbalanced load. The relationships in figure 3, a

are obtained at U ,; = 0,8U,, Uz =U, and U, = U,, where U, is the line voltage of the network. In

turn, the relationships in figure 3, b were obtained at an unbalanced load specified as R, =0,7R

R,, =0,7R_ and R, =0,7R .
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Figure 3 — The results of the simulation of currents in the windings
in the transformer of TSZI-6 type when there is unbalance of supply voltage and load

o S

The capabilities of the mathematical model, when simulating transients, were carried out using, as an
example, a three-phase short circuit at the secondary winding end at Ry, = Ry = 0,165 Ohm, where R, is the
arc resistance. The simulation results in the form of currents in primary and secondary windings are shown
in figure 4. Correlation of the results of calculations and the experiment shows that the modeling error

does not exceed 10%.

0,29A 0,83A
W A s AN
0,73A 24,96A

Figure 4 — The results of the simulation of currents in the phase A windings
in the transformer of TSZI-6 type in event of a three-phase short circuit at the secondary winding end
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Thus, the proposed mathematical model of a three-phase transformer makes it possible to simulate
the currents magnitudes in its windings in both steady-state mode and transient mode with accuracy
acceptable for protective relay.

The process of energy conversion in the three-phase transformers in event of unbalance of supply
voltage and load in transients and steady-state modes is described to the fullest extent possible by a
mathematical model, the differential equations of which are composed using the mesh-current method for
line voltage.

The modeling error of currents in the transformer windings in the whole range of allowable loads
when there is unbalance of supply voltage and load, as well as in transients applying this model does not
exceed 10-12%.

E. M. Bosruna', A. H. Hoso:xmios', E. H. Kostecnnkos’,
JI. M. PaxumGepumosa’, A. H. Hosoxxmios?, 0. A. Anjapeesa’

'C. Topaiirepos aTsiEIAFE! ITaBIomap MeMICKETTiK yHHBepcHTeTi, ITaBnomap, Kasakcran,
*OMOBI MEMIICKETTIK TeXHUKANBIK yHHBEpCHTETI, OMOBI, Pecei

YHI ®A3AJBI KYII TPAHC®OPMATOPBIHBIH
K¥MbIC PEXIMJAEPIH
MATEMATHKAJIBIK YJI'UIEYI

Annotamust. Kym tpanchopMaTopiaapsiHbIH TOK KOPFAHBICHIH JKETULNIPY YINIH OJNApABIH TYpIl maizama-
HYIIBLIBIK POKIMACPACTI OPCKEeTTEPiH Oimy KakeT. OCH Makaiga yir (hazajasl Kyl TPaHC(OPMATOPBIHBIH SKYMBIC
POKIMACPIH MATCMATHKAIBIK VITUICYTC apHAJFAH, MaTeMATHKANBIK VATIHI Kypy €Ki opaMaasl TPaHC(HOPMATOPIBI
alIMacThIpy ChI30achl OOMBIHINA HKY3ETE aCBHIPBUIFAH, OHJA OCJICCHAL KOHE PEaKTHBTI KeIAepriiepacH Oacka ezapa
HHIYKIHSA MCH JKYKTEY Keaeprici eckepinre. JuepeHunanabk TEHACY ISP Kyieci TYpiHIAS *Ka3blIFaH YChIHBLI-
FAH MATCMATHKAJIBIK YT oMOcOan, eHTKCHI O 3aKbIMIATIMAFAH CKi OpaMIbl KYII TPAHC(OPMATOPHIH MAHAATAHFAH
KE3J€ TYBIHAAUTHIH OAPIIBIK MYMKIH >KYMBIC PE/KIMICPIH CHIATTAHABI. ¥ CHIHBUFAH MATEMATHKAIBIK YJTiHIH Oana-
MAaJIBLIBIFBI JKYPTI3IITCH TOKIpHOETEPIiH HOTIKEICPIMEH PACTAIFAH. YJTLIEY KOHE TIKipHOETIEPIiH HOTIKEICPIiH
CaJBICTHIPY YATUICYAIH ayBITKY I PEJICTIK KOPFAHBIC VIIIH MYMKIH MOHACPACH APTHANTHIHBIH KOPCETC 1.

Tyiiin ce3aep: Tpanc(hopMaTop, MATEMATHKANBIK YIITI, PEEIiK KOPFAHBIC, TOK KOPFAHBICHL.

E. M. Bosruna', A. H. Hoso:xmios', E. H. Kostecnnkos’,
JI. M. PaxumGepunona’, A. H. Hosozkmios?, 0. A. Anjapeesa’

Tlasnoaapckmii rocygapcreernbii yausepcuteT uv. C. Topaiireiposa, ITastomap, Kaszaxcran,
*OMCKHit TOCY JapCTBEHHbIH TeXHHUECKHH yHIBepcHTeT, OMCK, Poccus

MOJAEJINPOBAHUE
IKCIIIIYATAIIMOHHBIX PEXKUMOB PABOTbI
TPEX®A3ZHOT'O TPAHC®OPMATOPA

AnHoTtamust. JUI1 COBEPIICHCTBOBAHMS TOKOBBIX 3aIIWT CHIOBBIX TPAaHC(OPMATOPOB HEOOXOAWMO 3HATH
MOBEICHHUE HX B PA3IHYHBIX SKCIUTYyATAHOHHBIX PeKUMax. JJAHHAA CTAThA MOCBAIICHA MATEMATHYCCKOMY MOJCTH-
POBAHHIO DPEIKUMOB paboThl Tpex(azHoro cuiaoBoro tpaHcopmaropa. IlocTpoeHHe MareMaTHYECKOH MOJACIH
OCYIIECTBJICHO IO CXEME 3aMEIICHHS IBYXOOMOTOYHOTO TpaHC(OPMATOPa, B KOTOPOH YUHTHIBAINCH, KPOME AKTHB-
HBIX M PEAKTUBHBIX CONMPOTHUBICHUN, CONMPOTUBJICHUA B3aMMOMHAY MK U HAarpy3ku. [Ipeqmaracmas MareMaTHIeCKas
MO/ICITh, 3AIHCAHHAA B BHJC CHCTEMBI Ju((epeHIMANbHBIX YPABHEHHH, YHUBEPCATIbHA, TAK KAK OHA OIMCHIBACT BCC
BO3MOJKHBIC PEKHMBI PaOOTHI, KOTOPHIC BO3ZHHKAIOT IPH IKCIUIyaTAIllMH CHJIOBOTO JIBYXOOMOTOYHOTO HEIOBPEXK-
JEHHOTo TpaHcopMmaTopa. AJEKBaTHOCTh IPEAI0KEHHON MaTeMAaTHYSCKOM MOJETH MOATBEP KIACHA Pe3yIbTaTaMu
NPOBEICHHBIX 3KCIEPUMEHTOB. CONOCTABICHHUE PE3yJIbTATOB MOJCIMPOBAHHMA M 3KCICPHMEHTOB IIOKA3ajo, UTO
MOTPEITHOCTh MOJACTHPOBAHMA HE MPEBBIIIACT JOMY CTHMBIX 3HAYCHUN MU PENCHHON 3aIUTHL.

Kirouessle c/ioBa: TpaHcopMarop, MaTeMaTHYECKas MOJENb, peciHas 3aIuTa, TOKOBas 3alluTa.
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