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THE MOTION WITH AIR DRAG OF A BODY LAUNCHED
AT AN ANGLE ABOVE THE HORIZONTAL

Abstract. The article offers calculations and visualization of motion of a body launched at an angle above the
horizontal for two cases without air drag and with air drag by using the MATLAB software. It presents the motion
trajectories of the body launched at an angle above the horizontal for two cases without air drag and with air drag at
different values of air drag coefficient. The path of the body launched at a certain angle above the horizontal with no
air drag is a parabola. In case of motion with air drag the path is not parabolic, i.¢. not symmetric relative the vertical
line drawn from the upper point of the trajectory, with less height and range. With the increase of air drag coefficient
the maximum height reached by the body decreases. When the air drag coefficient increases from 0.1 up to 0.5 the
maximum height reached by the body decreases approximately by 1.8 times. Students are offered to study this
phenomenon by changing the air drag coefficient at various initial velocities and to analyze them. Results of this
article are used at the practical classes on classical and theoretical mechanics and at the laboratory classes on the
discipline "Modeling the physical phenomena".

Key words: motion, at an angle above the horizontal, initial height, initial velocity, path, parabola, medium
drag coefficient.

Introduction. Nowadays all educational institutions of Kazakhstan are provided with computer
hardware and software, interactive boards and internet. Almost all teachers have completed language and
computer courses for professional development. Hence the educational institutions have all conditions for
using computer training programs and models for performing computer laboratory works. In recent years
the new computer system of carrying out mathematical calculations MATLAB is being widely used in
many universities and engineering institutions throughout the world [1-7]. Unfortunately, the numerical
calculations carried out by students are often done by means of the calculator. Modern computers are
frequently used only for presentation of the work. Actually students should be able not only to solve these
or other engineering problems, but also do it by using modern methods, that is, using personal computers.

Students of the physics specialties 5B060400 and 5B011000 successfully master the discipline
“Computer modeling of physical phenomena” which is the logical continuation of the disciplines
“Information technologies in teaching physics™ and “Use of electronic textbooks in teaching physics™. The
aim of this discipline is to study and learn the program language of the MATLAB system, acquaintance
with its huge opportunities for modeling and visualization of physical processes.

In our carly works [8-25] we used the MATLAB system for modeling and visualization of physical
processes related with mechanics, molecular physics, and electromagnetism and quantum physics. This
software has enabled us to solve ordinary differential equations (ODE), visualize equipotential lines of
charged conductors’ system, describe the motion of charged particles in electric, magnetic and gravita-
tional fields and etc.
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The present article is devoted to calculation and visualization of motion of the body launched at an
angle above the horizontal for two cases without air drag and with air drag by using the MATLAB
software.

Formulation of the problem 1. Let's consider the movement of the body thrown with initial velocity
of vy at an angle o to the horizon in the assumption that the air drag is proportional to squared velocity. In
a vector form the equation of motion is given as

= —;/u|u| mg,

where 7 is the position vector of the moving body, U is the body’s velocity, 7 is the drag coefficient,
mg is the gravity force, m is the mass of the body and g is the acceleration due to gravity.

The specific feature of this problem is in ending of the body’s motion at an unknown time, when the
body falls on the ground.

If to denote k=y/m, then we have a system of equations for x- and y- components of the motion,
to which it is necessary to add initial conditions: x(0)=0, y(0)=h (h is an initial height),
x(0)=v,cosa, y(0)=v,sina.

Let us have the following denotations:

y(l)=x, y(2)=x, y(3)=y, y(4)=y.

Then the corresponding system of ordinary differential equations (ODE) of the first order for x- and
y-components of the motion is given as

#(1)=3(2)
#(2)= - 2(2) () + ()
¥(3)=r(4)

(#) =k Y @) Q) +(2(0) -2

Methods and results. To obtain the solution of this problem we introduce the function
“bodyangle.m” for calculation of the right side of the system of ODE.

Listing of the function Movifriction.m.

function F=MovifTiction(x,y)

k=0.01;

g=9.81;

F=[y(2); k.*y(2).*sqrt(y(2)."2+y(4).”2);...

y(4): k. Fy(4).*sqrt(y(2)."2+y(4)."2)-g]:

The algorithm of the solution €x14 1.m of our boundary-value problem can be as the following:

>> % motion of the body launched at an angle to the horizon

>> alph=pi/4; % the angle of launch

>>k=0;

>>v0=1; % initial velocity

>>h=0; % initial height

>>tmax=0.2; % time interval

>>Y0=[0; v0.*cos(alph); h; v0.*sin(alph)]; % vector of initial conditions

>>|T,Y |[Fode45(@Movifriction, |0 tmax],Y 0);% approximate solution

>>plot(Y(:,1),Y(:,3), LineWidth',2); % the graph of the curve x(t), y(t)

>>axis equal;

>>grid on

The result is presented in the figure 1.
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Figure 1 — The path of body’s motion without air drag (4=0) at initial conditions
a=pi/4 — launch angle, v0=1 — initial velocity, #=0 — initial height

For determination of motion duration it is necessary to select the value of rmax. Also it is necessary to
determine approximately the maximum height and the range. The ODE solver of MATLAB gives an
opportunity to determine the moments of occurring of the events corresponding to some special solutions
and reactions to them. For this aim a special function-event processor is used. During solution MATLAB
recognizes events and calls the user’s processor.

The format of the function of event processor must be as following:

[value, isterminal, direction] = eventsfun(t, y)

Function has to return three vectors -value, isterminal, direction- of identical length in which the i-th
component corresponds to equalizing to zero of some expression depending on £ and y(k) components of a
vector-function of ODE system solution (arguments 7, y functions - events). Components of these vectors
have the following meanings:

value(i) is the expression made of an argument ¢ and the y(k) components of a vector function y which
in a solver will be checked on equality to zero;

isterminal(i) = 1 if an integration of the ODE system has to be stopped at reaching the condition -
value (i) = 0, or = 0 if it isn't required to stop calculations;

direction(i) = O if it is necessary "to catch" all zeros of the expression - value (i), + 1 when passing
through zero the expression - value (i) increases, and — 1 when passing through zero the expression -
value(i) decreases.

Then the descriptor of this function should be transferred to a solver, having specified it in structure
of parameters - options - of the function- odeset (see above) as the value of the parameter - Events.

options=odeset(‘Events’, eventsfun)

After that a solver should be called with 5 exit parameters

[T.Y,TE.YE. IE] = solver(odefun, tspan, y0, options)

Problem 2. Let's return to the problem 1 in which we we considered the motion of the body thrown at
an angle to the horizon. Let's create the bodyanglek.m function of a right side of the system of equations
having additional parameter k — the medium drag coefficient.

Listing function bodyanglek.m.

function F=bodyanglek(x,v.k)

g=9.381;

F=[y(2); k.*y(2).*sqrt(y(2)."2+y(4)."2):...

v(4): k.Fy(4). *sqrt(y(2)."2+y(4).2)-g];

If the function -processor of an event - Events is used, then it also has to have this additional
argument.
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function [value,isterminal direction] = ex8eventsk(t,y k)

% Determine the time when the height

% 1s equal to 0 during the body’s falling and to end calculations, also

% determine the time of body’s reaching the maximum height (without stopping calculations),

% when the y-component of the velocity is equal to 0

value = [y(3), y(4)]; % determine zeros for y(3) and y(4)

isterminal = [1,0]; % stop calculations at y(3)=0

direction = [-1,0]; % function y(3) decreases, for y(4) it makes no difference

When calling the solver we also should give it an additional argument. Then the algorithm of the
solution ex16_1.m of our boundary- value problem will be as following

% motion of the body launched at an angle to the horizon ex16_1.m

>>alph=pi/4; % the launch angle

>>v0=10; % initial velocity

>>Y0=]0; v0.*cos(alph); 0; v0.*sin(alph)]; % vector of initial conditions

>>ak=[0.1 0.2 0.3 0.5]; % medium drag cocfficients

>>opts = odeset('Events',@ex8eventsk,'Refine', 16); % parameters

>>newplot; hold on;

>>fori=1:4

>>[t,Y te,ye.ie] = oded45(@bodyanglek,[0 Inf], Y 0,0pts,ak(i)); % solution

>>plot(Y(:,1),Y(:,3), 'LineWidth',2); % path graph

>>end

>>grid on; hold off;

The result is presented in the figure 2.
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Figure 2 — A trajectory of motion of a body launched at an angle to the horizon
at various values of the medium drag coefficient

Students are offered to study this phenomenon by changing the initial conditions (the launch angle,
initial velocities and heights) and at various values of the medium drag coefficient and to analyze them.

Conclusion. The article considers calculations and visualization of motion of a body launched at an
angle above the horizontal without air drag and with air drag by using the MATLAB software. It presents
the motion trajectories of the body launched at an angle above the horizontal at different values of air drag
coefficient. The path of the body launched at a certain angle above the horizontal with no air drag is a
parabola. In case of motion with air drag the path is not parabolic, i.e. not symmetric relative the vertical
line drawn from the upper point of the trajectory, with less height and range. With the increase of air drag
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coefficient the maximum height reached by the body decreases. When the air drag coefficient increases
from 0.1 up to 0.5 the maximum height reached by the body decreases approximately by 1.8 times.
Students are offered to study this phenomenon by changing the air drag coefficient at various initial
velocities and to analyze them. Results of this article are used at the practical classes on classical and
theoretical mechanics and at the laboratory classes on the discipline "Modeling the physical phenomena.
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MATLAB )KYHECIH/IE
«KOKKUEKKE BYPBIII ) KACAII IAKTBHIPBLIFAH
JEHEHIH KEAEPTIMEH KO3FAJIBICHIH 3EPTTEY»

Annoranmusa, Keokuekke OYpHIIT KACal JTAKTHIPBUFAH ICHCHIH OPTAHBIH KCACPTiCi MOK JKOHE Keaeprici 60-
FAaH JKarJaWIapbhIHIAFel KO3FAIBICHIH €CENTEY MEH OCHHENEY YCHIHBLIAABL KeKKHEeKKe OYpHININCH JAKTHIPHLEFAH
JICHCHIH OPTAHBIH KCACPTICI JKOK KOHC KCACPriciHiH Ko3(pduuueHTTEpi opTYpii O0JFaH KAFAadIapeIHAAFEI KO3Fa-
JIBICHIHBIH TPACKTOPHSIAPHIH IpaduKTEepl KENTIPIITEH.

OpTaHBIH KCACPTICIH CCCIKS aIMaFaH JKaraaiina AcHe mapadosia O0MBIHIA KO3FaIaIbL, a1 OpTa KSACPTici ecemke
ANbIHFAH JKaFJaiia OHBIH TPACKTOPHACH MapaboIanaH ayBITKHIBI XKOHE CH YKOFAPFBI OMKTIKTETI HYKTEACH XKYPTi-
3UITCH BEPUKAIFA CAJIBICTBIPFAHAA CHMMETPHSLIIBI OO TMAHIBI.

Opranbie kenepri kod(d¢uuenri 0.1 men 0.5-ke AcHiH 6CKEH CaifblH JICHEHIH KoTepiay Oukriri 1.8 ece TemeH-
JeH .

CryaeHTTepre 63 OCTIHIIC KO3FANBICTHIH OACTaNKBI KBUTIAMIBIFRI MCH OACTATIKBI OMIKTIT JKOHC JIAKTHIPY O¥-
PBIIBI MEH Kenepri ko3 uueTiHia op TYpai MOHACPIHIAEC TOKIpHOETIEP MKacay JKOHE HOTIZKEIEPIH TANAay YCHIHbI-
Ta7pL.

ToxxiprOeIep HOTIKSICPI KIIACCHKAIBIK, TCOPHAIBIK MCXAHHUKA JKOHE «DH3UKABIK MPOICCTEPal €CCNTCY MCH
OcliHeney» MOHAEPIH Meirepyie KOJIJaHbLIa bl

TyiiiH co3aep: KO3FaIbIC, KOKKHCKKE OYPHIII KACAT TAKTHIPBIIFAH, OACTATIKBI KBLUTIAM/IBIK, OACTATIKEI OMIKTIK,
JAKTHIPY OYPBIMIBI, TPACKTOPHS, Mapadoia, OPTaHbIH Keaepri ko3(uumeHTi.
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O0xu0-Kaszaxcranckuit rocy 1apcTBEHHBIH yHEBEPCUTET HM. M. Ayasosa, [[Temvkent, Kasaxcran
2H0sxH0-Ka3axcTaHCKHi TOCY JAPCTBEHHBIN MEAATOTHICCKIH yHuBEpcuTeT, [lTsiMrenT, Kazaxcrau

«ACCJIENJOBAHME NBUKEHUA TEJA C TPEHUEM,
BPOIIEHHOTI'O IOJA YIJIOM K 'OPHU30OHTY)>»
B CUCTEME MATLAB

Annoramust. [Ipeqmaraercs mporpaMma pacueTa u BU3YAIH3aUMN JBIKCHHS Tena, OPOIICHHOTO 0T YITIOM K
TOPH30HTY 0€3 YUeTa | C YUSTOM CONIPOTHBICHH Cpeabl. [IpeacTaBIeHbl TPACKTOPHHU IBHKECHHS TENA, OPOIICHHOTO
IO/ YTTI0M K TOPH30HTY 0€3 YUeTa U C YUETOM CONPOTHBIICHHUS CPEABI IIPH PA3IMIHBIX 3HAYCHHI KO3 (PHIHCHTA CO-
NPOTHBICHHA Cpeabl. TpaekTOpHeH ABIKEHHA Tela, OPOIUICHHOIO MOJ YIVIOM K TOPH30HTY 0€3 yueTa CONpPOTHB-
JICHUSI CPEBI SBILIETCS Mapadoiaa U C YIETOM COIPOTHUBICHUS CPEIBI TPACKTOPHS OTJIMYACTCS M HE CHMMETPHYHA
OTHOCHTEJIFHO BEPTHKAJIM IPOBEACHHOH OT BEPXHEH TOUKH KoOpAMHATHL. C yBeIMUeHHEM KO3 uImeHTa cConpoTHs-
JICHUSI CpeIbl OHMKACTCS BBICOTA MOJABEMA TENA; yBeauueHue ko3 dummenra conporusireHus ot 0.1 xo 0.5 moxu-
JKaeT BBICOTY MOAbEMA Teda NpuMepHO B 1.8 pasa. CTyaeHTaM NpeaIaracTcs CaMOCTOATEIBHO MO3KCICPUMEHTHPO-
BaTh, U3MCHIA KOIPPHUIUCHT COMPOTHBICHIUS CPEbI IPH PA3THUHBIX HAYATBHBIX CKOPOCTIX M MX IPOAHAIH3ZUPO-
BaTh. Pe3ynbTaTsl 3KCIEPHUMEHTOB HCMONB3YIOTCA NPH H3YYCHHH W OCBOCHHH KIACCHYECCKOH, TEOPETHUYECCKOM
MEXaHWKH M AUCHHMIUIAHBI «PacdeT u BH3yam3ammst GU3HIeCKUX IPOIIECCCOBY.
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Karouepsie c/oBa: IBIKCHUES, TIOX YIJIOM K TOPH30HTY, HAUAJIBHAS BBICOTA, HAYAIBHAS CKOPOCTH, YTOa Opoc-
Ka, TPacKTOpHA, mapadoia, KO3(PPHIHCHT COMPOTUBJICHHUS CPC/IBL.
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