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CONSTRUCTED TWO-PARAMETER STRUCTURALLY
STABLE MAPS

Abstract. In this paper we consider a linear stationary closed control system, which describes the equation of
state with undefined parameters. This system will help to solve the problem of constructing a linear stationary
observer system in the class of two-parameter structurally stable maps for objects with one input and one output, as
well as the conditions of asymptotic robust stability of steady-state control systems corresponding to the critical
points of Morse from the theory of catastrophes.
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Consider a linear stationary closed control system, describing the following equation of state with
undefined parameters

x(t) = Ax(t)+ Bu(t)+ f(t) y(t) = Cx(0) +V (1), x(t,) =x,, t > 1, . (1)

Here x(#) € R"the state vector of the object, u#(¢) € R”, y(t) € R’ input and output vectors, 4, B,C -
respectively, the matrix of the object of control and observation. The object is subject to disturbances
f(#)and "noise (error) measurements" 19(1). It is believed that when the system is available to measure

the processes u(?), y(t), a x(t), f(?), 19(1) - not available. The problem of obtaining an assessment of
the state of the object is considered X(7). A process X(f) obtained with the help of some algorithm must
in a certain (for example, in an asymptotic) sense approach the process X(f) (x(z) = X(t) on t = 0)
regardless of the initial state of the object x, .

Let the matrix of the control 4 object of dimension 7 xn and the matrix b and ¢ - respectively
control and output have the form.

0 1 0
0 0
0
A= ; b:: ; c:HCIO OH
. :
bn
-a, —-a,, —-4a,, .. —a

For stationary systems the observer is described by the equation
£(0) = AR + Bu (1) + L(y(0) = ().
y(t) = Cx(1), X(t,) = X,, 121, @
Here X(f) € R" - the state vector of the observer, which serves as an assessment of the state of the object;

y(t) e R'- the output vector; L - the feedback operator on the residual between the outputs of the object
and the observer.
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The synthesis of the observer lies in the choice of the operator L. We will consider an observer whose
dimension of the state vector is the same as that of the object (the so-called full-order observer, or Kalman
observer).

To construct an observer consider the estimation errors

e(t) = (x(1) - x(1))
Subtracting from (1) equation (2), we obtain the equation for the error
g(t)=Ae@)- LCe(@)+ f(t)— L¥(1), (3)
e(t) =€, =x,—X,, =1, .

As can be seen from this equation, the sources of error &(f) are the initial mismatch &, = x, — X,
perturbation and interference measurements H#) . The dynamics of the transient error £(7) is determined
by the operator ¢() = A—L(1)C.

It is necessary to investigate the behavior of the process &(f)

The synthesis of the observer lies in the choice of the operator L . Select the operator L in the form:

L =g —kel —k,: (4)
& ()=¢,(1)
g,(1)=¢&;(1)
5 (5)
. 1, 1 2
g,()=——c& _Eclklgl +e(k,—a,)e —a, &, —...—ae, , —a¢,

The stationary state of the system is determined by the solution of the equation
I _ — — —
£5=06,=0,..6_,,=0¢, =0

1 s
—-——C &
4 1“1

(6)

1 )
s — ke ek, —a,)e, —a, &, T T e, T dE = 0

f(gIS’Cl’kl’an’kz):_clgfs +clk1812s +o(k,—a,)e =0 (7N

The critical, twice-degenerate and thrice-degenerate critical points of the assembly (7) are determined
by equating the first, second and third derivatives (7) to zero, respectively. Condition (7) is satisfied at
critical points

—4c,g) +2¢,ke, +c(k,—a,)=0 (8)
and
—12c,e’ +2¢,k, =0 )

The points of the control parameter space that parameterize functions with twice degenerate critical
points are determined from equations (9) and (8)

(k, =6’ =>a, +k, =8¢, (10)
If the position of a twice-degenerate critical point is denoted by, , then formula (10) gives the

values of the control parameters k,and a, +k,, which describes a function with a twice-degenerate

critical point &,
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Equation (10) defines a parametric representation of the relationship between k1 and a, + k>. A more
direct expression for the relation between k1 and a,, + k2 can be obtained by excluding &, from (10):

1 i , 1 3 2
(ﬁjz =g, = (—an_—i_kZJS or k_l 2 e = _a, +k, )3 [ﬁ] :_[M]
6 8 3 " > A3 s
k ’ a,+k, 2_0
3002 )7 (1

Hence, given (11), equation (7) has the solution:

k
, k .
grt=-3 an+72, e, =0, i=2,...n (13)

The full time derivative of the Lyapunov V(&) vector functions taking into account the equations of

state (3) is defined as the scalar product of the gradient of the Lyapunov function on the velocity vector
ie.

Vi) _ ~ (v File) )@

dt 2 (X e T

i=1 j=1

(14)

d 1 1
B 4 2 z
= —z {—chgl +Eclk151 —c(k,—a)e —a, &,—a, g, —...—a,E, | +..a¢, ]
i=1

It follows from equation (14) that the full time derivative of the Lyapunov function will always be a
sign-negative function, i.¢. a sufficient stability condition will always be satisfied for any stationary state.

We investigate the stability of the stationary state (13). Equation of state (4) in deviations relative to
the stationary state (13). To do this, calculate:

OF), oF, oF, |
=£,, =&, | ——| =g,
og, ), o€, ), oe, ).

or oF oF orF,
1 =a,, 1 =a, ,, 1 =d, 5, =2(a, +ck,)+
g, ), "\ Ogs ), og, ), 08, ) 4

+3(a, +cky,)+(a, +ck,)+ (a, +ck,)=06(a, + ck,),

2 k 2
(a Flj — [_ 301812 + 2clk1]£374 = —5013 (Mj

ogl 2¢

°F
0 - = —6¢,&,
og; ),

o°F,
0¢,0¢,0¢,

4
F
0 2= —6ci=12,.,n
oe, ’

a, +ck,

= —60c,3

3
&

=0,i#j#k,i=2

PECII NN
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Equations of state (4) in deviations relative to the stationary state (13) is written:

él(l) = 82(1)
&,(1) = &(1)

+ck
£ () =—ce!(t)+4c;s ,%gz (1) —9¢;3
cl

—a, &3~ AE,

2
{a;—d{j £+ 6(a, + k), (1), ¢,
G

(15)
The full time derivative of the Lyapunov vector functions V. (¢), taking into account the equations

of state (15), will be equal to:
2

2
a +ck
e _ 1o 1o 1. |6 +4clwf (—”2011 Zja2+6(an+cnkz)a+ (16)
; c——E,
2

dt 2 2

+a, .8 —a, &~

A sufficient stability condition will always be satisfied. We find the gradient components of the
Lyapunov vector functions VV,(g) by the components of the velocity vector, i.e. by the equation of state.

Ly
88 oe, oe,
Vs Yoo, Ty
oe, oe, oe, oe,
ov, ov,

=4d, 385,

=d E, . — =
—2¢2>
oe, " Og,

o, a,+ck
p L =c,e) —4c ”2—12813 +9¢,3
81 cl

The potential function has the form:

a,+6k, 4
Ne)= clsl —Gi—— 8 343
2
According to Morse's Lemma, the potential function (17) can be carried out by replacing the variables
to a quadratic form with a Hess matrix of diagonal form.

2
a,+ck
22| gl —6(a, +ck,)e ..., —=—a¢,
2¢, e

27 2 2

2
R 1, 1, 1,1
{—a” ;kz} & =3, +ok)s — &~ 8. ae, ~—dg, (17)
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A 0 0
) 0 4 O
g
=222 =l o .. of,
1,] 881881 &g 2‘3
0 0 0 A,

where
21 = _3(an _clkz)

ﬂ“z = _(an—l + l)
13 = _(an—Z +l)

ﬂ“n = _(al + l)

The conditions of positive definiteness of the Lyapunov function or the stability conditions of the
Hess matrix will be expressed by a system of inequalities:

-3(a, —ck,)>0
—(a,,+1)>0
—(a,,+1)>0 (18)

—(a, +1)>0

Thus, the observing device constructed in the class of two-parameter structurally stable mappings will
be stable within an unlimited range of changes in the undefined parameters of the control object

g,(i=1,2,...,n) The stationary state of the observing device (6) exists and is stable when the undefined

parameters of the object in the region (2) change, and the stationary states (12) and (13) appear when the
state (6) loses stability. These stationary states do not exist simultaneously and among stationary states
(12) and (13) is stable. It should be noted that the stationary state (13) in the region (18) does not exist.

A. Ceiitmyparog, A, Jlayroaesa, K. M. Bepkuméaes, H. Typayryaosa, 3. Teserenosa

Kopxkeir Ata aTsiHmarsr KeI3p1mopaa MeMIeeTTiK yHUBepeHTeTl, Ka3akcran,
Koka Axmer Slcayu aTsiHmarsl XanbIKapamislk Ka3ak-Typik yHusepcureri, Kenray, Kazakcran

KOC DAPAMETPJIIK K¥YPBLIBIM/IbI-TYPAKTBI KECKIHAEPAI TYPFBI3Y

AnHOTanmmsl. bepinreH >KyMbpICTa aHBIKTAIMAaFaH MapaMerpriepi O0ap KyW TEHACYIH CHIIATTAHTHIH CBHI3BIKTHIK
CTALMOHAPIIBI TYHBIKTAFAH 0aCKAPYy KYHeCl KapacTeIpbutaabl. by sxkytie Oip Kipy skoHE Oip IIBIFY KOJBI 0ap 00BCK-
TiZIEp YIIIH €Ki MapaMeTpIiK KyphUIBIMABIK-TYPAKTHI OCiHENEYIep KIAaChIHAA OAKbLIAY IIBIHEIH, JKEIITIK CTAIOHAP-
JBIK JKYHECIH KYPY KE3iHAC TANCHIPMAHBI MICTTYTC KOMCKTCCCII, COHMAN-AK amaTTap TCOPHACHIHAH MOPCTIH CHIHH
HYKTENepiHe colikec KeleTiH backapy skyHWenepiHiH KanbINTAaCKAH KaH-KYHIHIH aCHMITOTHKAJBIK POOACTHKAIBIK
TYPAKTBUIBIFBIHBIH [MAPTTAPHI AJIBIH/IBL.

Tyiiin ce3aep: cTaMOHAPIBIK, TYHBIK KYHE, CBIHH HYKTE, OOBEKT MATPUIIACHL, TYPAKTBUIBIK.

A, CeiitmypatoB, A. Jlayroaeea, K. M. Bepknmbaen, H. Typayryaosa, 3. TyJerenora
Ko3pumopanHCKHit roCyAapcTBEHHBIN yHUBEpCUTET nMeHH KopkeiT Ata, Kazaxcras,

Meskay HapoIHBIN Ka3aXCKO-TYPEUKUH yHHBEpCUTET M. Xomka Axmena Scasu, Kenray, Kazaxcran
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HOCTPOEHUE IBYXITAPAMETPHYECKHX
CTPYKTYPHO-YCTOUYUBBIX OTOBPA’KEHUHN

Annoramusa. PaccmarpuBaeTcs THHCHHAA CTAUMOHAPHAS 3aMKHYTAad CHCTEMA YIPABICHHA, KOTOpas
OIMMCHIBACT YPABHCHAC COCTOSHHA C HCOMPESACICHHBIMA MAPAMETPAMH. JTa CHCTEMA MOMOMKET PEINATh 337a4y MpH
MOCTPOCHHH JTHHCHHON CTALIMHOHAPHOH CHCTEMBI HAOIFOIATENA B KIIACCE ABY XITAPAMETPHICCKUX CTPYKTYPHO-YCTOM-
YUBBIX OTO6pa>KeHI/II\/’I AT 00BEKTOB C OAHUM BXOAOM M OJHHM BBIXOAOM, a TAKXKC HMOJIYYATH YCJIOBHA ACHMIITOTH-
YCCKOW POOACTHOM YCTOHYMBOCTH YCTAHOBHBINHUXCSA COCTOSHHH CHCTCM VIPABICHHUA, COOTBCTCTBYIOIIHC KPHTH-
YCCKUM TOYKaM Mopca u3 Teopuu KatacTpod.

Kirodepnie ¢/10BA: CTAHOHAPHAA, 3AMKHYTAs CHCTEMA, KPHTHUYCCKAA TOYKA, MATPHLA OOBEKTA, YCTOHYH-
BOCTb.
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