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MATHEMATICAL THEORY OF VIBRATION OF ELASTIC
OR VISCOELASTIC PLATES, UNDER NON-STATIONARY
EXTERNAL INFLUENCES

Abstract. In this work, attempt was made to present the mathematical theory of oscillations of an elastic or
viscoelastic plate to study its dynamic behavior under nonstationary external influences. On the basis of this
approach, exact equations of longitudinal and transverse oscillations of viscoelastic plates are derived with and
without allowance for initial displacements and stresses, approximate equations for the physical nonlinearity of the
material. For all problems, expressions are obtained for all displacements and stresses along the thickness of the plate
and basic boundary-value formulated problems that lead to longitudinal or transverse vibrations of the plate. On the
basis of exact equations some approximate equations that follow with some degree of accuracy are analyzed and
approximate boundary value problems formulated for them.
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Investigation of wave processes in restricted deformable bodies are reduced to complicated
mathematical problem, which is generally at the present stage can not be solved either analytical or
numerical methods.

Even for deformable media which is described by the simplest models, such as elastic and
viscoelastic media, many nonstationary problems have not been investigated and there are no methods to
solve these problems in accurate formulation. Therefore, many applied problems in various fields of
technology are solved on simplified models that reduce the spatial problems of dynamics to two-
dimensional or one-dimensional ones. Such simplified models are plates, rods and shells.

All naturally occurring environments on the nature of the dynamic behavior can be divided into
perfectly elastic and differential elastic.

. The first group includes environments of mechanical characteristics that are close to each other.
When studying dynamics and wave processes, such media can be considered as homogencous medium
with averaged mechanical characteristics.

Hust  muddepeHIHaIbHO-YIIPYTHX ~ CPEA  MEXaHHYCCKHE  XAPAKTCPHUCTHKH,  COCTABIISIOLIHC
JBYXKOMIIOHCHTHYIO CPEAY, 3HAUHTEIBHO PA3IMIAOTCs APYT OT APYTa.

For differential-elastic media, the mechanical characteristics which constituting the two-component
medium differ significantly from each other.

We shall consider two-component media consisting of two elastic components or from an elastic
porous skeleton and liquid filler.

We introduce the concept of the porosity of the medium.

The porosity of the medium will be denoted by a quantity determined by the formula:

Ky =V, 1V, 8
where - the volume of the second component relative to the first medium in a volume eclement as a
whole, Vs - the total volume of the elementary sample.
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We’ll assume, that Ky = const.

The first type of two-component medium consisting of two elastic components is characterized by
different conditions of adhesion between them and in the general case of the stress-strain relationship, we

write in the form:
0 0 0.0 0 0.0 0.0 .0 .0 .0

0 _ 50

l] ]j (gx 2 y 2 zZ 2 X 2 y > z 2 x)} > )}Z 2 XZ > xy 2 yZ -] X ) (2)

o® = O (0 0..0) 0 0.0 0 0.0 .0 0)

xza Xy > y27

where the index " 1 " refers to the first component, the index " 2 " - to the second.

The second type of two-component medium requires some explanation.

The term "pore" refers to a medium with openly communicating pores.

The connection between the constituent components of the medium will be considered imperfect, i.e.
The liquid component can not flow out of the medium.

Let the continuous deformable medium consist of two elastic continua with different mechanical

characteristics whose densities will be denoted by £ (j = 1,2), the displacement vectors of the points.

Depending on the deformation stresses are [1]

crgg! =—a, + /1 e()+2,u15() + A3 e® + 245 2.

oo >
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for the first component,

03) =o, + /126(2) T 2u25(2) +ﬂ4e(l) + 2ﬂ48(1) :
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For the second component,
in this case take place depending

Ha = H3;
=44

(&)

here @y, A, f1, elastic constants,
o _1fauy avfh)
@2 B oa (©6)
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o L0)
Where U 6(/ ) U [(;J ) the components of displacement [/ vectors. Elastic mechanical
characteristics depend on both the porosity and the adhesion conditions between the grains that make up
the medium and are determined experimentally.
As can be seen from the dependences (3) and (4), the law of shear stresses does not hold, due to the
mutual influence of the environmental component and other factors.
The equations of motion in stresses are:

) L, T Ul
o T e TR
aaffﬂ) a2y u® -
— o= o ,
Y P12 o2 P2 o2
where
v o] 2@ 207 fouD) Ul ”
“p A oo 2 ou ot ot

V - diffusion coefficient, and take the values (x, y, z) in a Cartesian coordinate system, or other coor-
dinates (cylindrical, spherical, etc).
The quantities have the dimensionality of the density and are equal to:

P1=Put P

Py = Py T P

P=pitpy, ©
wherein

PuPxn ~ p122 )0;

P 0.

pr2 - plays the role of an attached mass.
If we add the left and right sides of equations (7) and introduce the notation:

ol +05) =00 (10
then, we can take
oo, oY W
Y =P a2 T 02 >
1 ot
i.c. the total stress depends on the acceleration of the particles that make up the two-component medium.

U(l) = U&Z)

In the case of continuous one-component medium ~ &
do o°U
0 _y”
Us' =Uz" =Uy)

Similarly, under conditions (12), the Hooke's law for isotropic homogencous elastic medium is
obtained from relations (3) and (4).

a1

, from (11) we obtain the known equations:

N
The equations of motion (7) are simplified by introducing potentials and longitudinal @, and ¥,
transverse waves.
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NG) N
U =grad®; +rot'¥, (13)
%, -, (B )

the solenoidal condition must be satisfied

div‘;j =0 (j=12) 14

In potentials ® , s ¥ the equations of motion (7) are reduced to the form:
AAD |+ BAD |, = p, ('5;%+ P a;f)zz + v(%— %}, (15)
A,AD , + B,AD | = p, a;%+ fo s 8;;1322 - v(%— a:;%j, (16)
(,u1 fls)A‘%ﬁ(u] +/’LS)A‘Y’2 =p, 6;5’1 + P 6;{?: -V 6;’1 — 6;’2 ; (17)
(;t1 —AS)A ‘f’2+(,ul +/15)A ‘?’1 =P 8;;?1 + Py 6;5’2 +v 65;1 — 85:2 ; (18)

where A - three-dimensional Laplace operator,

pa |
A, _{/11- +2u; +(=1) %}

B;= |:/1j+l + 24 + (1Y ,01_;!2} (19
and constants A j» M j must satisfy the inequalities [3]:
A A, # (812;822)

(Al + )(Az + ﬂz)_ (BI,Z + ﬂ3)2 =0

ity # 15

(A + i XA + 1) # (A + 3 g + p1y)
In the absence of diffusion, i.e. for v = 0, in the equations (15), (16) and (17), (18) we set
O=¢; O,=7yp;
¥,=y,: ¥,=6y (20)
Substituting (20) into equations (15.) - (18.), to determine and obtain algebraic equations;

(Blp22 —A2p12)72 + [(Bl _Bz)plz + (A1p22 _Azpn)]}/_(_Alplz +sz11): 0; (21)

[('u3 +/15)1022 _('uz —15),012]52 +[(ﬂ1 +ﬂ,5)p22 _(/Jz _ﬂs)pub_
—[(,1,13 +l5)/011 _(,Ul _/7«5)/712]: 0

As it can be seen from equations (21) and (22), they have two real roots, which we denote by
(]/1,]/2)and(51,52 ).

22)
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Hence, by the principle of superposition can be put;
D) =9, +¢,;
O, =410 + 1025
- - >

(23)
Y=y +y,;
- - -
W1 =06y +6,05;
And for ¢ u /] we obtain separate wave equations:
2
1 g, (; 24)
=—— (=12) (24.
! a? or
1 8%y
Ap=—==L2  (j=12) 25
b ot (
while generalized velocities a;, b; longitudinal and transverse waves are equal:
Topntyipn PtV iPn
(26)
B2 = (“1 'ﬂs)+(#3 +/15)5j _ (ﬂz —/15)51' +(,U3 +ﬂs),
i Pu TPz P2 T ViPxn ’
(i=12)

In the presence of diffusion, the system of equations (15) - (18) does not reduce to separate equations
of the type (24) - (25).

Let us consider a porous elastic medium with liquid filler with an imperfect bond between the elastic
skeleton and the reservoir.

Dependencies between strains and stresses are more conveniently written in the form

Oop =2ME 5 + 8,5 (Ze +Qsgy): 27
o =0¢+Rey;, o=-RK,
where € af" deformation of the skeleton.

E=Ey =8y, =&,
&g — volumetric deformation of liquid filler; A, 4,0, R — mechanical characteristics of a two-
component medium; P — pressure in the liquid component.
There are types of the equations of motion in stresses:
00 .5 8*u Y 2’u®
o8 = Pu- % >
oo Ul o*u?
5_ P12 2 + P P
wherein & and f run through values in the Cartesian coordinate system and dependencies (x, ¥, z) and
dependencies must be fulfilled (18).
Equations of motion (28) are simplified by introducing potentials ® s ¥ f by formulas (13), wherein

(28)

v ; must satisfy condition (14).

In the potentials of equation q>j , \?j motion (28) are reduced to the form:
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P o)
A+ 2U)AD, + OB, = p;; ——+ 2.
( ﬂ) | +00; 211 o2 /:12 22 29)
o0°®, 0D,
OA®, + RAD, = py, o7 TPz P
2, |,
LAY _(pu'gzz —pIZZ)a ¥ T 62‘1'2'
e p22 5[2 b 612 ’
62@2 _ P2 o \Pl
612 P2 al
thinking
O =g, O, =y (30)

and substituting (30) in the first two equations (29), we obtain y the following equation for the deter-
mination:

2. (2+2u)ppn —Rou , PuQ~(A+2u)py

=0 (31)
PnQ—ppR Pn0-ppR
which has two real roots ¥} u 5. Consequently,
D) =0+ 925 D, =701 +720, (32)
and potentials ¢,,, satisfy the wave cquations:
&p;
Ap; = L7 (Z’ (=12 (33)
a; o
where the generalized velocities a; are:
A+2 "
b2 2 G207, (34)
Put Pu2Y;
The last two of equations (29) can conveniently be reduced to the form:
-
B -LIh g, - Py (35)
b or P2
wherein
b2 = HPr . (36)

PR
P11Pn ~ P12
In the generalized potentials, the values of displacements will be written as:

v vl

U(l):—((ﬂ1+¢2)+

4
or®  opl)
U;(cz):_(71(01+72(02)+ . _—6; 5

P, (U] (
U)(Il) :5(‘/’1 + ¢’2)+ 6’;
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or ovf

0
Uﬁl) :5(}’1(91 + 7’1(1’2)4r

0 oz 0 ox
d avy  ow!
U =L(p +p,)+ =2 -1,
2z ((/’1 (”2) o Y
8 ovl) ¢l
U gl) _ + g2 771 37
5 e+ e )+ —= .
For a two-component elastic medium with v =0
P =59 + 5,9 (38)
and for two-component porous mediuma
p@) - P12 g ) (39)

l P22 l
The deformation and stress of two-component media are determined through the displacement (37)
according to the known formulas and generalized Hooke's laws (3), (4) and (27).
Plane generalized stress state is used in the study of wave processes in bounded media such as plates.
It is approximately formulated under the condition that the unknown quantities are independent of the
transverse coordinates z , i.c. when

Ulz:U2zz0 (40)
In this case from (27)
0
£, =— £y HE, )J+———¢ (4D
|:/1+2,u( ot ) A+2u°
and relations (17) have type:
o-xx4'u(l+’u)sm+ 2ul gt 240 £0;
(A+24) (A+2u (A+24)
20l dp(A+p 200 42)
G Esx + By + £05
(A+2p) (2 +2p) (A +2p)

Oxy = HEyy;
o =0¢ + Rey;

wherein:

st ey 5=l el

g =, 00 20, @3)
& Py

£0_U2 0 _ U
o 7oy

>

We write the equations of motion in the form:
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00, , 09y _, 0*U, » 3%U, .
aix ai_y 11 652’;] 12 6521(2] ;
@:y + a;y =P 8121 %> 5122 5 (44)
oo *U, U
a:plz 2 + P 22
a—0-:,012 il T P2 o ;
oy or’ o

Equations (44) can be reduced to a system of wave equations, assuming;:

Ulza_qol_F%; 2:%+ai
ox Oy o&x oy
(45)
VIZ%_%; szaﬂ__a‘%;
oy Ox oy ox

The model of the simultanecous generalized stress state is used in the study of one-dimensional waves
in bounded media such as rods of rectangular cross-section.
The theory of transversally isotropic prestressed porous two-component medium is formulated for an

infinite layer of finite thickness that is in space (X, Y, Z) , and the medium is bounded on the coordinate.

On the basis of the mathematical theory of oscillations of elastic or viscoelastic plate under
nonstationary external actions, exact equations of longitudinal and transverse vibrations of viscoelastic
plates are derived with and without allowance for initial displacements and stresses, approximate
equations for the physical nonlinearity of the material. For such problems, expressions are obtained for all
displacements and stresses along the thickness of the plate and basic boundary problems are formulated,
leading to longitudinal or transverse vibrations of the plate. On the basis of exact equations some
approximate equations that follow from them with some degree of accuracy are analyzed and approximate
boundary value problems are formulated for them.
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A. K. Ceiirmyparos’, M. . Pamazanos?, H. K. Meaey6aes?, Bb. K. Kammen'

]KOpKBIT Ara aremars! KpI3puiopaa MemiekeTTik yausepcureri, Keibuiopaa, Kazakcras,
°E. BOKETOB ATHIHIAFEI Kaparanas! MeMyekeTTik yHuBepcureti, Kaparans, Kasakcran

CTAIIUOHAPJBIK EMEC IIIKI 9CEP KE3IHAETT KATThI HEMECE
CO3BIJIMAJIBI-KATTHI INTACTHHKAJIAPJBIH MATEMATHKAJIBIK TEPBEJIIC TEOPHUACHI

AnHOTAnust. By jKyMBICTa aBTOP CTALMOHAPIIBL €MEC CHIPTKBI 9CEpiIep KE31HAE HINTIMI XKOHE TYTKbIP Hirimt
IUTACTHHATIAPABIH JAUHAMHKAIBIK KO3FAIBICHIH AHBIKTAY MIPUTACPIH MAaTEMATHKAIBIK TCOPHUS TYPFLICBIHAH TYCiH-
Jipyre TammbiHFaH. OChl KO3KApacKa HETi3AeIreH (DH3UKaIbIK OCHCHI3BIKTHIK MaTepUANAap TCHACYICPIHE JKaKbIHIA-
TBUIFaH, OACTaIKbI aybICTHIPY MEH KEPHEYJIEPAL ECKEPIeH JKOHE €CKEPYCi3 TYTKBIP HUITIII IIACTHHAIAPABIH OOHIIBIK
JKOHE KOJJCHEH IIPiTACPiHIH HAKTHI TCHACYJCPl MIbFApPbUFaH. [1nacTHHAIAPABIH KAIBIHIBIFE! OOMBIHINA OGapiIbIK
KEPHEY MEH ayBICTHIPYJAp YIIIH €CENTep KAapacThIPbLUIFAH >KOHE J¢ IUIACTHHAIAPABIH OOMIBIK SKOHE KOIJICHEH
JipinaepiHe anbll KEICTiH HETi3ri IIEKTIK ecenTep KypacThIpburaH. HakTel TEHAEYJIEp HETI3HAE COM HEMeECe
0JIApAAH KeHiHTI JOIIiK Jopeskeci 6ap keHOip sKybIKTay TEHACYIEPi TAIAHFAH YKOHE 0J1ap YIIiH IEKAPAIBIK ECENTep
KYPacCThIPBLUIFaH.

Tyiin ce3nep: yNpyrui, BA3KOYNPYTHH, HECTAMOHAPHBIN, KOJCOAHNS, HENUHCHHBIH, Ae()OpMUPYEMBIH, IPo-
JOJBHBIN, TONEPEYHBIH.

A. K. Ceiirmyparor', M. I Pamasanos’, H. K. Meaey6aes®, B. K. Kasmen'

'KbI3p110pIMHECKHIT TOCY 1ApCTBEHHBIH yHHBEpCHTET HM. KopkeiT Ata, Kerseimopaa, Kasaxcran,
2KaparaH,Jchm/Ip“I roCy JapCTBCHHBIN yHHBEpCUTET MM. bykerosa, Kaparanna, Kazaxcran

MATEMATHYECKAS TEOPHAA KOJEBAHUMA YIIPYTHX WA BASKOYIIPYI'HX IVIACTHH
IIPU HECTATMOHAPHBIX BHEIITHUX BO3JAEUCTBUAX

AnHotauust. B HacTosmel paboTe MPEeANpPUHATA MONBITKA U3JI0KEHHA MATEMaTHYECKOW TEOpHH KojaeOaHMt
VOPYrOoH WIM BA3KOYNPYTOM IUIACTHHKM [UIA H3YYCHHA AMHAMHYECKOTO MX TNOBEJACHUA IPH HECTALHOHAPHBIX
BHCIIHHUX BO3ACHCTBIAX. Ha OCHOBE Takoro moaxoaa BBIBEACHBI TOYHBIC YPABHCHHUA IMPOJOIBHBIX M MONEPEYHBIX
KoJIcOaHUH BA3KOYIPYIUX IUIACTUH C YUETOM H 0€3 yueTa HAYaIbHBIX CMCIICHUH U HANPSDKCHHH, MPUOIIKCHHBIC
VpaBHCHHS (PH3HUCCKOH HETMHEHHOCTH Matepuana. I BCeX 3a7ay MOJYUCHBI BHIPAKCHHS I BCEX CMCIICHUH U
HANPSDKCHUH IO TOJINMHE IJIACTUHKY U COPMYIHMPOBAHBI OCHOBHBIC KPACBBIC 33JauM, MPHUBO/IIIME K IMPOJIONb-
HOMY HJIM IIOTIEPEYHOMY KOJCOAHHAM IIacTUHKU. Ha OCHOBE TOYHBIX YPAaBHEHHHU ITPOAHATH3HPOBAHBI HEKOTOPHIC
BBITCKAIOINHE M3 HUX NMPUOTIKCHHBIC YPABHEHUS C TOH HJIM HHOM CTEHICHBIO TOYHOCTH B C(OPMYIMPOBAHBI I HUX
NPUOIIPKEHHbIC KPACBbIC 3a1a4H.

KinoueBsle ¢/10Ba: yOpyruif, BI3KOYIPYT Ui, HECTAMOHAPHBIH, KOTeOaHUs, HETUHEHHBIH, 1e(hOPMHUPYEMBIIA,
MPOJOJIBHBIN, IOTIEPEYHBIH.
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