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THE COMPLETENESS
OF THE NONCOMMUTATIVE #;a.¢,) SPACE

Abstract. Considering the commutative case, we know that a maximal function f = sup,|f,| belongs to
L, () if and only if there is a factorization f,=cz =z c foralln € N, where c € L,(#) and sup,||z,le <

0. The theory of vector-valued noncommutative ,-spaces are introduced first time by Pisier in 1998. Pisier

considered the case M is hyperfinite. This theory solved maximal function’s problem in noncommutative case.
Later in 2002 Junge and Xu introduced general case. By using these noncommutative vector valued L » -Spaces
Junge solved noncommutative version of Doob’s maximal inequality problem in general case.

The noncommutative vector-valued Hardy spaces were introdused in [2]. In this paper, we consider maximal
function’s problems on noncommutative Hardy spaces. For this reason we introduce a noncommutative vector-
valued symmetric Hardy space.

Our aim is discover their properties. It is presented another useful proof of completeness of this space. We also
obtain factorization theorem like Saito’s theorem. The work is mostly theoretical. The results can be used to further
develop of noncommuative martingale theory, noncommutative ergodic theory, and operator valued Hardy spaces
theory.

Key words: von Neumann algebra, 7 -measurable operator, subdiagonal algebra, noncommutative symmetric
space, noncommutative Hardy space.

1 Preliminaries and Introduction
Let S(0,1) be the space of all measurable real-valued functions on (0,1) equipped with Lebesgue

measure M (functions which coincide almost everywhere are considered identical).
For x € §(0,1) we denote by (x) the decreasing rearrangement of the function | x|. That is,

put,x)y=mf{s>0: m({|x|>s})<¢}, t>0.

Definition 1 We say that (E, ||-||z) is a symmetric Banach function space if the following holds.

(a) £ isasubsetof S(0,1).

(b) (E, |I"llg) is a Banach space.

(©)If xe £ andif ye S(0,1) are such that | y|<| x|, then y € £ and ||y||z < ||x]l5.

(dIf xe E andif y € S(0,1) are such that x(y)= u(x), then y€ £ and ||yl = ||Ix|lg.

Furthermore we recall that the norm in £ is said to be order continuous if, for every sequence
{x } ., C L such that x, L0 in S(0,1), we have that ||x,||z = 0. Order continuity of the norm is
equivalent to separability of the space £ (see [10]).
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Special examples of such Banach function spaces are the spaces L,(0,1), 1< p < oo, equipped with

their usual norm ||| ,.
We recall that every symmetric Banach function space satisfies

L (0,1)cEcL(0,1)

with continuous embeddings.
We say that y is submajorized by X in the sense of Hardy-Littlewood (written y < x) if

t t
L U(s, y)ds < Ly(s, x)ds, t>0.
Now let £ be a Banach lattice. Let O <7 <oo. Then E is said to be r -convex and r -concave, if
there exists a constant ' > 0 such that for all finite sequence (x,) in £

n 1/1" n 1/1"
(Emr) <c (Euxknz) ,
E k=1

k=1

n 1/1" n 1/1"
(Enxknz) <c (Emr) :
k=1 k=1 B

and as usual the best constant C >0 is denoted by M () and M (» (), respectively. We recall that

and

for 7, <7, we have

MYE)<M™(E)
and

Mr2 (F) SMrl (E).

For all needed information on convexity and concavity we once again refer to [10]. If
M™ D (E) =1 then the r'th power
E ={xeL,(Q)]|x|"eE}

endowed with the norm

1
lxllgr = |[1x1"r

T
E
is again a Banach function space which is 1/ min(1, ) -convex.

Let H be a Hilbert space. The closed densely defined linear operator X in H with domain D(x) is
said to be affiliated with M if and only if #x#=Xx for all unitary operators # which belong to the

commutant M of M . An operator X affiliated with M is said to be 7 —measurable, if for every
& >0 there exists a projection ¢ in M such that e(H) € D(x) and 7(1—e)<e. The set of all 7-

measurable operators will be denoted by L,(M ). The set L, (M ) is a * -algebra with sum and product
being the respective closure of the algebraic sum product [12]. For each x on H affiliated with M | all
spectral projection e, (| x|) = X5y X]) corresponding to the interval (s;o0) belong to M , and
xeL,(M) if and only if . (| x[)<oo for some s€R. Recall the decreasing rearrangement (or
generalized singular numbers) of an operator x € L,(M ) is defined as follows
u(t,x)=inf{s>0:4 (x)<t},1>0
— 7] ——
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where
A(x)=7(e (| ¥]),s >0
The function s> A (x) is called the distribution function of x. For more details on generalized

singular value function of measurable operators we refer to [7]. Recall the construction of a Banach
symmetric operator space L.(M ,7) (for convenience L,(M )).Let £ be a Banach symmetric function

space. Set
L. M,7)={xe L, M,7): u(x)e L}.
We equip L, (M ,7) with a natural norm
., o =M@, xe EM.2).
It was further established in [15] that £(M ,7) is Banach.

Since for each operator x € L,(M )

p(x )= plx),
we conclude for every symmetric Banach function space £ on the interval (0,1) which satisfies
M™E(E)=1 that
L, (M)={xeL,M)|x["eL, (M)}

and

r r

g =[x

||| X |1/r

E

el o, = heetleD
E

Lpy(M)

See [3, 5].

Let M be a finite von Neumann algebra on the Hilbert space H equipped with a normal faithful
tracial state 7. Let D be a von Neumann subalgebra of M | and let @:M — D be the unique normal
faithful conditional expectation such that 70 ® = 7. A finite subdiagonal algebra of M with respect to
® isa w' -closed subalgebra A of M satisfying the following conditions:

(i) A+J(A) is w'-densein M ;

(i1) @ is multiplicative on A ,ie., ®(ab) = D(a)D(b) forall a,be A ;

(i) A nJ(A)=D, where J(A) is the family of all adjoint elements of the clement of A | ic.,
J(A)={a" acA}.

The algebra D is called the diagonal of A . It is proved by Exel [6] that a finite subdiagonal algebra
A is automatically maximal in the sense that if B is another subdiagonal algebra with respect to @
containing A , then B =A .

For brevity, we introduce the following definition which was defined in [1].

Definition 2 Let E be a symmetric Banach space on (0,1) and A be a finite subdiagonal

subalgebra of M . Then H,(A)=[A] called symmetric Hardy space associated with A, where

LpM)
[-]LE oy means closure in the norm of L,(M'). We denote [A, ]LE(M y by H)(A).

The theory of vector-valued non-commutative 1, -spaces were introduced by Pisier in [11] for the
case, when M is hyperfinite and Junge introduced these spaces for general setting in [8] (see also [4, 9]).
The theory for the space L.(M ;¢ ) was developed by Defant in [3] and Dirksen in [5] and in full

analogy with the special case L, =L, considered in [4, 8, 9]. In fact, most of the basic results follow

verbatim as soon as were replaced L, by Ly, L, by L ., where Up+1/p'=1, and L,, by L, in

X 2

the proofs of those results.

—— 8 ——



ISSN 1991-346X Cepusa gusuxo-mamemamuyecxkas. Ne 2. 2018

Let us denote by L. (M ;/ ) the space of all families x = (x,), ., in L,(M ,7) for which there are

in M such that there is a

nzl

nzl

operators a,b L, (M) and a uniformly bounded sequence (y,)

factorization x, = ay,b forall ne N. We set
., o, = infllal, | supl
B n

where the infimum is taken over all such possible factorizations. Moreover, we denote by L, (M ; £°”)

Y

Lo

(here "col" should remind on the word "column") the space of all x =(x,),.,; in L, (M ) for which there

are b e L,(M ) and a bounded sequence (y,),., in M such that x, = y, b forall n. We then put
Yl Vel o,

Similarly, the row version consisting of all families x =(x,),., admitting a factorization x, =ay,
with ae L,(M ) and (y,),., bounded in M is denoted by L.(M ;¢77") and we define

||x||LE(M ;zg’w) = il’lf{”a”LE(M) sup yn w}~

In both cases the infimum is again taken over all possible factorizations.
Now we define the analogue of this space by a similar way.

Definition 3 We define H (Al ) as the space of all sequences x=(x,),., in H (A) which

admit a factorization of the following form: there are a,b eHEl/2 (A), and a bounded sequence

a inf{sup|

[
LE(M o

y=,) A such that
x, =ay,b,Vn=1. (1)
Given x € H,(A,( ) define
iy, =inftll, sl LI, @
where the infimum runs over all factorizations of (x,) as above. Morecover, let us define

H,_(A;¢") as the space of all (x,),., in H,(A) for which there are b€ H,(A) and bounded
sequence (y,),., in M such that x, = y b and

> Bl 3)

Similarly, we define the row version H,(A;¢”") all sequences which allow a uniform factorization

Y

i) inf{sgp Y,
x, =ay,, again with a € H,(A) and (y,),., uniformly bounded in M.
This space with A (A7) was introduced in the paper [13, 14, 2] with some basic properties.

Section 1 contains some preliminary definitions. In section 2, we prove that H,(A,¢ ) is Banach
space.

2 Main results

Theorem 11et E be an r -convex symmetric Banach space on (0,1) for some 0 <r <oo. Assume

E does not contain c,. Then H_(A,( ) is Banach space.

Proof. Let wus first check that satisfies  triangle  inequality. Let

"'llHE(A,zw)
(K", (h?)e H, (A, ¢, , choose a factorization of A" with j =12
h(j) — a(j)x(j)b(j) Vn
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such that

o, =Bl el
HEI/Z(A) HEI/Z(A) Hp(ALL)

and
sup”xff)”w <l+eg, j=1,2. (4)

Indeed, for any & > 0 choose a factorization h’ = ¢’ yd’ VYn>1 with j=1,2 such that

(@) (€)] . —
VeH,,(A), dVeH ,,(A)sup|ys| =a
n
and
_ 1 O 1
h ’H " )(1+8) > a2c? sup ||~ ad? . (3)
Lo o
£ H 12 B ! ® H 12 @®)
Then by choosing
o’ ”(h(]))"l/2 ey 0[2 ||(h(1))|| d9
ah = : Hp (At ) B = : Hp (A L)
aEC(J') aid(j)
H 2 &) H 12 &)
and
1 1
azc(J) a2d(]) yr(z])
L) = H o2 &) H o123
" ()|
Hy(AL,)
we obtain

a(j)x(j)b(j) — c(j)y(j)d(j) — h,(zj),j =12

(J)

1/2
nl,

HpaL,)’
|1/2

Hp (Al

H (”H
£2 (A)

”b(j) H = ||

n

H o123
B

Let aV’ =(a’) |4 and bV’ =v b | be the polar decompositions of (a“’)" and b,
respectively. Then u#“’x/v) e M | so we can substitute x'” by uxv" and therefore we are

allowed to assume that the a“” and bY are positive for j=1,2. Define operators:
1 1
a=(@®) " +[(@?) [ +&)* and b:=(|6V [ +]67 [ +&)?;
clearly,

1

2 «||2 o

o, <@ Har [, ey
E2(A) E2(A) E2(A)

(e, e, o

H o (AL )

Hp(ALL)
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1
a similar inequality holds for & with norm ||||g By Remark 2.3 in [4] there exist contractions

0,09 eM such that | (a)" |=a(@)" |67 |- 6b and
(a)(l))*a)(l) +(a)(2))*a)(2) — r(a2) (6)(1))*6)(1) + ((9(2))*(9(2) = r(bZ).

And, since @ ',b' €M and (¢ ') =a,be L, (M), by Proposition 4.3. (i) in [1] there exist the

unitary operators v, v® eM and w w® € A such that a' =vPw® and 5 =wP@
w1, w) e H ,,(A). Obviously,
hr(ll) +h}52) — (W(l))*l[(v(l))*l(a)(l))*u(l)xgll)v(l)g(l)
+ (a)(z) )* u(z)xﬁz)v(z)g(z) (V(Z))*l ](W(z) )*1.
Define the sequence
y(.) = (V(l))*l (a)(l))*u(l)x((.l))v(l)g(l) a3 (a)(z))*u(z)x((.z))v(z)g(z) (V(Z))*l.
Since  y, =W [AV +hP]wP) e H (A) by Proposition 43, (i) in
y,€H (A)nM = A. Consider for each fixed 7 the following mapping:
UMM)>M,M)

defined by
(1) \* 2)\* ()] 0 (€))] 0 g(l) 0
U(x) = (@) (@) |(u x|V ’
0 0 0 u® 0 v HNe® o

1)
Yy, 0
X—{ : y(z)jeMz(M ).

where

n

We need to show that || Y, || <I.
Indeed,

i, ON 1OV, D DD A @V, 2 @D 9@ 11,1
—||(V ) (@)Y uxvV07 + (07 ) u"x, v (v7) ||

= H(a)(1))*u(1)xff)v(”9(” I (a)<2>)*u<2>x}<72>v<2>(9<2>H _ ||U( X)||

(w(l))* (w(Z))* u(l) 0 v(l) 0 9(1) 0
0 0 0 u? o v lIe® o

1 1 1 1
* * o * * . 25015 25015
< Ha)l o, +a)2a)2”2 H@ 6, +9292H2 Sur(a )||2 ||r(b )||2 <1.
So,

(CARD M PN T

Y

< X1

v ||

H 0 (A)
g2

1 1
(UGS NPT CRbh MRS R LAl FIRPREL il MRS
O PRl Ce i FRPREEOR il NS s MR

1

2 —

||d (2)" +&)?
H 12 &)

1
+ 3)5 (||01(1)||2 +
H 172 (A)
E

+ || +e.

H (A LL)

2 2
S PPN o
H H

+
g2 @) iz 42

14

Hp(AL)

., where

[1]

Then letting £ — 0, we obtain the desired triangle inequality. To show the completeness, we take a

Cauchy sequence (b)) e H (A, /) for which we may assume without loss of generality that for all &
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”(h(])_h(j+1))H <z (j=1,2..).

HpAdy) 27

Define for each N the sequences
(J+D )
ey = Zh —h

in H,(A).
First,we need to show that all of them belong to /,(A,f ) forall N and that

N
2
I,

—N+1

Let
h(j) _h(j+1) - a(j)x((_f)')b(j)

with

1,

<277,sup fof)” <27
n

g2 ® ) ol

As above, we may assume that @’ and 5 are positive, obviously

D@y FeH ,(A), D167 Fe H 1, (A)
j=1 j=1

and
(]-))* |2 o Z”| (a(])) | || (A)
B ) /A 1
2| [CER PN L N ¥
= H ajp (A1 Hp @) o B
similarly,

o0

S5 TINS5 2
_Z|||b |H A Z g H B AT =t
E j=1 E

i=1
H (A) J
gl/4

b(j) |2

1 1
Define a := (Z:]_:1 (@) | +&)? €H ,(A) and b= (Z:]_:1 |69 | +g)? €H ,,(A), then

Zl(a(”) i =i

el

g4 @)

1 o0
(j))* ? I 8)5 - Z||aj||2 +e<l+¢
H 43 = g2 )
b
and
Il . <14
So by letting &€ — 0, we obtain ||ct||H <1 and ”b”H <1. Let a’ =[(@")" |u"’ and

g2 @ Ry icy

b =v || On the other hand, according to Remark 2.3 in [4] there exist contractions
07,0 eM such that | (@) |= a(@"’)" and |5’ |= 8Vb as above. Thus

— 7)) ——
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é’(f_\; = Z (a) §)] )* u(j)x((.J)')v(j)g(j) .
J=N

Hence sup, ‘ Yl <27%Y So we obtain
||C(N) ” < i ||(a)("))*u(”x((_’)')v(")e(”|| < i ||x((]))H < iz—j <9 WD
J=N j=N j=N
and
77711\’ = iamx(”b(") - i |(a(j))* |u(")xff)v(") |b(j) |
J=N J=N
— Za(a)(j))*u(j)x,(zj)v(j)ﬁ(j)b — Cl(z(Q)(j))*u(j)x,(zj)v(j)e(j))b — aé’Nb.
J=N j=N
Hence
n" eH (A ()
and
N < | N <D
||77 ||HE(A;£00) - ||a||HE1/2 (A) Slip Cn % ||b||HE1/2 Aay - 2 '
So
> (k+1) k) 1 N+1 N
+1) _ = + <9
;(h e ”77 Hp (A ) 2" =4,
Hp(Ae,)
as N —> oo
N
Z(h(kH) _h(k)) N 771.
k=1

Therefore we get A" — A +1' conclusion.

The work was supported by the grant from the Ministry of Science and Education of the Republic of
Kazakhstan.
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1.2 AFK, MaTeMaTHKaKOHEMATCMATHKAIBIKMOACITBICY HHCTUTY THI, AMatel, KazakcTan
1.2 PhD, On-®apabuaTsIHAAFbIKA3AKYITTHIKY HHBEPCHTETIHIHOKBITY INBICHL, AnMarsl, Kazakcran

KOMMYTATHUBTI EMEC Hy(A.f ) KEHICTITTHIH TOJBIKThIFbI

Annorarmusa, KoMMyTaTtHBTI JKAFmAMABl KApacTeipa OTHIPBIN, [ = SUp,|f,| Makxcumamael (yHKUHACH
L, () — ra Toyenni Gonca, conna Tex conma rana Gapwsik n € N ymin f, =cz, = z,¢ paxropmsamusaysi Gap

Gonanbl, MyHmarsl C € L o () xome supyl|z,lle < . Bextop—MoHAi kOMMyTaTHBTI emec . —KCHICTIKTCPIiHIH

Teopusichir 1998 sxbitbt anFam pet [Tucke eHrizred. [Tucbe M -runepaksipibl 00JIFAH KAFIAMBIH KapacThIpraH. by
TEOpHs KOMMYTAaTHBTI €Mec »armaiima MakcuMmanasl (yHKIms Mmocenecin memrti. Kerinipek 2002 sxpuisr FOHTe

sone [y# kammsr skaFgaiga cHrisred. OChl BEKTOP-MOHI KOMMYTATHBTI emec  “KCHICTIKTEPIH MaiiaIaHBbII,

FOwre sxammer xarmaiaa JyOThIH MAKCHMAIIBI TCHCI3MIK MOCCICCIHIH KOMMYTATHBTI €MCC HYCKACKHIH IICTIITI.

KomMyTtaTusTi emec Bekrop-MoHII Xapau keHicTikrepi [2]-me enrizimai. Ockl Makanana KommyTarusTi emec
Xapau KeHICTIKTEpiHAEC MaKCHMANIbl (PYHKUMSHBIH Mocenenepid kapacteipambrs. Con cebenTi 613 KOMMYTaTHBTL
€MEC BEKTOP-MOH/Ii CHMMETPHSUIBIK Xapan KeHICTIKTEPIH CHII3eMI3.

Bisain MakcaTeIMBI3 OJApPABIH KACHCTTCPIH KOPCeTy. ByN KCHICTIKTIH TOJBIKTBIFBIH JOICIACHTIH Tarbl Oip
madimanel gonen kenripinreH. CoHmaii-ak, Calito TeopeMachl YKCAHTHIH (DAKTOPH3AUMSLIBIK TCOPSMAHBI AJIAMBI3,
KOMMYTATHBTI €MEC MAPTHHIAJI TCOPHSCH, KOMMYTATHBTI EMEC IPTOAMK TCOPHSCHI HKOHE OIMEPATOP MOHAI Xapaw
KEHICTIKTIKTEP TEOPHSCHI YIIIH KOIIAHYFa OOIAIbL.

Tyiiin ce3xep: @on Heliman anreOpachl, 7 - eImieMai OmepaTop, CyOaHaroHa bal anredpa, KOMMYTATHBTHI
€MEC CHMMETPHKAIBIK KEHICTIK, KOMMYTaTHBTHI eMeC Xapau KEHICTITI.

K.C. Tyaenos', JI. laynrGex”

1.2 CHC, MHCTHTYT MAaTCMATHKH H MATCMATHYCCKOTO MoaemupoBanus, Ammarsr, Kazaxcran
2 PhD, npenomasare.ts, Ka3axckuii HAMMOHATBHEIH YHHBEPCHTET HM. Anmb-Dapabu, Anmvarsr, Kazaxcran

MOJTHOTA HEKOMMYTATHBHOI'O TPOCTPAHCTBO ;A £ )

AnnoTamusn, PaccMaTpuBasi KOMMY TATHBHBIA CIIydail, MBI 3HACM, YTO MAKCHMAIbHAST QYHKUMA [ = sup,|f;,|
OPHHATICKAT L, . (4) Torma u ToMBKO TOrAA, KOrAA CymecTByeT dakropmsamms f, =z, =z, ¢ mmwiBcex n € N,

e ceL 5 (#) u supyllz;lle < . Teopwst BEKTOP-3HAYHBIX HCKOMMYTATHBHBIX [, , “TIPOCTPAHCTB  BIICPBBIC

BBOAMTCA [lucheom B 1998 roxy. ITucee cumran ciyvaii M TUIEPKOHCYHBIM. 3Ta TCOPHS PEMIANA 3a7a4y
MaKCHMAIBHOH (pyHKIME B HEKOMMyTaTHBHOM ciy4ac. [lozauee B 2002 roay FOure u Cro#i mpeacraBmim oOmui

ciy4aif. VICmoap3yst 3TH HEKOMMYTATHBHBIC BEKTOPHO3HAYHBIC [, , -TipocTparcTBa, FOHre pemmm HeKOMMY TaTHB-

HBIH BAPHAHT MAKCHMAITFHOH 3a/1a4H HEpaBeHCTBA [Iy0a B 00meM ciydac.

HexoMMyTaTHBHBIE BEKTOPHO3ZHAYHBIC ITPOCTPAHCTBA Xapau ObLIM WHTPOAYUMPOBAHHI B [2]. B Hacrosamen
paboTe paccMaTpPUBAOTCS 3aJa4M MAKCHMAIBHON (DYHKIIMHM HA HEKOMMYTAaTHBHBIX IPOCTpaHCTBaX Xapau. 1o stoi
TIPUYHUHE MBI BBOAMM HEKOMMYTAaTHBHOE BEKTOP-CHMMETPHYHOEC CHMMETPHYHOE MPOCTPAHCTBO XapIu.

Hama nems - OTKpBITH MX CBOMCTBA. [IpencTaBneHO eme OJHO MOJIC3HOE AOKA3ATECIBCTBO MOTHOTBI 3TOTO
mpocTpaHcTBa. MBI Takke MOTydacM TeopeMy (aKTOPH3aLUM, TaKyl Kak Teopema Caiiro. Pabora B OCHOBHOM
TeopeTrdecKkad. Pe3ynpraTel MOTYT OBITH HMCHONIB30BAHBI A JANBHEHINECTO PAa3BUTHSI HEKOMMYTATHBHOH TCOPHH
MAapPTHHTAJI0B, HEKOMMYTAaTUBHOM 3ProAMYECKON TEOPHH U OTIEPATOPHO3HAYHOM TEOPUH MPOCTPAHCTB XapIu.

KmoueBnie caoBa: amrcOpa Dom Hedimana, 7 -m3MCpHMBIH ONCpaTop, HOAAHATOHATBHAS amreOpa,
HEKOMMYTATHBHOE CHMMETPHYHOE MPOCTPAHCTBO, HEKOMMYTATHBHOE MPOCTPAHCTBO Xapau.
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