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Abstract. Let (M , T) be a semi-finite von Neumann algebra and f be a nonnegative function on [O, oo) with
f (O) =0. Let x,,x,,---,X, be rmeasurable operators and let &;,,,-, &, be positive real numbers such

that Z a; = 1 . We have the following results.
i=1

(D If g(z‘) = f(\/;) is convex, then

/ Z:O‘ij + Z f(\/ajak ‘xj _xk‘) = Z:aij%‘).

1<j<k<n

Q) If h(t) =f (\/; ) is concave, then

Z:;O‘quxj‘)ﬁ ! Z:,O‘ij * Zf( ajak‘xj—xk‘).

Jj 1<j<k<n
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1. Introduction. Let M, be von Neumann algebra of nxn complex matrices, and let M be
positive part of M . Hirzallah and Kittanch in [5] proved the following noncommutative Clarkson

inequalities for n —tuples of operators: Let ||| -||| be a unitarily norm, 4,,---, 4, , €M and &, -, &

n-1
n—1

be positive real numbers such that Z a,=1.
j=0

(1) If f be a nonnegative function on [O,oo) such that f (O) =0 and g(t)=f (\/; ) is convex on
[O, oo) , then

n-1 n—1

f ZajAj + Z f(\/ ajak ‘AJ - Ak‘) < ZaijAjD
j=0 0<j<k<n-1 j=0

(2)If f be a nonnegative function on [O,oo) such that g(t)= f (J; ) is concave on [O,oo), then

%Zjajf(‘/ljl) <\lf ia].A]. + Z f(,/a]ak‘Aj—Ak’)

0<j<k<n-1

The purpose of this paper is to extend the above results to # —tuples of 7—measurable operators.

This paper is organized as follows. Section 2 contains some preliminary definitions.

In section 3, we proved the weak majorization type of Clarcson inequalitics for n tuples of 7—
measurable operators.

2. Preliminaries. Throughout this paper, we denote by M a semi-finite von Neumann algebra on the
Hilbert space A with a normalized normal faithful finite trace 7. The closed densely defined linear

operator X in H with domain D(x) is said to be affiliated with M if and only if # xu=x for all
unitary # which belong to the commutant M’ of M . If x is affiliated with M , the X said to be 7—
measurable if for every £ >0 there exists a projection e € M/ such that e(H )g D(x) and 2'(eL )< £

(where for any projection € we let e~ =1—e). The set of all 7—measure operators will be denoted by
Lz (M ) The set L, (M ) is a *—algebra with sum and product being the respective closure of the

algebraic sum and product. Let P (M ) be the lattice of projections of M . The sets
N(e,8)= { xeL,(M): Jee P(M) such that ||xe|| <E, T(eL)< 5}
(8,5 > O) from a base at 0 for an metrizable Hausdorff topology in L, (M ) called the measure

topology. Equipped with the measure topology, L, (M ) is a complete topological * —algebra (see [6]).
For xe L, (M ), the generalized singular value function ,u(x) of X is defined by

M, (x) = inf{ ||xe|| L ec P(M), r(eL)S s} (S > O).
If x,yel, (M ), then we say that X is submajorized by ¥ and write x < y if and only if

Ll,us (x)ds < Ll,us (y)ds, Vit>0.

As Proposition 4.6 in [3], we obtain the following result.

Lemma 2.1. Let / be a continuous increasing function on R | with f (O) =0. Let x,,x,,---,x

> n

be positive 7 —measurable operators and let a,,a,,--

1
Z aa, <1.
7=l

a, be positive elements in M with

>N
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(1) When £ is convex, we have

M| f Zajxjaj S K, Zajf(xj)ﬂj , §>0 2.1
7=

(2) When f is concave, we have

| Yafl )y |sul 1] X axa, || s>0. 22)
j=l j=1

The following lemma is a well-known result (see [2], Theorem 5.3.).
Lemma 2.2. Let x,, x,, -, x, be positive 7—measurable operators.

(HIf g [O,OO) —>[O, OO) be a convex function with & (O) =0 . Then
Zg(xj)ﬁg 2% |, (2.3)
j=1 j=1

@) If h: [O, OO) —>[O, OO) be a concave function. Then

h Zn:xj =< Zn:h(xj). Q.4)
7=1 =1

3. Main result. Let x,,x,,---,x, be positive 7—measurable operators and let o, c,, -, cx, be

positive real numbers such that Z o ; =1.Then
=1

B
< Z - 2
Do, + Zajak|xj —xk| —Zaj‘xj‘ . 3.1)
j=1 1< j<k<n j=1
Theorem 3.1. Let x,x,,---,x, be 7—measurable operators and let &, x,, -+, &, be positive real

numbers such that Zn: a,=1 and f:[O,OO) _>[O,OO) such that f(0)= 0 and g(l):f(\/;) is

convex on [O, OO). Then

/ Zz;ajxj t Zf(\/ajak ’xj —xk’) ﬁzz;aijxj‘). (3.2)

I<j<k<n

Proof. By (2.1), (2.3) and (3.1), we obtain that

Zn;ajf xj|):_zn;0‘quxj‘2)ig Zn:“j|xj|2
Jj= =

—

=g Zajxj + Zajak|xj—xk|2
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2
< 2
=gl || |+ Zg(ajak‘xj—xk’)
=1

1I<j<k<n

/(ST | O Y o M| :

1I<j<k<n

Theorem 3.2. Let x,,x,,---,x, be T—measurable operators and let «,,,, -, &, be positive real
numbers such that » o, =1 and S [O,OO) _>[O,OO) such that A(t)= f (\/; ) is concave on [0,0).
j=1

Then

Z:ijquj‘) <f Z:ajxj ¥ Zf(vajak ‘xj _xk‘). (3.3)

I<j<k<n

Proof. We my assume f(O) = 0. Using (2.2), (2.4) and (3.1) we get that
Yo, )= e nle )< Y fx
j=1 j=1 j=1

‘2

2
n
=h Zajxj + Zajak‘xj—xk
j=1

I<j<k<n

2
< h Zajxj + Zh(ajak‘xj—xkr)

j=1 I<j<k<n
n

=1l | 2ax| |+ Zf(vajak‘xj—xk‘) i
j=1 1<j<k<n

Specializing Theorems 3.1 and 32 to the functions f (f ) =t* (2 <p< 00) and
J)=1" (0<p<2)

Corollary 3.1. Let x,,x,,---,x, be 7—measurable operators and let &, ,, -+, ¢, be positive real
numbers such that Z a ; =1.Then
i=d

n

p
Zn:a].xj + Z(Oljak)%‘xj _xk‘p = Zaj’xj‘p
J=l '

1< j<k<n j=1
for 2 < p <0, and

Zn: aj‘xj‘pj Zn: ajxj & Z (ajak )§|xj — Xk ‘p
j=1 ' <
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for 0< p<2.
Applying Corollary 3.1 for the trace norm ” ||1 , we have the following result.

Corollary 3.2. Let x,x,,---,x, be 7—measurable operators and let &, ,, -+, @, be positive real
numbers such that Z a ; =1.Then
j=1

p

" (e, )2 DX
Z Xt Z ;& )2 ”xj - xkup = Z aijij
j=1 1< j<k<n j=1
p
for 2 < p <0, and
n n P
P ( )£ p
Z a].ij.Hpj Z ajxj T Z ajak 2 ij N xk”p
J=1 Jj=1 » 1<j<k<n

for 0 < p <2 In particular

Z 3 P Z P
PIEH INEDIN AN MESIaY

j j , = il
J=1 p

1< j<k<n j=1

for 2 < p <0, and

n n P

p-1 p p
N 1) I
J P J J p
J=1 j=1 1<j<k<n
p
for 0 < p<2.
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7OJIIIEM/I OITEPATOPJIAP YIIIH KTAPKCOHHBIH
9JICI3 MAXKOPJAHFTAH TEHCI3AIKTEPI
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On-Oapadu arerHmarsl Ka3ak yirTeIK yHEBEpCHTETI, AnMaTsr, KazakcTan
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Amngarna. (M , T) JKapThuiait akeIpsl pon Heiiman anre6pace xone [ f (O) = 0 GomarsmH [O, oo) TeTi

TEpiC eMeC (yHKIHA OOACHIH. X, X,,***, X, JAep 7 — OMUCMIl OIepaTopiap *oHe & ,(,,***,(, OH HAKTHI

n
CaHIapsl Z a; = 1 Gonceix . Bi3 Keeci HOTIKEICPAI AIaMBbI3,
=l

(1) Erep g(t) =f (\/; ) JoHec 6oca, OHIa
fl1ex| [+ 2 f(\/ajak ‘xj _xk‘) = Zaij%‘).
=1 1< j<k<n j=1
(2) Erep h(t) =f (\/; ) olibIC GoJICca, OHIA

Y, /s ) = 1| D ||+ TrlEals =)

1<j<k<n

HEPABEHCTBA CJABO MAKOPU3ATIMOHHBIE KJIAPKCOHA
A wA3MEPUMBIX OITEPATOPOB

HJaynr0ek JocTmier
Kazaxckuii HAMOHATEHBIN YHUBEPCUTET UMEHH anb-Dapadbu, Amvarsl, Kazaxcran

KmoueBnie coBa: HepaBeHCTBA KiapkcoHa, 7~H3MEpHMBIH omeparop, anarcopa @on Hefimana, cyOmasko-
pHU3amsL.

Annoramust. [Tycts (M ,‘r) oy koHeuHas anredpa ®oun Heitmana u f HEOTpHULATEIbHAS (PyHKIMA HA
[O,oo) c f(O)= 0. Ilycts X;,X,,*+, X

O/ TOJIOKUTCIIHBIC

2 n

, U — H3MCDHMBIX ONCPAaTOPOB H &, (,,"**

n
BCIICCTBCHHBIC YMCJIA TAKUC, YTO Z o = 1 . Ml noJy 4y cleaynme pesy ITaThl.
j=1

(1) Ecom g([ ) =f (\/; ) SIBIIICTCS BBIIY KJIBIM, TO

! Z:O‘ij g Z f(\/ajak ‘xj _xk‘) . Z:aij%‘).

1< j<k<n

(2) Ecou h(t) = (\/; ) SIBIIETCS BOTHYTOM, TO

Z:;O‘ijxj‘) </ Z:;O‘ij + Zf(\/ajak ‘xj _xk‘)

1<j<k<n
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