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Abstract. Let (M ,7) be a semi-finite von Neumann algebra and let and f :[0,00) — [0,00) is increasing

concave function such that f (O) =0 We have the following results:
* If x, y are z-measurable operators, then f QX + y|>jf(]x|)+ f (]y|)

« If x is self-adjoint z-measurable operator and z € M is expansive operator, then f QZ*xZ|>jZ " f (Ix|)z.

1. Introduction. Let M be von Neumann algebra of 7 xn complex matrices, and let M be
positive part of M . Bourin in [3] proved the following a matrix subadditivity inequality for symmetric

norms: Let f: [O,oo)—) [O,oo) be concave.
*If A and B be normal matrices. Then, for all symmetric norms

|74+ B <] (4)+ (50}

« If 4 be normal and let Z be expansive. Then, for all symmetric norms
-zl <l 1)

The purpose of this paper is to extend the above results to n-tuples of -measurable operators.

This paper is organized as follows. Section 2 contains some preliminary definitions.

In section 3, we proved the weak majorization type of subadditivity inequalities for n tuples of
zmeasurable operators.

2. Preliminaries. Throughout this paper, we denote by M a semi-finite von Neumann algebra on the
Hilbert space H with a normalized normal faithful finite trace =z The closed densely defined linear
operator x in H with domain D(x) is said to be affiliated with M if and only if # xu = x for all unitary
which belong to the commutant M " of M . If x is affiliated with M , the X said to be 7 -measurable if

for every & > 0 there exists a projection € € M such that e(H ) - D(x) and 7(e")<eg (where for any

projection € we let e =1—e¢). The set of all 7 -measure operators will be denoted by L, (M ) The set
Ly (M ) is a * -algebra with sum and product being the respective closure of the algebraic sum and
product. Let P(M ) be the lattice of projections of M. The sets

N(e.8)={xe L,(M):3 e P(M) suchthat |xe| <&, rle')< s}

(¢,6 >0) from a base at O for an metrizable Hausdorff topology in L, (M ) called the measure
topology. Equipped with the measure topology, L, (M ) is a complete topological * -algebra (see [6]). For
xel, (M ), the generalized singular value function z(x) of X is defined by

#,(x) = inf{|xe|,e € P(M)z(e*) <5}, 5>0.
If x,yeL,(M), then we say that X is submajorized by )} and write x<y if and only if

_Llﬂs (x)ds < JZﬂs (y)ds, te[0,1].

The following lemma is a well-known result (see [4], Theorem 5.2.).
Lemma 21.1. Let X,V be positive t-measurable operators and f :[0,0) —[0,00) be a concave

function. Then
S+ Y=+ (). (1
In particular, Theorem 3.2.8., In [2], we obtain the following result.
Lemma 2.2. Let f: [O, oo)—) [O,oo) be a concave function, and let ze M be an expansive ope-

rator. Then

7 (z*xz)—_<z* f(x)z, YxeL,)" (2)
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3. Main result
Theorem 3.12 Let x,y be wmeasurable operators and let and f [O,oo)—)[O,oo) is increasing

concave function such that f (O) =0. Then
Pl stk ()= 7 () ©
Proof. Lemma 4.3 in [5] there exist partial isometries 2,V in M such that

|x + y|ju|x|u* + v| "

Applying Lemma 2.5. (iii) in [5].
m Qx + y|) <u, (u|x|u* +1] y|v*)
Since continuous increasing of f , we have that

£, (o 3) < 1o, e ).

By Lemma 2.5. (iv) in [5], we get

(£ e+ 1) =, (o).
Using inequality (1), we obtain that
f (Ix + y|>jf(u|x|u* + v| y|v*)jf(u|x|u*)+ f (v| y|v*) .
By Lemma 2.5. (iii) in [5], we take
p (| x )< p,(xl)).

w, (| x|u’) < ||u||Hu*

Since continuous increasing of f

Su ) x|u) < f(u(x)).

By Lemma 2.5. (iv) in [5], we have that

(Gl x|u)) <, (f (| x]))

Sl ) ()
and we obtain the same inequality as a following:
S A (o).
Hence
He Q)+ ()

Corollary 3.1. 3 Let x,y be normal =measurable operators and let and f : [O,oo)—>[0,oo) is
increasing concave function such that f (O) =0. Then

e ks Q)+ 7 (o)
Theorem 3.2. 4 Let X be self-adjoint T — measurable operators and let and f [O, oo) - [O,oo) is
increasing concave function such that f (O) =0. Then
f(lz*xzpjz*f(JxDZ. “)
Proof. It is clear that
x<x|.
Then by using Proposition 4.5 (iii) [7]
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Z'xz<z |x|z.
By Lemma 2.5. (i1),(ii1) in [5], we take
w2z )) = 1, (" x2) < (27 %] 2).

Since continuous increasing of f , we get

fu (2" xz ) < fu, (2" | x| 2)).
Applying Lemma 2.5. (iv) in [5], we have that

w(f(12°xz ) < p (f (27 | x| 2)).
By continuously of integral and inequality (2), we obtain

f(lz*xz‘)if(z*|x|z)-_<z*f(]x|)z :
Theorem 5 3.3. Let X be wmeasurable operators and let and f [O,oo)—)[O,oo) is increasing
concave function such that f (O) =0. Then

{f(lz*xZI) 0 Hz*mxoz 0 j -
0 AU 0 SNz

Proof. Applying Theorem 3.2 to the Hermitian operators
0 x
x O
z 0Y(0 x'Yz 0 0
x |z F z y
0 z)ix ONO z)\O0 2z

we obtain

= %)
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7OJIINEM/II OTEPATOPJIAP YIIIIH
CYBAJJUTHUBTI 9JICI3 MAKOPJIAHFTAH TEHCI3JIKTEP

A. Jocrinexk

KP ¥F A MaremaTuka »oHEe MATEMATHKAIBIK MOACIACY HHCTHTYTHI,
On-Oapadu arerHIarsl Ka3ak yirTeIK yHEBEpCcHTETI, AMaTsr, KaszakcTan

Tipek ce3aep: CcyOaaIUTHBTI TCHCI3AIKTCpPi, 7-eMmieMIi omeparop, keHeurtymi omepartop, ©on Heiman
anreOpacel, CyOMasKOPIaHFAH.

Anparna, (M , 2') JKapThinail akepisl Gou Heliman anre6pacst sxkone [ :[0,00) —>[0,00) f(0)=0 Gomarsm
ecre T OMbIC (PYyHKIHS O0JICHH. Bi3 KeIeci HOTIKSICPIi aIaMbI3.
(1) Erep x, y Tep zemmemzai omepaTopiap 007ca, oHaa

Ao+ A ()+ £ (0.

(2) Erep x e3iHe-03i TyliHAeC -omueMai oneparop :koHe Zz € M xeHelTywii onepatop 6oca, oHaa

f(lz*xzpjz*f(lxp.

CYBAJJUTHUBHOCTD CJJABO MAKOPU3AIITMOHHBIX HEPABEHCTB
A = A3MEPUMBIX OITEPATOPOB

J. HocTujiek

WHucTnTyT MaTemMaruku u MaTeMaTrdeckoro Moaemmposanust MOH PK,
Kazaxckuii HannoOHATBHBIN YHUBEPCHUTET UM. anb-Dapabu, Amvarsl, Kazaxcran

Kirouepnie cjoBa: cyOaIANTHBHOC HEPABCHCTBO, 7-H3MEPHMBIH ONEPATOpP, PACIIMPAOMMI OHeparop,
anreopa ®on HelimaHa, cyOMaskopHr3amuts.

Annoramust, [Tycts (M ,‘r) noy koueuHast anrebpa ®@on Hefimana u f 1[0, 0) — [0, ) Bo3pacraromas
BOTHyTas QyHKIMA C [ (O) = (. MBI DOy YHIH CACAYIHC PE3YATATHL
(1) Ecmm x, y T=H3MepUMBIE ONIEPATOPBL, TO

e s (d)+ (o).
(2) Ecii x caMOCOMNPSDKEHHBIA 7-M3MEPUMBII oneparop u Z € M pacumpsOIIuUi oneparop, To

f(‘z*xz|)-_<z*f(]x|).

Hocmynuna 25.02.2015 2.

— 15—



