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ANALYTICAL SOLUTION OF HEAT EQUATION WITH MOVING
BOUNDARY NOT TANGENT TO AXIS BY HEAT POLYNOMIALS

Abstract. It was found the analytical solution of heat equation with moving boundary with a method of heat
polynomials for finding the coefficients.
Key words: Integral Error Functions.

Introduction

It's well known that a wide range of transient phenomena in fields of low-temperature plasma,
filtration and other evolutionary processes which are associated with phase transformations lead to the
necessity of solving heat and mass transfer problems with free moving inter-phase boundaries.
Development of analytical methods of solution of free boundary problems are very important for analysis
of dynamics of mentioned phenomena specifically phenomena occurring in electrical contacts.

The well-known analytical method is based on the representation of a solution in the form of heat
potential with following reduction of the given problem to integral equation [1]. However if the domain
with moving boundary degenerates into a point at the initial time, the integral equations become singular
and cannot be solved by Picard’s iteration method. Asymptotic properties of such equations have been
investigated in [2]. Auto-model case when the boundary ¢(#) is moving according to the law

a(t) =C\/; is considered in [3] where analytical solution is found. Solution of the problem with

a (f ) =t is represented by Heat potentials method in [4]. In this study we use heat polynomials which

are elaborated from Integral Error Functions and its properties to solve given boundary value problem.
Problem statement
Definition: The class functions M 8 is defined by formula: f(r)e M 8 (h) if f(t) is continuous on
t .
the interval (0,7) and lim FAG) =h =const, where £ is any real number.
t—0 [ﬂ
The main problem can be formulated as following. It is required to find the solution of the heat

equation
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in the domain D:(t>0,0<x<ea(t)), where «(t)=ct, degenerates at the initial time: «(0)=0,

»(0) = 0 and satisfies the initial condition
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#(0,0)=0 2

and the boundary conditions
u(0,1) = (1) (3)
u(ee(t),t) =U —const @)
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Problem solution:
Solution of equation (1) can be represented in the following form

2n+l
u(x,t)= ozo:o An~tn {iznerfc ad +i2nerfc(jf/;)}+3n~t 2 {iznﬂerfc%—iznﬂeiyfc(_—f/_)} (5)

n= Za\/; 2a+t 2a+t
or in the form of heat polynomials
_Z n 2n-2mm 5 2n-2m+l m |
ufx,t) = nEO {AZn mz:()x : ﬂZn,m +A2n+l mz:()x ! ﬂZn—i—l,mj ©)

u(x,t) = A0 /300 +
2
Az(X ﬂ2,0+tﬂ2,1)+
4 2 2
Ayx ﬂ4,0+X tﬂ4,1+t ﬂ4,2)+...
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+A2n(X ﬂzn,o +X tﬂ2n71+...+x t ﬂ2n,n—l+t ﬂ2n,n)+... (7)

Alxﬂl,O +
3
A3 (x /33,0 +xt /33,1) +
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+A5(x ﬂ5,0+x tﬂ5,1+xt ﬂ5,2)+...
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where
B, m) 1
n,m)= —
ofm 1m!(n—2m)!

It’s casy to see that if we use expression (6) for x=0, expand function ¢(t) into Maclaurin’s series and
combine like terms on the left side in (3), then we have

(n)
< © 97 0) n
> A4 = 3 ——=",
n=0 2nﬂ2n,n n=0 n!
which implies following formula for A2n
A2nﬂ2n,n = n ®)
M
where ¢, = go_'()
n!

Utilizing (7) for x = ¢t from (5) we have
u(et,)=Ag fy g+
Ay 2By g+ 1By )+
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If we expand wy(t) into Maclaurin’s series combine like terms of left side and then take derivatives of
both sides of (8) it is easy to derive from below relations following recurrent formula (10) for coefficient

Ay

40Py =U

Aich o+ Ay Py =0

Azczﬁz,o +Azefy g+ Ayfy 5 =0

A3c3ﬁ3,0 + A402ﬁ4,1 +A56f5 5 + AcBg 3 =0

A4c4ﬁ4,0 + A503ﬁ5,1 + A602'B6,2 + A7cﬁ7,3 + A8'88,4 =1

4" B +"1;1+1cn_1ﬁn+11+’4 o 2ﬁ 22 T +A2n 10’62}1 101t 42,520 =0
n+1ﬂ

n—1 _
A B0t A Priod A3 B Tt A0Bonian t Ani2Paniani =0
2n+2—-m
A 1Poniin = Doni2Ponsa el ~ ¥ Ame ——
m=n+1
(10)

Convergence
Let’s take ¢ = Iy to prove convergence of series (3) in the interval 0 < x < «(¢) . From (8) and (10) we

get following even and odd coefficients respectively
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To prove convergence of (3) we have to demand convergence of
e o]

& 2n=2m+1 m L 2n—-2m+l m
né() {A2”+1 mz:()( [0) ﬂ 2n+lm and mZ: 0 ( cly ) ﬂz Lo respectively

By d’Alambert’s convergence test from last sentence of series (9) we get
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For 1 = % series (3) is bounded and let
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For any value t <t, let’s multiply both sides of latter expression by

ntl & m 2m+1
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Take the sum of the both sides
n+l
0 f
< C1 2| —
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Thus convergence is proved
Conclusion

Problem (1)-(4) is solved by heat polynomials. Coefficients Azn , A2n 4 can be calculated from

s 2n+l,n—mc

recurrent formulas (8) and (10) respectively. Convergence of solution series is proved.

In the second problem, we introduced the heat equation with a moving boundary, which degenerates
at the initial moment of time represented in explicit analytic form. The developed method is based on the
integral functions of the error and its properties. The main idea was to find the coefficients of the linear
combination of the integral error functions that a priori satisfy the heat equation.
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