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DARBOUX TRANSFORMATION FOR THE (1+1)-DIMENSIONAL
NONLOCAL FOCUSING NONLINEAR SCHRODINGER EQUATION

Abstract. In this article, we consider a (1+1)-dimensional nonlocal focusing nonlinear Schrodinger equation.
This equation is studied in works M.J. Ablowitz and Ziad H. Musslimani, Li-Yuan Ma, Zuo-Nong Zhu, T. A.
Gadzhimuradov A. M. Agalarov and other. The nonlocal nonlinear Schrédinger equation is integrable the inverse
scattering methods. We constructed Darboux transformation (DT) of this equation. Also, we will derive determinant
representation of one-fold, two-fold and n-fold DT of (1+1)-dimensional nonlocal focusing Schrodinger equation. As
an application of these conversion of this equation, soliton solutions will get from trivial "seed" solutions.
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Introduction

Nonlinear Schrédinger equation (NLS) is one classical integrable nonlinear equations. It appears in a
variety of physical areas like nonlinear optics, plasma physics, fluid mechanics as well as in purely
mathematical context like differential geometry of curve. Nonlinearity is the fascinating subjects which
has many applications in almost all areas of science. Usually nonlinear phenomena are modeled by
nonlinear ordinary or partial differential equations. Many of these nonlinear differential equations (NDE)
are completely integrable. This means that these integrable NDS have some classes of interesting exact
solutions such as solitons, dromions,rogue waves, similaritions and so on. They are of great mathematical
as well as physical interest and the investigation of the solitons become one of the most exciting and
extremely active areas of research in modern science and technology in the past several decades. In
particular, many of the completely integrable NDE have been found and studied [1]-[5].

Lax pair of the (1+1)-dimensional nonlocal focusing nonlinear Schridinger equation

In the section we consider the (1+1)-dimensional nonlocal focusing nonlinear Schrédinger equation,
which reads as

iq, (x, t)+ iq., (x, t)+ 2q(x, t)q* (— A t)q(x, t) =0, (1)

iq; (- x,0)+iq (x,1)-2q" (- x,0)q(x,1)q" (- x,1)=0, Q)

where q(x,l ), q*(— X, Z) are complex functions of the real variables X, ¢ denote partial derivatives with

respect to the variables. It is obvious that self-induced potential (x,7)=q(x,0)q (x,t) is PT

symmetric: ¢(x,1) =g (—x,1).

These equations are studied in works M.J. Ablowitzl and Ziad H. Musslimani, Li-Yuan Ma, Zuo-
Nong Zhu, T. A. Gadzhimuradov A. M. Agalarov [6]-[12] and other.

We will concentrate on the linear eigenvalue problem of the (1+1)-dimensional nonlocal focusing

nonlinear Schrédinger equation (1)-(2). The linear problem is expressed in the form of the Lax pair A4
and B as

— |4 ——
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v, =Ay, (3)
v, =By, 4
(e a)) . . . .
where v = ; ﬂ) is the vector eigenfunction, A is a spectral parameter and 4, B matrices 2x 2
V/Z x: b

have the form

A=-ilo,+A,, B=A1B,+AB +B,.

Here o,, A,, B,, B,, B, are 2x2 matrices:

{1 0 j { 0 qg(x, z)j
O, = > Ao = * >
0 -1 —q (—x,1) 0

B, = (— 2i O.} B :( *O 2q(x, Z)} B, = l{q(x, t*)q*(—x, 1) q. (x;t) j
0 2i -2q (—x,1) 0 —q «(—x,1) —q(x,1)g (=x,1)

cross derivatives v, =/, from (3), (4).

This equation (1) - (2) is integrable by the inverse scattering method [1]. The inverse scattering
method implies that the partial differential equation can be represented as a Lax pair, a linear system of
two operators A and B from (3) - (4) whose compatibility condition is the system (1) - (2) under
consideration

A -B +AB-BA=0.

In this next section, we construct one-fold DT of the (1+1)-dimensional nonlocal focusing nonlinear
Schrédinger equation [6]-[15].

One-fold Darboux transformation for the (1+1)-dimensional nonlocal focusing nonlinear
Schridinger equation

Darboux transformations constitute one of the most fruitful approaches to the construction of soliton
type solutions of integrable nonlinear equations. DT transform solutions of partial differential equations
into solutions of same class partial differential equations.

We consider the following transformation of the system of equation (3)-(4)

p" =Ty =(U-M)y, (5)
such that the new function y!" satisfies system

(6)
!l = By

where matrices 4™ and B™ depend on functions ¢ (x,7), ¢* (—x,#) and 1. Here M and I are

matrices have the form
M= my, mp, - 1 0 .
m, m,, 0 1

The relation between ¢ (x,7), g*!" (=x,7) and A" —B™" is the same as the relation between

functions q(x,l), q*(— X, Z) and A - B. In order the equations (6) to hold , Darboux matrix 7" must
satisfy the following equations
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[1]

A M, =A, M-MA,. (7
A AV =4, +ilM,o,], (8)
Ailo, =ilo,. 9)

Finally, from identities (7)-(9) we obtain solutions of equations (1)-(2)
q"'=q-2im,, q"=q" ~2im,, (10)

Hence we get conclusion m,, =—m,, in our attractive interaction case. Then, comparing the

coefficients of ' (i =0, 1, 2) of the two sides of the equation (6) gives us of the following identities

A M,=B,M-MB,, (11)
A B,-MB, =B —B'M , (12)
A B -MB,=B"-Bl'M (13)

Then the system of equations (11)-(13) gives
. 1] 1] 2
igq —zq
iq"q"" 24

in] —2qmm22 +2qm,, —iq

[1]m21 _2q*m12 _iqq* =0,

Wimy, —2qm,, —iqq" =0,
x = 07
iqr[l] - 2q*[1]m11 + 2q*m22 _iq; =0,

These equation (7)-(13) give one-fold transformation of the (1+1)-dimensional nonlocal focusing
nonlinear Schrédinger equation (1)-(2).

We now assume that matrix M in the canonical form

M =HAH, (14)

where det H # Oand H, A has form

H:(l//l(i‘,x,l) l//l(ﬂ“ZJxﬂl)j: Vii Via ’ A:(ﬂ’l Oj’ (15)
w,(A,x,0) v, (4,,x,1) Vor ¥ 0 4

and A, 4, are complex constants. In order to satisfy the constants of 4, as mentioned above, then

l//Jr :l//717 A(;r :_A07

PR, H{wm,x,r) —t,u*zmpx,r)le —w*z} leg{wl wz} (16
W, (A, x,1)  yy (A, x,1) v, ¥ v, W

where A = |l//1|2 + |l//2|2 . Also matrix H satisfy Lax pair (3), (4)
H_ =-ioc,HA+AH,
H,=-20,HN + BHA+B,H.

From (14) use formula (15), (16) we get the values of the matrix M
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MZL(%I%IZ—&TI%IZ (ﬂﬁﬂf)wlt//;kj
AU A+ Zhwr Al P -2 lw )

In the following section we give the determinant representation of the one-fold and two-fold DT for
the (1+1)-dimensional nonlocal nonlinear Schrédinger equation.

Determinant representation of Darboux transformation for the (1+1)-dimensional nonlocal
focusing nonlinear Schriédinger equation

Here the determinant representation is constructed for the one-fold and two-fold DT of the (1+1)-
dimensional nonlocal nonlinear Schrédinger equation. The reduction condition on the eigenfunctions are

* * g *
Woni =Wiai1> Wania = Wi, and for the eigenvalues are A, = 4,, .

The determinant representation of the one-fold DT of the (1+1)-dimensional nonlocal nonlinear

Schrédinger equation formulate the following theorem (as papers [13]-[16]).
Theorem 1. The one-fold DT of the (1+1)-dimensional nonlocal focusing nonlinear Schrédinger

equation is

1 (1), 1) j
T (A, A, A=A -M =+ =—| 71! 2 ar
. 4, 42) ((r»ﬂ ),

Al
where
Vor  Ava| a4,
£ = ERILER A, Wi, AV, A, = Vii Vi (18)
A | |Waa AV, Y AW, Vo1 Wan
Wi AW, Wi, AW,
1 0 A 0 1 0
(Tl )11 =W Vo 211//1,1 > (Tl )12 =W Vo 211//1,1 > (19a)
Wia Wao Wi, Wia Wan Wi,
1 0 0 0 1 A
(Tl )21 =lwi Wa AWl (Tl )22 =Wy Wa AWl (19b)
Vie Var AWas Vie Voo Vo
The matrix 7, satisfies the following equations of system
T, +T,A=A"T, (20a)
T,,+T,B=B"T,. (20b)
From (20) we get for Af)l]:
AN = 4, +[o,,d]. 1)
Then the solutions of the system (1)-(2) have the form
T
gV =q-2im, =q+2i("), =q- 21'%, (22a)

1
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gV =q" -2im, =q" +2i(!"),, =q - ZZ@. (22b)
1
We can find the transformation 7; which has the following property
A
Tlm,ﬂl,ﬂz)\“( ”j:o. 23)
V/Z,l

Now we prove the theorem.
Proof of the theorem.
From the formulae (5), (14), (23) it follows that

M= 1 (ﬂ“ll//l,ll//z,z - ﬂ“zl//l,zl//z,l (ﬂ“z - ﬂ“l )l//l,ll//l,z j

A, (ﬂ’l -4, )l//z,ﬂ//z,z 211//1,21//2,1 +ﬂ*z‘//1,1l//2,2

From equation (17), we have

A Wi 21‘//1,1 B Wi 211//1,1
T(4, 4 ﬂ):ﬂ]—M:L : Vs, ﬂ*zl//l,z Vs ﬂ*zl//l,z
e Al s A, A 4| A
Vs, ﬂ*zl//z,z 1 A ﬂ*zl//z,z
A | AVl A
AT <M= AT+ :L 1 Vo ﬂ*z‘//l,z Vis ﬂ*z‘//l,z
° A, Wi 211//2,1 A+ Wi 211//2,1
Vs, ﬂ*zl//z,z 1 Vi, ﬂ*zl//z,z
and the elements of the matrix are as follows:
P 1 0 A
Wi Wi
(Tl)ll = 2 —AA, = Via ¥V 11'//1,1 ,
Vo 212
Vi Voo ﬂ*z'//l,z
0 1 0
v Ay
T = — ’ =
(1)12 v, lzl//l,z Vi, W 21‘//1,1 >
Ve Vo AWy,
1 0 0
(T) _ e 21‘//2,1 i l// A
121 Vs ﬂ“zl//z,z L1 2.1 W ls
Vie Voo AV,
P 0 1 A
Vi 1¥ 21
(Tl)zz = _'// R —AA, = Yii Yo ﬂﬁ//z,l 5
1,2 2o

Vi Voo ﬂ*z'//z,z
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And we get (19). Further substituting (17) into (20a), we obtain
i+ 24, —iio, + Mo, +tVA, =il o, + A4 —ido i + ANl (24)

Comparing the cocfficients of A (i =01, 2) of the two sides of the equation (24), we get

A% Mg = AN (25a)
A Ay —itlo, =AM —io el (25b)
A —ioc,] =—ioc,l (25¢)

From (25b) we obtain the first identity (21). Further substituting the elements of the matrices
s t([)l] , 05, we obtain the solution of equation (1), (2) in the form (22).

Thus Theorem 1 is proved.

In same way theorem 1 we can formulate the next theorem.

Theorem 2. The two-fold DT of the (1+1)-dimensional nonlocal focusing nonlinear Schrédinger
equation is

Lol o A 5. ool J = AT+ ﬂll[z] + Z([)Z] = L((TZ )H (T2 )12} (26)
A, (Tz )21 (Tz )22
1 0 A 0 A 0 1 0 A 0
Vi W¥Wa /Atlll/u /111//2)1 /1121//1)1 Vii Wi /111//1,1 /111//2,1 /1121//1,1
(Tz )11 S| Wi Voo ;tzll/l,z /121//2,2 /Igl//l,z > (Tz )12 =\ Vo Voo ;tzll/l,z ﬂzl//z,z /131//1)2 >
Vi W¥as /131//1)3 /131//2)3 /151//1)3 Vis ¥as /131//1,3 /131//2,3 /151//1,3
Wis Voo AWia AWas /14211//1,4 Wie Waa AWia AWos ;til//u
1 0 A 0 0 0 1 0 A A
Vi W¥a /111//1,1 /111//2,1 /1121//2,1 Vii W¥a /111//1,1 /111//2,1 /1121//2,1
(Tz )21 =\ V2 Vi Ay, ALy, /@l//z,z > (Tz )22 =\ Wi Ve AV, Ay, /151//2,2 >
Vis ¥os /131//1,3 /131//2,3 ;t;l//zﬁ Vis W¥as /131//1,3 /131//2,3 ;@l//zﬁ
Via Wou /141//1,4 /141//2,4 /thl//u Via W¥as /141//1,4 /141//2,4 /14211//2,4
where
Vi War Ay 4w,
A, = Vie Voo Vi, AW,
Vis Yoz AW AW
Wie Vou AVis ALV,
7, satisfies the following equations
T, +T,A=A"T,, (27a)
T, +T,B=B"T,. (27b)
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From formula (27) we obain

AP = 4, +[o,, 1. (28)
Then the q[z] , q*[z] solutions of the system (1)-(2) have the form

(T2 )12 2] o 2l (T2 )21

21 — g _ 2 , = 29
q q A, q q A, (29)
We can find the transformation 7, which satisfies the following property
L 4F: :
Ty (A Ay A Ay )| s =0, i=1,2 3,4 (30)
V/Z,i

The proof of Theorem 2 is analogous to Theorem 1.
Thus we gave determinant representations are given for one-fold and two-fold DT for the (1+1)-
dimensional nonlocal focusing nonlinear Schrédinger equation (1)-(2).

Conclusion

In this paper, we have constructed the DT for the (1+1)-dimensional nonlocal focusing nonlinear
Schrodinger equation. Using the derived DT, some exact solutions like, the soliton solution will obtained.
The determinant representations are given for one-fold and two-fold DT for the (1+1)-dimensional
nonlocal focusing nonlinear Schrédinger equation. It is interesting to note that the rogue wave soliton of
nonlinear equations are currently one of the hottest topics in nonlinear physics and mathematics. The
application of the obtained solutions in physics is an interesting subject. In particular, wave hope that the
presented solutions may be used in experiments or optical fibre communication. Also we will study some
important generalizations of the (1+1)-dimensional nonlocal focusing nonlinear Schrédinger equation in
future [10]-[16].
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AM. Ceprasuna, K.P. Ecmaxanosa, K. K. Ep:xkanos, I, U Tyaryméaesa
JLH. I'vmunes arbiaaars! EBpasusanelk ¥1rTeIK YHEBEpCHTETI, AcTana K., 010008, Kazakcran

(1+1)-6JIIEMAI JIOKAJJIbI EMEC ®OKYCTAJIFAH CbI3bIKTBI EMEC
IMPEAUHTEP TEBAEYI YHIIH JAPBY TYPJEHIIPYI

Annoramusa. Ocel Makamaga 0i3 (1+1)-emmemmi moxamasl emec (POKYCTaNFaH CHIBBIKTHI eMmec LlIpeamnrep
TEHJEY1H KapacThIpAbIK. by Tenaeynepai M.J. Ablowitz]l and Ziad H. Musslimani, Li-Yuan Ma, Zuo-Nong Zhu, T.
A. Gadzhimuradov A. M. Agalarov skome T.0. FamsiMzap 3eprrexi. Jlokammbl eMec (POKYCTaXFaH CHI3BIKTBHI €MEC
IpeauaTep TEHIEYI Kepi mAambIpay dAiCiMEeH HWHTerpanganansl. biz ocel TeHaeyre JapOy TYpaeHAIPYiH KYPABIK.
ConpiveH Kartap, 013 (1+1)-emxmemai mokanasl emec (Qokycramran chI3bIKTH eMec LlIpenunrep TeHAeyl ymmH 6ip
JKOHE €Ki PETTi aHBIKTay bl TypiHaeri JlapOy typaeHaipyiH amasik. Ochl TEHACYAIH TPAaHCHOPMALMCHH KOJIJAHY
peTiHAE, COMMTOHABIK TYPJCT] IMEeMIMACPAl TPUBHANIBI «seed» IICITiMHEH aTaMBbI3.

Tipex co3aep: (1+1)-emmemai mokamasl eMec (OKycTamFaH ChI3BIKTHI eMec Llpeaunrep TeHACYi, HHTETpaNT-
JAHATHIH XYHe, JIakc xyOpr, JlapOy TypreHaipyl, aHBIKTayBIII TYPIHACTI Oip skoHE eki-ecemi JapOy TypreHaipyi.

YK 517.957, 517.958
A.M. Ceprasuna, K.P. Ecmaxanosa, K.K. Ep:kaunos, /I.A. Tyaryu6aesa

EBpazuiickuii HarmoHambpHbIH yHEBEpcUTET M. JLH. I'ymuneBa, Acrana, Kazaxcran
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ITPEOBPA3OBAHUSA JAPBY IJIA (1+1)-MEPHOI'O
HEJIOKAJIbHOI'O ®OKYCUPOBAHHOI'O
HEJIMHEUHOI'O YPABHEHUS IIPE/IMHI'EPA

Amnnoramus. B 31oif ctatee M paccMotpuM (1+1)-MepHOE HEOKATBHOS (POKYCHPOBAHHOC HEIHHCHHOC VPaB-
nernwue [llpeauarepa. 3tu ypaBHEHU H3y4arorcs B pabdorax M.J. Ablowitz and Ziad H. Musslimani, Li-Yuan Ma,
Zuo-Nong Zhu, T. A. Gadzhimuradov A. M. Agalarov u np. HemoxaneHoe HemHCHHOE ypapHeHHE LlIpennarepa
HHTCTPHPYCTCA ¢ MCTOJAMH OOPATHBIC 334a4Yd pacceaHus. Mbl mocTpowmn mpeoOpaszosanmue [apOy 3Toro ypas-
HeHuA. KpoMe TOTO, MBI MOMYYHM MPCSACTABICHHC ACTCPMHHAHTA OJHOKPATHOTO M ABYKPATHOTO MPCOOpa30BAHHA
HapOy mna (1+1)-MepHOTO HETOKAMBHOTO (POKYCHpOBAHHOTO ypaBHeHHA Llpeamnarepa. B kauecTBe mpHMCHCHHA
JapOy mpeoOpazoBaHms 3TOTO YPABHEHUS THUIA COJHTOHHOTO PEHICHHUS IOIYyYArOTCAd M3 TPUBHAIBHBIX «seed»
peIICHUiA.

KmoueBnie cioBa: (1+1)-Meproe HemokambHOS (POKYCHPOBAHHOC HENWHCIHOC ypaBHeHme IlpemmHrepa,
HHTCTPHPYEMBIC CHCTEMBI, mapa Jlakca, mpeacTaBiIcHHE ACTCPMHHAHTA OJHO M ABYX-KPAaTHOTO MPEOOpaz0BaHMA

HapOy.




