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ON THE INITIAL-BOUNDARY VALUE PROBLEM
FOR SYSTEM OF THE PARTIAL DIFFERENTIAL EQUATIONS
OF FOURTH ORDER

Abstract. A initial-boundary value problem for system of the partial differential equations of fourth order is
considered. We study the existence of classical solutions to the initial-boundary value problem for system of the
partial differential equations of fourth order and offer the methods for finding its approximate solutions. Sufficient
conditions for the existence and uniqueness of a classical solution to the initial-boundary value problem for system
of the partial differential equations of fourth order are set. By introducing of a new unknown functions, we reduce
the considered problem to an equivalent problem consisting of a nonlocal problem for the system of hyperbolic
equations of second order with functional parameters and the integral relations. We offer the algorithm for finding
an approximate solution to the investigated problem and prove its convergence. Sufficient conditions for the
existence of unique solution to the equivalent problem with parameters are established. Conditions of unique
solvability to the initial-boundary value problem for system of the partial differential equations of fourth order are
obtained in the terms of initial data. Separately, the result is given for the initial-periodic in time boundary value
problem.

Keywords: system of the partial differential equations of fourth order, initial-boundary value problem,
nonlocal problem, system of the hyperbolic equations of second order, solvability, algorithm.

1. Introduction. Currently, the problems of mathematical physics connected with the description of
wave motion of liquids of different nature are drawn by great attention. This interest is caused not only by
big applied importance of these problems, but their new theoretical and mathematical content often do not
have analogues in the classical mathematical physics. One of the important classes of such problems are
the initial-boundary value problems for fourth order partial differential equations. To date, various
methods for researching and solving the initial-boundary value problems for fourth order partial
differential equations of hyperbolic and composite types are developed in [1-12]. In order to investigate
various boundary value problems for fourth order partial differential equations along with the classical
methods of mathematical physics (the Fourier method, the method of Green's functions, Poincare's metric
concept) we apply the method of differential inequalities and other methods of qualitative theory of
ordinary differential equations. Based on them, the conditions for solvability of considered boundary
value problems are obtained, and the ways for finding their solutions are offered. Fourth order system of
partial differential equations began to be studied relatively recently.

In the present work we consider system of the partial differential equations of fourth order at the
rectangular domain. Boundary condition for time variable are specified as a combination of values from
the partial derivatives of required solution on third orders by spatial variable. We investigate the questions
of existence and uniqueness of the classical solution to initial-boundary value problem for system of the
partial differential equations of fourth order and its applications.
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2. Methods. For solve to considered problem we use a method of introduction additional functional
parameters [13-29]. The original problem is reduced to an equivalent problem consisting of nonlocal
problem for system of the hyperbolic equations of second order with functional parameters and integral
relations. Sufficient conditions for the unique solvability to investigated problem are established in the
terms of initial data. Algorithms for finding solution to the equivalent problem are constructed.
Conditions of unique solvability to initial-boundary value problem for system of partial differential
equations of fourth order are established in the terms of system’s coefficients and boundary matrices.
Separately, the result is given for the initial-periodic in time boundary value problem.

Note that, in [30, 31] a similar approach has been applied to the initial-boundary value problem and
nonlocal problem for the system of partial differential equations of third order.

2. Statement of problem. At the domain Q =[0,7]x[0,®] we consider the initial-periodic boundary

value problem for system of the partial differential equations of fourth order in the following form

88&3 = A, )fomz(z, )888x2+A(Z )Z A )25;+A5(z,x)%+
+A(tx) +A(tx)u+f(tx) (t,x)eQ, (1
0 u(OS,x) _K(x )8 u(T x)Jr 25}, %621, )
ax
U(IJO):I//O(I), ZE[OJ T]: (3)
% x=0 = l//l (Z)J le [OJ T]: (4)
S =ve@, relo0T), )

where u(?,x) = col(u,(t,x),u,(t,x),...,u, (t,x)) is unknown function, the nxn-matrices A (7,x),
i=17, and n-vector function f(t,x) are continuous on Q, the nxn-matrix K(x) and #» -vector-

function @(x) are continuous on [0, @], the n-vector-functions y,(f), ,(f) and y,(f) are
continuously differentiable on [0, 77]. The initial data satisfy the condition of approval.

ou(t
A function u(f,x)e C(Q,R") having partial derivatives é);x) eC(Q,R"),

ou(t, x) 82u(l, X)

Otox

2 3
e C(QR"), %EC(Q,R”), ceC(QR"), %EC(Q,R”),
du(t, x)
orox’
satisfies system (1) forall (7, x) € Q, and boundary conditions (2)--(5).

We will investigate the questions of existence and uniqueness of the classical solutions to the
initial-boundary value problem for system of the partial differential equations of fourth order (1)--(5) and
the approaches of constructing its approximate solutions. For this goals, we applied the method of
introduction additional functional parameters proposed in [13-31] for solving of various nonlocal
problems for systems of hyperbolic equations with mixed derivatives. Considered problem is provided to
nonlocal problem for the system of hyperbolic equations of second order including additional functions
and integral relation. The algorithm for finding the approximate solution of the investigated problem is
proposed and its convergence proved. Sufficient conditions of the existence unique classical solution to
problem (1)--(5) are obtained in the terms of initial data.

4
t
e C(QQR"), % e C(Q,R"), is called a classical solution to problem (1)--(5) if it
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3. Scheme of the method and reduction to equivalent problem. We introduce a new unknown

functions v(¢,x) = w , w(t,x) = athz,x) and rewrite the problem (1)--(5) in the following form
X X
O*w ow ow
o = A (1, x)a + A4, (1, x)g + A (t, x)w+ f(t,x)+
+ A1) 8\1(;; E) ¢ A o+ Ao a”(a[; ) ¢ A o) t,x)eQ, (6
HOD kXD ipw,  xefo.0l, ™
w(t,0) =y, (1), te[0,71]. (8)

W(t,x) =, () + ;fw(z, EYIE.  u(t,x) =y, (1) + v, (0)x + ;jciw(l, E)AEE, (Lx)eQ.  (9)

Here the conditions (3) and (4) are taken into account in (9).
A triple functions (w(?,x),v(Z,x),u(t,x)), where the function w(z,x) € C(€), R") has partial

2
derivatives 278D c o Ry, PEA ccqry, DD o R, the funetions
ox o Biox

v(t,x)e C(QQR") and u(t,x)e C(CLR") have partial derivatives % eC(Q,R"),

2 2 3
2 ccry. D cc@ry.  DDcc@ry. LDc@ry.
o B dtox arox
5 2
—8”((;’“) eC(QR"), a”gl’ Vec@nrny, 249 léf;x) eC(QR"), me CQRY).

3 4
%Z,Zx) %l,;c) e C(Q,R"),is called a solution to problem
otox otox
(6)--(9) if it satisfies of the system of hyperbolic equations of second order (6) for all (7,x) <€ Q, the
boundary conditions (7), (8), and the integral relations (9).
At fixed v(z,x) and u(?,x) the problem (6)--(8) is a nonlocal problem for the system of

hyperbolic equations with respect to w(z,x) on (). The integral relations (9) allow us to determine the
unknown functions v(7,x) and u(#,x) forall (#,x)eQ.

3
e C(QR", % eC(Q R,

4. Algorithm. The unknown function w(#,x) will be determined from nonlocal problem for the
system of hyperbolic equations (6)--(8). The unknown functions v(7,x) and #(7,x) will be found from
integral relations (9).

If we know the functions v(¢,x) and #(Z,x), then from nonlocal problem (6)--(8) find the

function w(Z,x). Conversely, if we known the functions v(7,x) and u#(#,x), then from nonlocal
problem (6)--(8) we find the function w(Z,x). Since the functions v(z,x), u(f,x) and v(f,x) are
unknowns together, for finding of the solution to problem (6)--(9) we use an iterative method. The
solution to problem (6)--(9) is the triple functions (w"(Z, x),v"(¢,x),u" (¢, x)) we defined as a limit of
sequence of triples (W™ (£, x), v (¢, x),u" (¢, x)), k =0,1,2...., according to the following algorithm:
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ov(t )
Step 0. 1) Suppose in the right-hand part of the system (6) %:Wo @), v(t,x)=w, (1),
ou(t,x) . .
e =y, () +y,(O)x, and u(t,x)=w,({)+y,(*)x, from nonlocal problem (6)--(8) we find the

initial approximation w'” (¢, x) for all (z,x) e Q;
2) From the integral relations (9) under w(Z,x) =w'”(z,x), we find the functions v (¢, x) and

u(t,x) forall (£, x)e Q.

ov(t,x) V(1 x)

p P v(t,x) =v(t,x).

Step 1. 1) Suppose in the right-hand part of system (6)

ou(t,x) ou(t,x)
ot ot
approximation w™ (¢, x) forall (£,x) € Q.

, and u(t,x)=u""(t,x), from nonlocal problem (6)--(8) we find the first

2) From the integral relations (9) under w(z,x)=w"(z,x), we find the functions v"(¢,x) and
u™(¢,x) forall (1,x) Q.
And so on.
ov(t,x) _ ov* I (t,x)
o a

Step k. 1) Suppose in the right-hand part of system (6)

ou(t,x) ou""(tx)

v(t,x) =v¥ (1, x), , and u(t,x)=u“"(,x), from nonlocal problem (6)--

ot ot
(8) we find the & -th approximation w*’ (¢, x) forall (£, x) e Q:
aZW(k) aw(k) k)
=A@, x)—+A4,(t,x + A, x)w® + f(t,x)+
o 1(’)8x , (1, %) py 5(1,%) f(t,x)
(k1) (k=1)
+ A, (@, x)ava—[(”x)ms(z, vE V(e x) + A, x)au—([’x)+A7 )" (,x), (1,x)€Q, (10)
k) k)
M:K(x)w_i_(ﬂ(x)’ xe[Oja)]’ (11)
ox ox
w0 =y, (1,  1€[0,T]. (12)

2) From the integral relations (9) under w(z,x) =w*'(¢,x), we find the functions v*'(z,x) and
u®(t,x) forall (z,x)eQ:

V(k)(f;x)zl//o(f)+TW(k)(f;§)d§, u(k)(t,x):1//0(Z)+1//1(l)x+ﬁw(k)(l7§1)d§1d§, (1,x)e Q. (13)
Here £=1273

5. The main results. The following theorem gives conditions of feasibility and convergence of the
constructed algorithm and the conditions of the existence unique solution to problem (6)--(9).
Theorem 1. Suppose that

i) the nxn-matrices A (t,x), i= 1,7, and n-vector Sfunction f(t,x) are continuous on € ;
ii) the nxn-matrix K(X) and n-vector-function @(x) are continuous on [0,®];

iii) the n-vector-functions w,(t), w,(t) and y,(t) are continuously differentiable on [0,T];
T

iv) the nxn-matrix OQ(x)=1- K(x)[] + [ A (z, x)dr} is invertible for all x €[0,w], where
0

1 is unit matrix on dimension n.
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Then the nonlocal problem for system of the hyperbolic equations with parameters (6)--(9) has a
unique  solution (W™ (t,x),v"(t,x),u”(t,x)) as a limit of sequences (W™ (t,x), v (t,x),u®(t,x))
defining by the algorithm proposed above for k =0,1.2,....

Proof. Let the conditions i) - iv) of the Theorem be satisfied. From the Oth step of the above

algorithm and Theorem 1 from [21] it follows that the nonlocal problem for system of the hyperbolic
equations

O*w B ow ow .
% =A(1, x)aJrA2 (, x)§+A3 @, xyw+ f(t,x)+ A, x)y, () + A (t, )y, () +
+ A (1, ) [y, (1) + Y (Dx] + A, (1, )y, () + yw, (Dx] (t,x)eQ, (14)
%:K(XS)M-’-Q(X), xe[0,m], (15)
w(t,0) =y, (1), te[0,7T] (16)

has a unique classical solution w'”(z, x) forall (£,x) e Q.

Further we determine the functions v (#,x) and #'” (¢, x) from the integral relations
x x&
VOUX) =y, (O +[w(,8)dE . u(t,x) = w, (O +y, (O)x+[[w? (t,§)dé dE
0 00

for all (¢,x)e Q. Functions v”(f,x) and u“”(f,x) together with their partial derivatives
v (t,x) ond ou®(t,x)

ot ot

Continuing the iterative process according to the above algorithm, we define successive
approximations W (¢, x) , v? (¢, x)and ™ (z, x) for all (,x)€Q and k =1.2,....

The conditions i) - i) of Theorem provide the uniform convergence on €2 of the sequences
{w(k)(l,x)}, {v(k)(t,x)} and {u(k)(l,x)} as k — o to functions w'(¢,x), v'(t,x) and u (£,x),
respectively, for all (t,x)€ Q. In addition, there are finite limits of sequences of their partial
derivatives as kK —> 0.

, respectively, are continuous on 2 .

The triple founded functions (w"(¢,x),v"(¢,x),u"(¢,x)) has all the required continuous partial

derivatives on €2 and be solution to problem (6)—(9). Uniqueness of solution to problem (6)—(9) is
proved by method of contradiction.

Theorem 1 is proved.

From the equivalence of problems (6)—(9) and (1)—(5) it follows

Theorem 2. Suppose that the conditions i) - iv) of Theorem I are fulfilled.

Then the initial-periodic boundary value problem for system of the partial differential equations of

Jourth order (1)--(5) has a unique classical solution u” (¢, x).
For K(x)=1 and @(x)=0 we obtain the initial-periodic boundary value problem for system of
the partial differential equations of fourth order (1), (3)-(5) with condition
Su(0,x)  &u(T,x)
a7
Then the following assertion is true.
Theorem 3. Suppose that

xe[0,m]. )

1) the nxn-matrices A(t,x), i =17, and n-vector function f(t,x) are continuous on €2 ;

2) the n-vector-functions y (1), w,(t)and v, (t) are continuously differentiable on [0,17];

r
3) the nxn-matrix Q(x) = [ A (z,x)dt isinvertible for all x €[0,w].
0




ISSN 1991-346X News of the National Academy of sciences of the Republic of Kazakhstan. 1. 2019

Then the initial-periodic boundary value problem for system of the partial differential equations of
fourth order (1), (2°), (3)--(3) has a unique classical solution.

Funding. This results are partially supported by grant of the Ministry education and science of
Republic Kazakhstan No. AP 05131220 for 2018-2020 vyears.
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O HAYAJIBHO-KPAEBO 3AJAUE JJId CUCTEMBI JM®®EPEHIIAAJIBHBIX YPABHEHUI B
YACTHBIX ITPOU3BOJHBIX YETBEPTOI'O ITOPAAKA

AnHoTtammsi. PaccmarpuBaeTcsi Ha4aabHO-KpaeBas 3a7a4a Uil CHCTEMbI TU(PPEPEHINANGHBIX YPABHCHHH B
YACTHBIX NMPOM3BOAHBIX YETBEPTOro mopsaaka. KccreayroTcs BOIPOCHI CYLIECTBOBAHMA KJIACCHUSCKOTO PEINCHUA
HAYAIbHO-KPACBOH 3a71aum 1l cucTeMbl Au(()epeHINATbHBIX YPABHCHUI B YACTHBIX IIPOU3BOIHBIX HETBEPTOTO
TIOPSIIKA ¥ MPEATIAratoTCsl METOIbI HAXOMKICHHS MX MPHOIMKEHHBIX PEIICHAH. Y CTAHOBJICHBI JOCTATOYHbIC YCIOBHSA
CYHICCTBOBAHWS W C€IMHCTBEHHOCTH KJIACCHYCCKOTO PEIICHHS HAYAIBHO-KPACBOW 33Ja4d  JMSI  CHCTEMBI
mu(depeHINANPHBIX YPABHCHUH B YACTHBIX IPOM3BOAHBIX UCTBEPTOrO NOpAAka. IIyTeM BBenCHHWS HOBBIX
HEM3BECTHBIX (ByHKUHMIT HCCleyeMast 3aaua CBeJCHA K 3KBHBAIICHTHON 331a4€, COCTOSIICH W3 HEJOKAIBHOM 3a1a41
JUIA CHCTEMBl THIECPOOMMUCCKUX VPAaBHCHHH  BTOPOTO TMOPSAka C ()YHKIMOHANHHBIMH IAPAMETPAMH M
HHTCTPAIBHBIX COOTHOINCHUH. [Ipe/TOsKeHBI aNrOpPUTMbl HAXOXKICHHSA MPHOIMKEHHOTO PEIICHHSI HCCICTyCMOH
3aJavd W J0KA3aHa MX CXOJWMOCTb. YCTAHOBJICHBI JOCTATOYHbBIC YCJIOBHS CYIIECTBOBAHUS CAMHCTBEHHOTO
PEIICHUA DKBHBAJICHTHOH 33Ja4M C HApAMETPAMH. YCIOBHSA OJHO3HAYHON PA3pEIIMMOCTH HAYAIBHO-KPAcBOI
3a71a4un Al cucTeMbl Au((hepeHINATBHBIX YPABHCHHH B YACTHBIX MPOU3BOAHBIX YECTBEPTOTO MOPSIKA MOJYUCHBI B
TEPMHHAX HCXOAHBIX JAHHBIX. OTACIBPHO NMPHBOAWTCSA PE3YIBTAT I HAYAIBHO-TIEPHOJMYCCKON MO BPEMCHH
KpacBOH 3aJa4H.

KimoueBsie cioBa: cucrema auddepeHInanbHbIX YPABHCHUH B YACTHBIX MPOU3BOJHBIX YETBEPTOTO MOPSIIKA,
HayaJdbHO-KpacBasd 3a/aya, HeJOKaldbHAas 3aJayva, CHCTEMa TUNCpOOIMYECKHX YPAaBHCHUH BTOPOro MNOpPAAKa,
Pa3peluMOCTb, AITOPHTM.
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TOPTIHIUI PETTI AEPBEC TYBIHABLIBI JIUPPEPEHITUAJJIABIK
TEHJAEYJEP )XYUECI YIHITH BACTAIIKBI - HIETTIK ECEI TYPAJIBI

Annotamusi. Teprinmi perri aepdec TYBIHABUIEI Au()(pepeHIUANIBIK TCHACYICP >KyHecl YINH OacTamkbl-
HIETTIK €CEN KAapacThIPhUIAAbL. TepTiHmI perTi AepOec TybIHABUIBI Au((epeHIHANIbIK TEHACYIep KyHecl YIIiH
0acTanKBI-IIETTIK €CENTIH KIACCHKAIBIK IICITIMIHIH 0ap 00Ty Bl MaCenenepi MEH OJIAPABIH JKYbIK MEIiMACPiH Tady
omictepi 3eprrenreH. Teprinmi perti AepOec TYBIHABLIE Ju(depeHImanablK TeHACYIep KYHecl YIIiH OacTamkbl-
MIETTIK €CENTIH KIACCHKAIBIK MICIIIMIHIH 0ap OOIybl MCH YKAJFbI3ABIFbIHBIH KCTKITIKTI [APTTAPbI TAFaHbIHIAIFAH.
Kana Oenrici3 (yHKOHAIAP CHTI3Y KOIBIMCH 3CPTTCIIN OTBIPFAH ¢CCN THHCPOOIANBIK TCHACYICP KYHECi YINiH
mapaMeTpiepi 6ap OeiIoKan eCeNTeH JKOHE MHTETPANIBIK KATHIHACTAPJAH TYPATHIH Mapa-map €CEmke KEeATipiIreH.
19
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3epTTeNin OTBIPFAH CCENTIH JKYBIK INCIIMIH Taly anrOpUTMACPI YCHIHBUFAH >KOHE OJIAPIBIH >KHHAKTHIIBIFBI
monenacHreH. [lapameTpraepi Oap mapa-map SCCNTiH JKaJIFbI3 IICIHIMiHIH Oap OONMYBIHBIH KCTKUTIKTI IMAPTTApPHI
TaradbpIHAATFaH. TepTiHII PeTTi AepOec TYBIHABLIBI AU PepeHINANIBIK TEHACYICP KYHEC] YIIiH 0acTamKbI-IIETTIK
ecenTiH OIpMOHIl MMEIIUTIMILNIIHIE IMAapTTapsl OacTanmkel OepimiMep TCPMHHIHAC AJbIHFAH. bacTamkbl-yakbIT
OOMBIHINA MEPHOATHI INETTIK €CEN YIIIH HITHKE JKEKE KETIPireH.

Tyiiin ce3mep: Teprinmi perri aepdec TyBHABIIBI Ju(depeHIMaNIbIK TEHACYIep KyHecl, OaCTamKbI-IIETTIK
ecer, OCHIIOKAN ecell, EKiHII PeTTi TUNepOOIaibIK TEHACY IEp KYHEC], MELTIMILTIK, alIrOPUTM.
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