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THE CONSTRUCTION OF A SOLUTION
OF A RELATED SYSTEM OF THE LAGUERRE TYPE

Abstract. The aim of the work is to study the system of Laguerre type obtained from the degenerate of Horn
system by direct selection of parameters, as well as using an exponential transformation. Such a system consisting of
two partial differential equations of second order is called related to the basic Laguerre system. The difficulties of
studying are that if in the ordinary case there is one degenerate of Kummer’s equation and only one degenerate
hypergeometric function satisfying it, then in the case of two variables there 20 degenerate systems and 20
degenerate hypergeometric functions of two variables satisfying them appear. It is not known how many systems of
Laguerre type exist, and with which of the 20 degenerate systems it links to. There is no general method of a
research In this work Frobenius-Latysheva’s method which is generalized in this case by Zh.N. Tasmambetov is
applied to creation of their normal and regular solution depending on Laguerre’s polynomial of two variables. The
classification of singular curves using rank and antirank is given, as well as basic information about the features of
constructing normal-regular solutions of such systems. The main theorem on the existence of four linearly
independent partial solutions is proved. Solutions are determined by the degenerate hypergeometric function of M.P.
Humbert in the form of normal-regular ranks of two variables depending on Laguerre’s polynomials. The
conclusions indicate the relationship of such systems with overridden systems and some representations of
Laguerre’s polynomial of two variables.

Key words: Related, system, Laguerre-type system, Horn system, normal-regular solution, special curves, rank,
antirank, overdetermined.

Introduction
The degenerate hypergeometric function is the root of many well-known functions, and through it all
orthogonal polynomials of one variable are expressed [1]-[2]. Indeed, if y is not an integer, is & a

negative integer or zero, then the series

o
Gla,y,;x)=1+—x+
@.7:%) y o 2y(y+1)

representing the degenerate hypergeometric function terminates, and we obtain a polynomial G(— ny. x)

in particular expressing the polynomial of Laguerre. In the theory of orthogonal polynomials, there are
several differential equations solutions of which are Laguerre’s polynomials and various applications in
the problems of mathematical physics, as well as in the theory of the hydrogen atom, etc. [3, ¢.226]- [4]-
[5,115-118]. The generalization of this theory to Laguerre’s polynomials of two variables and systems of
partial differential equations of the second order, which they satisfy, has not reached this level. The study
is complicated by the fact that if in the ordinary case there is only one degenerate hypergeometric
equation, then in the case of two variables there are 20 degencrate systems and 20 degencrate
hypergeometric functions of two variables satisfying them [6, ¢.226-230]-[7]. It is not yet known how
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many systems of the Laguerre type are there and with which of the 20 degenerate systems they are
connected. Apparently, this was influenced by the insufficient development of the analytical theory of
such systems. Therefore, another direction for studying orthogonal polynomials of two variables as
eigenfunctions of linear partial differential operators of the second order was developed [8]-[9]-[10].

In the works of Zh.N.Tasmambetov and A A Issenova the system of Horn (‘PZ) was selected as a
binding system and the connection between the degenerate hypergeometric function of Humbert

Y, (0{, v, 7" x, y) and the Laguerre’s function of two variables L(naf;nﬂ )(x, y) was studied.

In [11] it was shown that from the system of Horn

Xz, +(7/—x)Zx -yZ,+nZ=0
yZWJr(y/—y)Zy—xeJrnZ:O} @
when y =a+Ly = +La #0,8#0,4=—n the basic system of Laguerre is obtained
xZ . +(0{+l—x)Zx —yZ,+nZ =0
yZW+(,B+l—y)Zy—xe+nZ:O} ©)
solution of which is a polynomial
Y, (~na+1,B+1x,y)= i (—n)/w LA (4)

Ean, e, o

By analogy, this polynomial is called the generalized Laguerre’s polynomials of two variables and is
denoted by

L(a’ﬂ):\Pz(_n;a'i‘laﬁ—"_l;xay)' (5)

Basic information
According to the general theory of systems of the form (2), when the condition of compatibility and

integrality is performed [12], it has up to four linearly independent solutions Z, (i = 1,4), and the general
solution depends on arbitrary constants and is represented as a sum

Z(x:y): SVA (x,y)+C222 (x:y)+C3Z3(x:y)+C4Z4(x:y) (6)

where C, (i = l,_4) are arbitrary constants, Z = Z (x, y) is a general unknown.

The system has a regular (0,0) singularity and an irregular (O0,00) singularity. To classify regular
and irregular singularitics K.Ya. Latysheva used the notion of rank

p:lJrk,k:max—'Bs_'B0 (7
(lgsgn) S
introduced by H. Poincare and antirank
m=-1-y. ¥ = min s ~ %o 8)

(lésén) kY
introduced by L. Tome.

These concepts were generalized to the case of the studied system of (2) Zh.N. Tasmambetov[13].

If the rank is p < O, then the special curve (x =00,y = OO) is regular, when p > Othe special curve
is irregular. When m < 0 a special curve (0,0) is regular, and if m > 0 special is irregular [13].

Definition 1. If the rank p > O and antirank m < 0, then system (2) has a solution
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Z(x,y)=expO(x, y)- x”y™ > A x"y" 4,, 0. ©)
uv=0
where p,, 0, (i = l,_4), AS)V (,u, V= 0,1,2,...) - unknown constants; Q(x, y) - polynomial of two variables
apo ? aop P
Q(x,y): X +7y +otaxytayxta,y, (10)

with unknown coefficients & ., ,,...,0,, %,y . The solution of the form (9) is called normal-
regular.

If the special curve (0,0) is regular, then the polynomial Q(x, y) = 0 and the solution of the system
exists in the form of a generalized power series of two variables

Z(x,y)=x"y” ZAiizx”yv, Ay, %0, (11)
1,v=0

where p,,0, (i = l,_4) Afj)v (,u, V= 0,1,2,...) - the unknown constants.

The highest degree of the polynomial Q(x, y) is determined by the rank p .

Definition 2. The values of number p determined by the equality (7) are called series order (9) and
can be an integer or a fractional number (positive or negative).

CONCLUSION OF THE RELATED SYSTEM OF THE LAGUERRE TYPE AND THE
CONSTRUCTION OF ITS SOLUTION

Formulation of the problem
From the system of Hom (‘Pz) by means of converting

a+l g+l

4 = exp[ng%J-xTy : -U(x,y) (12)

a system of Laguerre type is installed

(13)
: 1
U, ~wU, +| -2~ L hy+=- g2 |.U=0

where k = (0{ +B+2- 2/1)/ 2 is related with the basic Laguerre system (3).

Such systems belong to the Whitaker-type system [7]. By applying Frobenius-Latysheva method
[13] we want to establish distinctive features of the system (12) and construct its normal-regular solution
dependent on Laguerre’s polynomials of two variables.

MAIN RESULTS
Theorem 1. The system of second order partial differential equations (13) has four linearly

independent partial solutions, which are expressed through the degenerate hypergeometric function of
M.R. Humbert ‘¥, (0{, v, 7" x, y) in the form of normal-regular series

o+l Bl
U(x,y):exp[—g—ZJ-xTy : -‘PZ(—n,aJrl,,BJrl;x,y):

- eXp[— == Z} x 2y L (e y)

dependent on the Laguerre’s polynomial of two variables

(14)

— ) ——
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o p B n n n(n— ) n(n_ ) 2
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n(n—l) ) ...+(—l)" n(n—l)...l .

+1!(ﬁ+1)(ﬁ+z)(y +) Py e L - (1s)
Z nin-1)..1 | n nin—-1)..1 ;
[ ST e o ey e RS A e e o 7 o

Lvidence. For the proof Frobenius-Latysheva method is used. Like the degenerate system (2) the
system (12) has a regular (0,0) singularity and an irregular (OO, OO) singularity. By highest degrees of
independent variables X and y certain subranks: £ = 0,4 =0 and rank p =1+ =1. Then according

to the method of Frobenius-Latysheva for the construction of normal-regular solution of (9), in the system
(13) the transformation is correct:

U= exp(alox + aOIy)CD(x,y) (16)

where «, and ¢, are uncertain coefficients, which need to be determined from the newly obtained
support system.

2
xzq)xx +20!120x2q)x —xyq)y +([0[120 _%sz _[0!021 _%ny—‘_kx—i_%_%j'q) =0

(17)
2 2 s 2 l 2 2 l l 182

Yo, +2a,y®, —xy®@ +| |y~ YV |, < py+rhky+——— ] ®=0
4 2 4 4

By cquating coefficients to zero at the highest degrees of independent variables x” and y° at

unknown q)(x, y) , we define a system of characteristic equations

1
bl((l))(aw?aOl ) = 0[120 _Z =0

2

1 (13)
bé?)(aloaam ) = 0[021 _Z =0.
This shows the fulfillment of the first necessary condition for the existence of a normal-regular
solution (9) connected with the definition of the unknown coefficients of the Q(x, y) polynomial [13].

Theorem 2. Equality (18) is required for a supporting system to have at least one solution of the form

9.
The system (17) has four root pairs:
1
2 o
11 1 1
()= -3.3 et -3-3)

11 1
(ly.al)= (3.2} ai.af))=( 3.
(19)
defining four polynomials of the first degree of the form (10), since the rank of the system is equal to one:

0,(x,y)=aix +agly,i=14.

Four (al(é),aéll)),l =12 pairs in (18) define four systems from the auxiliary system (18). Each of

them can have up to four linearly independent particular solutions. Thus, the initial system should have up
to 16 private solutions. However, a detailed study shows that out of the four systems, only the system
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2
X0 +x'0, —xyd, +(kx+%—a7j-cb =0
(20)

2
yzq)w +y2q)y - xy® J{ker%—’BTj-q) =0

has four linearly independent particular solutions. All of them are expressed through degenerate
hypergeometric function of Humbert ‘¥, (0{, v, v x, y).

Indeed, by making up the system of characteristic functions of the system (20) we make sure that the
system of defining equations with respect to the singularity (0,0)

2
F9(p,0)= plo-1)+1-% -0

) ;2 @D
fof)(pﬁ):a(a—l%Z—T:o,
has four pairs of roots:
1 1 1 1
(,01;01)2[E+%,E+§J,(pl,az):[EJF%,E—g}
1 ol P 1 a1 B (22)
eur)=[5-5 545} o) (55375

This shows the fulfillment of the second necessary condition.

Theorem 3. In order for the system (13) to have a normal-regular solution of the form (9), it is
necessary for the pair (,0, G) to be the root of the defining equations with respect to the (0,0) singularity
of the form (20) obtained from the auxiliary system (17) by substituting instead of the unknown
Z(x,y)=x"-y°.

The existence of four pairs of roots (22) ensures the existence of four linearly independent particular
solutions of the system (20) in the form of generalized power series (12). Since, the values of p and o

are defined, it remains to find the unknown constants A4 W( V= 0,1,2,...) with the help of a system of

recurrent sequences

ZAS’Q/JW -fﬁg(erm—,u,aJrn—V),(m,n =0,1,2,.5i=12,,v=0]12,.).

alyg&y. .

Thus, the constructed particular solutions of (19) have the form of the

o+l gl
O (x,y)=x2y ¥ a+'8+l—k,a+l,,6’+l;x,
1\ Y 2 5 Y

a+l 18 .
O,(x,y)=x2y ¥ i ’B+l—k,a+l,l—,b’;x,
2 Y 2 5 Y

l-a 41 .
@,(x,y)=x2y’ -‘PZ['BzaJrl—k,l—a,,BJrl;x,y

l-a 18
q)4(xay):x 2y '\PZ[_az_ﬁ+l_knl_aal_ﬁ;xayJ

Considering &k = (0{ +B+2- 2/1)/ 2 , these solutions are represented in the form

o+l gl

O (e,y)=x2y W (-na+lp+1xy)

— ) ——
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a+l  1-8
CDZ(x,y):x Zy ’ -‘PZ(—n—,B,aJrl,l—,B;x,y)
l-a g1
O, (ry)=x2y ¥(-n-al-af+Lxy) (23)
o 12
CD4(x,y):x 2y : -‘PZ(—n—a—,B,l—a,l—,B;x,y)
Hence, it is not difficult to notice that the system solution we are interested in (20):
o+l Bl a_+1 £+
CDI(x,y):x 2y : -‘PZ(—n,aJrl,,BJrl;x,y):x 2y : -L(n”f;f)(x,y) 24)

and the remaining solutions will not be considered in the future.

The fulfillment of two necessary conditions ensures the existence of a normal-regular solution (14),
dependent on the Laguerre’s polynomial of two variables (15). The theorem is proved.

The General solution of the system (12) on the basis of (6), taking into account formulas (23), is
presented as

U(x,y): ClUl(x:y)+CzUz(x:y)+U3Z3(xay)+C4U4(x:y):

= Cl exp[—%—%}@l(x,y)Jr Cz exp[—%—%}@z(x,y)Jr

+C, exp[—%—%}@S (x,y)+ Gy exp[— g - %}@Ax,y),

where C, (i = l,_4) - are arbitrary constants.
On the basis of the above reasoning, some statements can be made.
Theorem 4. The system (16) with respect to q)(x, y) , obtained from (13) by conversion

U(x,y):epr(x,y)-q)(x,y) (25)

has the same rank as the system (13).
Indeed, since the rank of the system (12) is equal to one, we present transformations (25) in the form

of (15) and obtain a system with respect to q)(x, y), where the rank is p =1. The proof of theorem for
the General case is given in the monograph [12].

Theorem 5. The system (13) for which p >0, m <0 has normally regular solution (14), which is
expressed through the generalized Laguerre’s polynomial of two variables and the right-hand side (14)
converges near the singularity (x =0,y= O).

The system (13) is said to be related the system of the Laguerre type. As we have seen, its solutions
are also expressed through the degenerate hypergeometric function of M.R. Humbert ‘¥, (0{, v, 7" x, y) in
the form of normal-regular series (14) dependent on the Laguerre’s polynomial of two variables (15).

Conclusion: Thus, using the transformation (12), we have established the form of a system of

Laguerre’s type (3) related to the main system. The application of the Frobenius-Latysheva’s method
allowed us to construct normal-regular solutions of the derived related system (13) near the singularity

(0,0). Generalized Laguerre polynomials also have representations through other hypergeometric

functions of two variables [14, p.358].
The limit transition formula is fair [15]

m
—>0 o o

Formula (24) can be similarly represented using the same limit transition as a product of Laguerre
polynomials in variables x and y .

lim L(m”,f’”[i,lJ = 1(x)- 17(y).
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In the work [16, p. 6-17] the connection of considered systems with the overdetermined systems,
studied in the works of Tajik Mathematical School [17] - [18] - [19] was indicated.

The research in this work can be extended to the case of three variables. The connection of the
generalized Laguerre’s polynomials of one and two variables with generalized hypergeometric functions
[20], [21] of many variables was considered in [14] - [15], [22]. However, for this case the main theorem
1 and theorems 2-5 presented here haven’t been proved yet. Also, the question of the computational
application of special functions of several variables, as in the monograph [23] hasn’t been touched upon.
Following [24], it is necessary to develop a numerical method for calculating the values of the degenerate
hypergeometric Humbert ‘¥, (0{, v, 7" x, y) functions through the products of Laguerre polynomials in

variables and using our formula (24). The problem of the asymptotic expansion, given in [25], is also
important when studying the properties of special functions of several variables. We have obtained an
asymptotic expansion near the origin (0,0).

K.H.Tacmamberos’, H.Pajukados’, A.A.Hcenosa®

1K.>K¥6aHOB aTeiHarel AOMY, Akrebe, Kaszakcran;
*ToxiK YITTHEK yHEBepenterti, Jymante, ToxikcTar,
3K.>K¥6aHOB aTeiHarel AOMY, Axrebe, Kazakcran

JIATEPPA TEKTEC TYBICTAC )KYWEHIH, INEIIIIM/IEPTH TYPFBI3Y

Aunnotamust. JKyMBICTEH MakcaTbl — I'OPHHBIH TybIHJaIFaH KyHeciHeH NapaMeTpiepii TikeleH Tamjay XKoHe
HKCIIOHCHITHAT TYPICHIpY keMeriMeH anbiaran Jlareppa Tekri >I<YHeH1 seprrey. MyH1al ek peTrl JepOec TV BIHIBLIBL
ekl TeHJeyJIepieH TyparhlH JudhepeHInalIbK TeHabeyIep Kyhecin 013, Jlareppa TexTi Herisri xyHeMeH TyblcTac Jell
araJiblK, ATayraH kyHenepil 3eprTey/iH KHUBHJIBIFBL MBIHAjJA: erep ait auddepeHImaibK TeHaeyIep KarnaibiHia
KymMepmin 6ip TybIHIaTFaH TeHjeyl Oap 'koHe OHHI KaHaraTTaHABIPATHIH Olp FaHa THIEPTeOMETPHSUIBIK TYBIHIATFaH
byukImsics Gap Oornca, oHTa ekl abfubiMansl skapjaiteiaga 20 TyblHTAFaH kydenep maliia Goiajibl KoHE OJApBI
KaHAFaTTaHBIPATEH 20 TyBIHJAIFAH THICPreoMeTPHSUIBIK ¢y HKimsiap Genrini. Osipre, Jlareppa Texrec Kamima xyifenep
Gap eKeHIr jKkoHe OJapJbIH TybIHIAIFaH xcynenep/:un KalichichiMeH OaltanbicTa exeyiri Genricis. Yammmbira oprak
3epTIey 9JCl JKOK. YCBIHBUIFAH JKYMbICTa €Ki afHbIMaiblHbIH Jlareppa KeIMYITeNiriHe Toyelyil KalbIITh-peryJisip
TermMIep TYPFBI3Y YIIH, eki afHpMansl skargabipiHa JK.H.TacmamGeroB sxanmmpiiaran OpobGennyc-JlaTrimesa oici
naiifiananpoia bl Panr jKkoHe aHTHPAHT TYCIHIKTEPIH IalJalaHbII, epeKile KHCHKTAP/BIH KIACCH(HKAIMICH KacalFaH
KoHEe MyHzah xcynenep/:un KaJIBIITHI-PeTy 1D IMETM/IEPIH TYPFBI3yFa KaTHICThI HET13rl TYCIHIKTep KeuTipuire. Tepr
CBISBIKTBI-TAYeIC3 JiepOec MemiMAep K Gap GONaThIHBINb! Ty Pallbl HETisri TeopemMa Aornenaenrer. O Jepbec mentimaep
Jlareppanbiy ekl afHbIManbIHBIH KelmMymienirive Ttoyenai MILI'ymGeprriy TybHzaIraH TUIIEPreOMeTPUSIIBIK
GYHKIMSICH apKbLIbI OPHEKTEIreH KaJbIITHI-PeIyISIp Katap apKbUIbl aHbIKTanajbl KOPHITHIHIBICHIEE, 3epPTTeNreH
KyleHiH apTHIFbIMEH aHBIKTalFaH sxydelepMeH OalimaHbIChl *oHe eKi afHbLIMANBIHBIH Jlareppa KeIMymemrinig xkelip
OacKala opHeKTeIy1 KeITIpUIreH.

Tyiiin ce3gep: TyblcTac, xyhe, Jlareppa Texri sxylie, ['opH skyieci, KaubIITHI-PEryysip IMEIIM, epekIie KUCHIKTap,
PAHT, aHTHUPAHT, apTHIFEIMEH aHbIKTAIFAH.

YIK 517.946:517.588
K. H.Tacmamberon’', H.Pajka6os’, A.A.Hcenona®

APTY mm. K. XKy6anoBa, Axrobe, Kazaxcram;
? TapKUKCKA HATHOHAIILHBIH yuuBepcuret, Tauxukucras, Jlynranoe;
APTY m. K.)Ky6anosa, Axrobe, Kazaxcran

IMOCTPOEHUSA PENIEHNSA POJICTBEHHOI1 CUCTEMBI THIIA JIATEPPA

Annotamnnus. [{emso paboTHl SBITETCS W3yUeHHUe CHCTEeMEl THIa Jlareppa, MOJMyIeHHON U3 BEIPOXKICHHOM CHCTEMBI
I'opra HemocpeICTBEHHBIM IIOA00POM MapaMeTpoB, a TakkKe ¢ HMOMOIIBIO SKCIOHEHINATFHOTO IpeodpazoBaHm. Takas
CHCTEMa, COCTOAIMAs U3 ABYX AuddepeHIIHANTbHEIX YPaBHeHHH B JaCTHBIX IIPOM3BOJHBIX BTOPOTO MO /KA, HAMU Ha3BaHa
pozcTBeHHO} ¢ ocHOBHOM cucTeMoli Tuma Jlareppa. TpyAHOCTH H3ydeHHS COCTOST B TOM, UTO €CIH B OOBIKHOBEHHOM
cllydae HMMeeT MECTO OJHO BBIDOXKJEHHOe ypaBHeHHe KyMMepa M TOJIBKO OJHAa BBIPOXKJEHHAd THIIEpreoMeTpHdecKas
GbyHKI, yIOBIETBOpSIOmMAs eMy, To B clydae JABYX IepeMEHHBIX MOABIAtoTcs 20 BEIpOXACHHHIX cucTeM n 20
BBIPOX/ICHHBIX THUIIepreoMeTpHdeckuX (yHKIUH JBYX MepeMeHHEIX VIOBICTBOPAIOMUX UM. [loka He M3BECTHO, CKOJBKO
CYIIECTBYIOT cucTeM THmHa Jlareppa, # ¢ kKakuMH u3 20-TH BBIPOKACHHBIX CHCTEM OHH CBsi3aHBL. OTCYTCTByeT oOmuif
MeToJ HcclejoBaHMI. B maHHON paboTe A HOCTpOeHMS HX HOPMAJBHO-PETYJIIPHOTO PpelICHMS, 3aBHCAIIETO OT
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MHorowreHa Jlareppa ABYX IepeMeHHBIX, NpHMeHeH oOoOmeHHBIE Ha sToT ciydait XK.H.TacmamGeToBEIM MeTox
Dpobernyca-JlaTeimenoit. IlpuBesiena kimaccuukanms ocoOBIX KPHBEIX ¢ IIOMOINBIO paHTa W aHTHpaHTa, a Takxke
OCHOBHEIE CBeJieHHs 00 0COOSHHOCTSIX MOCTPOSHIS HOPMAaIbHO-PeTySIPHBIX PellleHui TakuxX cucTeM. [loka3aHa OCHOBHAS
TeopeMa O CYIIECTBOBAaHHM 4YETHIPEX JMHEHHO-HE3aBHCUMBIX YaCTHBIX PEIICHUH, KOTOPBIE OILPEHEISIOTCS Uepes
BBIPOX/ICHHYIO THIlepreoMeTprueckyio ¢yHkmmo M.ITT'ymMGepra B BHAe HOpMAaIBHO-PETYIIPHBIX PSIOB 3aBHUCSINUX OT
MHorouwleHoB Jlareppa IByX IIepeMeHHBIX. B BBIBOJJaX ykazaHa CBA3b TAKHX CHCTEM ¢ LIepEOIIpeIelICHHBIMH CHCTEMaMU U
HEKOTOPBIMH IIPEICTaBIeHISIMU MHOTOoWIeHa Jlareppa JByX IIepeMEHHBIX.

KinoueBble cioBa: PojcTBeHHad, cucTeMa, cucreMa Tuma Jlareppa, cucrema ['opHa, HOpMalIbHO-pEryJEIPHOE
perreHne, ocoOble KpUBLIE, PaHT, aHTHpPAHT, Tlepeolipe feIeHHbIH
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