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ON BASIS PROPERTY OF SYSTEMS ROOT VECTORS
OF A LOADED MULTIPLE DIFFERENTIATION OPERATOR

Abstract. In the case of non-self-adjoint ordinary differential operators, the basis property of systems of
eigenfunctions and associated functions (E&AF), in addition to the boundary value conditions, can be affected by
values of coefficients of the differential operator. Moreover, it is known that the basic properties of E&AF can be
changed at a small change of values of the coefficients. This fact was first noted in V.A. II'in. Ideas of V.A. II’'in for
the case of non-self-adjoint perturbations of the self-adjoint periodic problem were developed in A.S. Makin where
operator was changed due to perturbation of one of the boundary value conditions.

In Sadybekov M.A., Imanbaev N.S., we studied another version of the non-self-adjoint perturbation of the self-
adjoint periodic problem. In contrast to A.S. Makin, in Sadybekov M.A. and Imanbaev N.S. perturbation occurs due
to the change in the equation, which belongs to the class of so-called loaded differential equations, where the basic
propetties of root functions are investigated.

In this paper we consider perturbations of a second order differential equation of the spectral problem with a
loaded term, containing a value of the unknown function at the point zero, with regular, but not strongly regular
boundary value conditions. Question about basis property of eigenfunctions and associated functions (E&AF)
systems of a loaded multiple differentiation operator is studied.

Keywords: Eigenvalues, eigenfunctions, associated functions, adjoint operator, multiple differentiation, loaded
operaor, Riesz basis, root vectors.

Mathematics subject classification: 34B09, 34L15, 34L.05

1. Introduction

In the case of non-self-adjoint ordinary differential operators, the basis property of systems of
eigenfunctions and associated functions (E&AF), in addition to the boundary value conditions, can be
affected by values of coefficients ofthe differential operator. Morecover, it is known that the basic
properties of E&AF can be changedat a small change of values of the coefficients. This fact was first
noted in [1]. Ideas of [1] for the case of non-self-adjoint perturbations of the self-adjoint periodic problem
were developed in [2], [3], where operator was changed due to perturbation of one of the boundary value
conditions.

In [4], we studied another version of the non-self-adjoint perturbation of the self-adjoint periodic
problem. In contrast to [2], [3], in [4] perturbation occurs due to the change in the equation, which belongs
to the class of so-called loaded differential equations, where the basic properties of root functions are
investigated.  Problems about the basis properties of root functions of loaded differential operators are
thoroughly studied in [5], [6]. In these papers, it was possible to extend the spectral decomposition method
of V.A Il’in [1] to the case of loaded differential operators. By the other method questions about the basis
property of functional-differential equations were investigated in [7].

The Riesz basis property of the E&AFsystem of periodic and anti-periodic Sturm-Liouville problems
was studied in [8].
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In [9], consisting of the Sturm-Liouville equation, together with eigenparameter that depended on
boundary conditions and two supplementary transmission conditions; we constructed the resolvent
operator and prove theorems on expansions in terms of eigenfunctions in modified Hilbert Space 7,,(a.b).

The basis properties in Zp(—1,1) of root functions of the nonlocal problems for the equations with

involution have been studied in [10]. Moreover, using these asymptotic formulas, we proved that the root
functions of these operators form a Riesz basis in the space 7,,(0,1) [11].

In the case when the potential is zero, the system of e¢igenfunctions of the periodic problem is usual
trigonometric system, which forms a complete orthonormal system in 7,,(0,1). And if the potential is non-

zero, then additional research is required, which answer is the results of [4].

2. Problem Statement and Main Result

Inthispaperweconsiderperturbations of equation of the following spectral problem with a loaded term
containing value of the unknown function at the point zero:

L (u) = —u"(x)-l— M(O) = /lu(x), q(x) el, (O, 1), O<x<], (1)
Up(u) =u(0)—u())=0, U,()=u'(1)=0 )
Firstweconstruct characteristic determinant of the spectral problem

(1)-(2). Assumingthat(0)isasomeindependentconstant, it is easy to prove that,when A # 0, general
solution of (1)can be represented as follows:

u(x) =C,- cos/Ax + C,- sm\/\/_—x J‘ 7—58111\/— ) 3)

Hence, supposingfirst x = 0 , andthensatisfying (3) bytheboundaryvaluecondltlon (2), wegetthe system
of three equations, which can be represented in the following vector-matrix form:

-1

~cosa _S?Zﬂ I_I;@%dg. C, |=

_\/Isin\/z —cosy 4 —ﬂ@cosﬁ(l—f)df_ )

Byusing simple calculations, we obtain

A (1)= —1-(%£@cosﬁ(l—§)sin Nade +cos\/_—%£@sin \/Z(l —é)cosﬁdéj +

+0+ (cos2 A +sin’ \/Z) (@)

After the standard transformation of (4), we find that the characteristic determinant A(A)of the
spectral problem (1) - (2) is represented as

A(2)=1-cosv/2 —ﬁ jol q(€)sin/2&dé 35)

Now we define the operator 7 . Using the Lagrange formula for all functionsz e D(Z,)and
ve D(L’{ ), due to boundary value conditions (2), we find:

b~ TR~ 000 TS0 o |- [

Consequently, theoperatorlf; isaconjugateoperator to the operator 7, , which is given by the
differential expression:

o O O

L (v) = —v”(x) = Zv(x), 0<x<l (1a)
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and the boundary-value conditions
1 0)=v(0)- ()= [glehokr, alx)e LO1) 126)=1(0)=0. (2b)

Ifg(x)=0, then this problem is called Samarskii - Ionkin problem [13]. Inthiscase,
boundaryvalueconditions (2) and (2b) are regular, but not strongly regular boundary value conditions [ 13].
Characteristic determinant of the Samarskii-lonkin problem will be Ao(l) =i (1 —cosy/A ) The
number ﬂg = 0 isasimpleroot, thatis single cigenvalue, and Vg (JC)= \/gx is a corresponding eigenfunction

of the Samarskii-lonkin problem. O ther eigen values of the Samarskii-lonkin problem are double:

X =Qkx), k=123,....

Moreover, vfjo =\/§ Sin(2k7zx) are the ir corresponding eigen functions, andy}, :%xcos@kﬂx) are

associated functions.

Due to the biorthogonality conditions (V,gl,u,?l)=1we have 1:hatu,81 = 4\/5 COS(2k7DC)is an eigen

function andu,?0 :2«/5(1—x)sin(2k7zx) i1s an associated function of the conjugate problem to the

Samarskii-lonkin problem. The system {”1?0: M,Sl }forms Riesz basis in L, (O, l) [13].
Function ¢(x) can bep resented in the form of biorthogonal expansion in a Fourier series by the

system {u,?o, u,?l }:
qlx)= i Aoy, + i auy, = i a,, - 242(1- x)sin(2kmx) + i a,, 42 cos(2km) . (6)
k=1 k=0 k=1 k=0

Using (6), wefind more convenient representation of the determinant A, (4). To do it first we calculate
the integral in (5). Simple calculations show that

Jj@sin VAddE = 2@(1 —cosyA Zw: 2kma,, 2a,,

S\ @) A-ka)

By usingthisresult, determinant (5) after conversion is converted to

A (A)= Ao (2)- A(2), Y

+a,

AN =1-242%| 72
Where ( ) \/— kzl: Tay, P (2k7z)2

k
(- @kx) |

Therefore, it is proved
Theorem2.1.Characteristic determinant of the spectral problem (1) - (2) when g(x)= 0 can be

represented in the form (7), where A (1)is the characteristic determinant of the Samarskii - lonkin
problem, 4, . q, are Fourier coefficients of the biorthogonal expansion (6) of the function ¢(x) by the
E&AF system of the conjugate Samarskii-lonkin spectral problem.

Thefunction 4(4)in (7) has poles of the second and first orders at points A = ﬂg, but the function
A, (l)has zeros of the second order at these points. Thus, thefunction A, (1), representedbytheformula(7),
is an entire analytic function of the variable A .

Ifatsomeindex j coefficientsof(6) ¢, = 0,a i = 0, then /11] = l?-is a double eigenvalue of the spectral
problem (1) — (2).
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Ifa, =0,a ks 0, then llj = l(; isasimpleeigenvalue of the spectral problem (1) — (2).

The charactenstic determinant (7) looks more simply, when g(x) is represented as (6) with a finite

first sum. That is, when there exists a number N such thata_k0 =0, a_kl =0 forallk > N . Inthiscase, the
(7) -thformulatakesthefollowingform

k
-Gy [ 2 k)

From this particular case of the formula (8) we justify the following
Corollary 2.1. For any pre-assigned numbers: complex 2 and natural 77, there always exists a

A (/1) ( )l 4«/_2 ﬂako 8)

function q(x ) such that 1 is an eigenvalue of the problem (1) - (2) of the multiplicity m

From the analysis of (8), we note, that A, (/12)= Oforallk > N . That is all eigen values /12 , k>N, of
the Samarskii-Ionkin problem are eigenvalues of the spectral problem (1) - (2). Moreover, multiplicity of

. 0 .
the eigen values 4, , k > N | is also preserved.

From the orthogonality condition g\x ( )J_ Vi 4 (JC) 1L V?I for all ;j > N it follows, that in this case
1 1
Iq(x)t?o(x)dx = J.q(xjtfl (x)dx =0.
0 0

Therefore, eigenfunctions V?O (JC) andassociatedfunctions v?l (x) ofthe Samarskii-lonkinproblemforall

j > N satisfythespectralproblem(1)—(2) and, consequently, they are eigenfunctions and associated
functions of the spectral problem (1) — (2). Thus, inthiscaseE&AFsystemofthespectralproblem (1) — (2)
and E&AFof the Samarskii-lonkin problem (forming Riesz basis) differ from each other only in a finite
number of first members. Consequently, the E&AF system of the spectral problem (1) - (2) also forms the
Riesz basis in 7,,(0,1).

ByBwedenoteasetoffunctions ¢(x) e 1,,(0,1), representable in the form of a finite series (6), which is
everywhere dense in 7,,(0,1). Thus, we formulate the main result of our paper:

Theorem 2.2.Letg(x)e £,(0,1). Then E&AF system of the spectral problem (1) — (2) forms Riesz
basis in 7,,(0,1)and the set B is everywhere dense in 7,,(0,1).

Since the adjoint operators simultaneously possess the Riesz basis property of root functions,

consequently, we get
Corollary 2.2.The set Bof functions ¢(x)e 7,(0,1), for which the E&AF system of the conjugate

problem (1a) - (2b), that is, of the multiple differentiation operator L, with integral perturbation of the first
boundary value condition of the Samarskii-lonkin problem, forms a Riesz basis in 7,,(0,1), is every where
dense 7., (0,1).

Previously, other approaches to the study of similar problems (1a) - (2b) with integral perturbation of
the second boundary value condition were published in our papers [14], [15], [16].

The work paper [17], we prove uniqueness theorem, by one spectrum, for a Sturm-Liouville operator
with non-separated boundary value conditions and a real continuous and symmetric potential.
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H.C. Hman0aes

OmnrycTik KazakcTan MCMIICKCTTIK TICAATOTHKANBIK yHUBepCHTETI, LIIbMKkenT, KazakcTaH;
KP B:xxFM MaTemaTuka skoHE MATCMATHKAJIBIK MOJCIIBACY HHCTUTYTHI, AnMater, KazakcTan

ECEJI JUOPEPEHITHAJITAHATBIH JKYKTEJIT'EH OIEPATOPABIH
TYBIPJIK BEKTOPJIAP )KXYUECIHIH BASUCTLIIIT 7KAWIbBI

Annotamus. by Makamaza perympisl, Oipak KYIICHTLUITSH PETyJBIPIbl eMeC HICTTIK IMapTTapMEH OepiircH
JKYKTGJITEH CKiHI perTi  AuepeHumanablK OIEpPaTOPAbIH CIEKTPANABIK ecedl  KapacTeIpsuiamel.  Ecem
muddepeHImanIaHaTEIH KYKTEATCH OIEPATOPABIH TYOIPIiK BEKTOpIap >KyHeciHiH Oasucrimiri seprreremi. Kes
KEJITCH 631He-631 TYHIHIEC IIETTIK MIAPTTAPMEH KOHE 631He-031 TyHiHAec (opManpai audhepeHInanaplK aMaaIMeH
OcpisreH, CHEKTPl AMCKPETTI OONATHIH ONEPATOPABIH MEHIIIKTI (DYHKIMSIAPHI >KYHECIHIH OPTOHOPMAJaHFaH 0a3uc
KypaiTsiHAbIFb! Ocnrini xaii. COHbIMEH Oipre ©3iHe-e31 TYiHiHAEC eMec Kal ITu(epeHINAIIBIK OTEePATOPIAPIBIH
TYOipimiKk (PYHKOHAAAPHI KYHCCiHIH OA3HCTINITIHC IMCTTIK MApPTTapaaH Oejek, Tu(CPCHIMANIBIK ONCPATOPIBIH
rk03(pumeHTEpiHIH MOHIEPI e dcep ereTinairi Oenrini. MyHaa xaraitaa, ko3 duuueHTepain MOHACP] IaMabl
FAHA O3TCPICHHIH 63iHme, TYOIpmik (yHKImAIapAblH Oa3HCTLIK KACHCTTCpiHe OipacH ocep ereai. TYHFBII peT
myHAal ¢pakr B.A. MimbuHHIH SKYMBICBIHIA KenTipinal. O3iHe-e3i TyHiHaec mepuoATsl ecen ymnH B.A. UnbnHHIA
H7IESCHl ©31HE-631 TYHIHIACC eMEC TONKBITY >KarmaibiHaa A.C. MakwHHIH eHOCTIHIE JaMBITBIIABL. Byr skymeicTa,
HICTTIK IMApTTapAblH OIpeyiH TONKBITKAH Ke3ae omepatop esrepreH OomareiH. An, M.A. CanpiOekoB TieH
H.C. UmanbaeBThIH MaKaJachlHIAA MEPHOATHI MAPTTAPMEH OCPINreH JKYKTEITeH eKiHmi peTTi au(hepeHIHaIIbIK
OTEPAaTOPAbIH MCHIIKTI (DYHKIFSUIAPHI OKYHECIHIH Oa3WCTIMIK KacHETTepi 3epTreireH. byn makamana
KApacTHIPBLUTFAH CCENTC ©31HC-031 TYHIHACC MCPHOATHI CCCH YIIiH 63iHe-031 TYHIHACC EMEC TOIKBITY KAFTaHbI O0JIBIT
tabeutagsl, Oipak A.C. MaxkunHiH cHOerinae seprrenreH ecenteH M.A. CampibexoB meH H.C. MmanOaeBTHIH
MAaKaIaChlHAA KAPaCTHIPBUIFAH CCCNTIH CPEKINCIri IMETTIK MAPTTAPABIH €MEC, TEHACYAIH TOJKBITHLIYBIHAA OOJIBIT
TYP.

XKyxrenreH auddepeHINANIBIK OMIEPaTOPIAPABIH TYOIPIIK (Y HKIIIAPBHIHBIH OA3UCTLUIIK KACHETTEPIH 3EPTTCY
mocenerepi U.C. JIoMOBTHIH skyMBICTApBIHAA 3epTTeanil. B.A. MnpnHHIH cickTpaamsik skikrey oaici U.C. JIoMOBTHIH
MAKAJTIAJIAPBIHAA KYKTCITCH TA(P(PEPCHINATIIBIK OMCPATOPIAp YIMH COTTI KOMTAHBLIBIN JAMBITELUIIEL. A M. [ommmko
mMeH ['.B. PammeBckuiimiH XyMmbICTaphiHAA (DYHKOIHOHANABIK-TA(PECPSHINANABIK TEHACYJICPAiH TYOIpIiK
BCKTOPJIAPBIHBIH OA3HUCTLTIK MOCEIeIepi 0acKa 9aICTCPMEH 3CPTTCITCH.

A7, aranMplml Makanmaga CKIHIOL PETTi, HOI HYKTECIHIAE J>KYKTeJiHreH Au(epeHIHaNIblK TEHACY YINiH
MEPHOATHI €MEC WICTTIK INAPTTAPMECH OCPLITEH ECEeNTIH XapaKTCPHCTHKAIBIK AHBIKTAYBIIBI >KA3BUIbIN, OHBIH
CHEKTPAJIBIK MapaMeTp OOHBIHIIA OYTiH AHATUTHKANGIK (DYHKIHUS OONATHIHIBIFBI KOPCETIMIN, MEHINIKTI MOHIEPI
anpIKTanFaH. OCbFaH CoMikec, TYOIpmiK (YHKUMSIIAPBIHBIH OAa3HCTLTIK KACHETTEPIHIH OPHBIKTBUIBIFBI >KAIIIbI
TeopeMa monmenacHeni. bynm ecemke TyHiHAeC ecem - TOAKBITHLIFAH Camapckuit-MOHKHH ¢ceOi 0OIaTHIHIBIFEI
KOPCETLITEH.

Tyiiin ce3aep: MEHIMIKTI MOHAEP, MCHINIKTI ()YHKIMAIAP, TIPKEIreH (yHKUMSIIApP, TYHIHACC ONeparop, ecei
ma(pepeHIHEAIIAY, )KYKTSITCH oniepatop, Pucc 0asucTimiri, TyOipaik BEKTOpIap.

H.C. Hmano0aes

FO:xH0-Kazaxcranckuit rocy JapCTBEHHBIN IeIarOTHYMECKUH yHUBEPCUTET, [IsMkeHT, Kazaxcran;
WructnTyT Maremaruku u Matemarmdeckoro moaemuposannst MOH PK, Amvarsl, Kazaxcran

O BABUCHOCTH CUCTEM KOPHEBBIX BEKTOPOB
HAT'PYKEHHOI'O OIIEPATOPA KPATHOI'O JJU®PEPEHIIMPOBAHUA

AnHoTamust. B Hacrosmed cTathe paccMaTrpHBacTCsl BO3MyIIeHHs Au((hepeHIHaI-HOTO YPABHEHHS BTOPOTO
MOPSIIKA CHEKTPAIBHOM 3a7a4M C HATPY KCHHBIM CJIATACMbIM, COACPKAIIMN 3HAUCHHUEC MCKOMOW (DYHKITHH B TOYKE
HyJb, C PETY/UIPHBIMH, HO HCYCHJICHHO PETYILIPHBIMH KpacBbIMH ycioBmsaMmH. Mcciemyercs sompoc Ga3ucHOCTH
CHCTEM COOCTBCHHBIX W TpucocAWHCHHBIX (PyHkumi (Culld) Harpy:KeHHOTO omepaTopa KpatHoro mudpepeHIm-
poBaHms. XOpOIIO H3BECTHO, YTO CHCTEMA COOCTBEHHBIX (DYHKIHIT omeparopa, 3aAaHHOTO (POPMAIBHO CAMOCOTIPSI-
JKCHHBIM  TH()(DepCHIMATBHBIM BBIPAKCHHEM, C IPOU3BOIBHBIMH CAMOCOTNPSDKCHHBIMH KPACBBIMH VCIIOBHSIMH,
00ECTICUNBAIOIIIMHI JTUCKPETHBINH CIIECKTP, 00pa3yeT OPTOHOPMHUPOBAHHBIN Oazuc. Hapsay ¢ 3TuMm, H3BECTHO, YTO B
CIy4ac HECAMOCOMPAKCHHBIX OOBIKHOBCHHBIX TU((CPCHIMATBHBIX OTICPATOPOB HA OA3HCHOCTH CHCTCM KOPHCBBIX
(YHKIMHA, TOMHMO KpPAeBBIX VCIIOBHH, MOTYT BIHATH TAKKE 3HAUCHHA KOd(pduimeHToB aud(hepeHInaILHOTO
ormeparopa. [Ipu 310M Ga3uCHBIC CBOMCTBA KOPHEBBIX ()YHKIMH MOTYT H3MCHATHCS AAXKE IIPH CKOJIb YTOAHOM MAJIOM
HM3MCHCHHH 3HAYCHUH Ko3(duimeHToB. Briepsoic 310T (akt Obl1 0TMEUEH B padote B.A. Mmsnna. Unen B.A. MibuHa
6butn pazeuThl A.C. MakuHBIM HA CIyyall HECAMOCOTPSDKCHHOTO BO3MYIUCHHS CAMOCOIPSHKCHHOMN NMEPHOIHICCKON
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3agaun. Oneparop B padore A.C. MaknHa H3MEHSUICS 3a CYET BO3MYIICHHUS OJHOTO M3 KPacBbIX yCIOBHil. B crarbe
M.A. CanmpibexoBa, H.C. WmanbaeBa wmccienoBaHbl Oa3MCHBIE CBOMCTBA KOPHEBBIX (DYHKIWI HATPY>KEHHOTO
mu(depeHIHaTEHOTO OIEPATOPa BTOPOTO TOPSIIKA C NMEPHOAMYCCKAME KPACBBIMH YCIOBHAMH, KOTOPBIH TaKke
SBIICTCS HCCAMOCOTIPSUKCHHBIM BO3MYIICHHCM CAMOCOTPSDKCHHON MCPHOAMYMCCKON 3adayud. B oTimume oT paboTs
A.C. Maxkuna, B cratbe M.A. Cagpibexosa u H.C. MmanOacBa BO3MYIICHHE IPOHUCXOJHWT 33 CUCT H3MCHCHUS
ypaBHECHHUSI. Bompockl 0a3MCHOCTH KOPHEBBIX (PYHKUIMH HArpyXeHHBIX Au((epeHUHANTBHBIX ONEpaTopoB ObLIH
m3yucHsI B padotax M.C. Jlomosa. EMy yaanoch pacmpOCTpaHHTh MCTOJ CICKTPAIbHBIX pasnoxeHuii B.A. MipuHa
HA CJIy4yad HATrpy>KCHHBIX Au()()epeHIMATLHBIX ONMEPaToOpoB. JPyrHM METOAOM BOIPOCHI OA3HMCHOCTH (DYHKIIHO-
HabHO-TH((hepeHImaTBHBIX YPaBHCHUH ObLIH BCce10BaHbI B padote A.M. N'ommixko u I'.B. Pamxzuesckoro.

A B Hacrosmeil paboTe wmCCiIeayeTcsa BOMPOCH OAa3MCHOCTH KOPHEBBIX BEKTOPOB Au((epeHnnans-HOTO
OIlepaTopa BTOPOr0 IOPSAKA C HATPYJKCHHBIM CJIATAEMBIM B TOYKE HOJb C HEMEPHOIAMYECCKMMHU KpPACBBIMU
ycaoBuaMu. [TOCTPOCH XapakTCPUCTHICCKHH OTICPSICIUTS b, KOTOPBIH ABIACTCS HCIOW AHATHTHICCKOHN (DYHKIHCH.
JloxazaHa Teopema 00 YCTOWYMBOCTH CBOWCTBA OA3MCHOCTH KOPHEBBIX BEKTOPOB M IIOCTPOCH CONPSKCHHBIN
oTepaTop, KOTOPBIA OKA3AICA BO3MYIICHHOH 3amaducii Camapckoro-MoHKHHA.

KmoueBbie cjioBa: COOCTBCHHBIC 3HAUCHHE, COOCTBEHHBIC (DYHKIMH, IPHCOCAMHCHHBIC (DYHKIHH,
CONIPSDKCHHBIN orepaTop, KpatHoe au((pepeHIUpPOBAHHE, HATPY)KECHHBIM omeparop, Oasmc Pmcca, kopHEBbie
BEKTOPA.
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