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INVESTIGATION OF TWO FIXED CENTERS PROBLEM AND
HENON-HEILES POTENTIAL BASED ON THE POINCARE SECTION

Abstract. In this paper, we study the Henon-Heiles potential and the problem of two fixed centers. In studies of
nonlinear systems for which exact solutions are unknown, the Poincare section method is used. For the Henon-
Heiles potential, Poincare sections were obtained. Next, the potential of two fixed centers was investigated. It was
shown on the basis of the Poincare section that, in the case g = g, =1 the internal cross-sectional structure

decomposes from the values // =—1.7, but the internal cross-sectional structure is preserved in the interval
H [-0.5,-1.6], in the case g =09and g, =0.1 the internal cross-sectional structure decomposes from the

values /1 =—-0.9 but the internal cross-sectional structure is preserved in the interval H <[—0.3,—0.8], in the case

of 4 =07 and u, =03 the internal cross-sectional structure decomposes from the values H =—0.8, but the
internal cross-sectional structure is preserved in the interval H e[-0.2,—0.7]. With increasing energy, many of
these surfaces decay. It is assumed that the numerical results obtained will serve as the basis for comparison with

analytical solutions.
Keywords: Henon-Heiles model, the problem of two fixed centers, Poincaré section, numerical solutions.

Introduction. Interest in the existence of the third integral of motion for stars moving in the potential
of the galaxy revived in the late 50's and early 60's of the last century. Initially it was assumed that the
potential has a symmetry and does not depend on time, therefore in cylindrical coordinates (.0, z) this
will be only a function of » and z. There must be five integrals of motion that are constant for the six-
dimensional phase space. However, the integrals can be cither isolating or non-isolating. Non-isolating
integrals usually fill all available phase spaces and do not restrict the orbit.

Henon and Heiles tried to find out if they could find any real proof that there must be a third isolating
integral of the motion. Making numerical calculations, they did not complicate the astronomical meaning
of the problem; they only demanded that the potential investigated by them be axially symmetric. The
authors also suggested that the motion was tied to a plane and passed into the Cartesian phase space ( x, y,
X,7). After some tests they managed to find a real potential. This potential is analytically simple, so that

the orbits can be calculated quite easily, but it is still quite complex, so that the types of orbits are
nontrivial. This potential is now known as the potential of Henon and Heiles [1-3].

Some particular solutions to the three-body problem are known, but a general solution has not yet
been found. One of the special cases of the three-body problem is the problem of two fixed centers. It was
first considered by Euler in 1760 [4]. Jacobi showed that the equations of motion can be integrated in
terms of elliptic functions [5]. This problem can be used as some first approximation in astronomical
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problems about the motion of minor planets and comets under the influence of gravity of the Sun and
Jupiter. The period of revolution of Jupiter is about twelve years, and for a short period of time the motion
of these celestial bodies can be considered in the framework of the problem of two fixed centers. Also, the
problem of the motion of a spacecraft to the Moon can be considered within the framework of this task.
The flight time of the spacecraft to the Moon is about four days. During this time, the Moon will move
slightly in a circular orbit of the Earth. The study of the problem of two fixed centers was carried out in
different directions [6-22]. For example, V.V. Kozlov and A.O. Harin considered a modification of the
problem of two fixed centers on a sphere [23].

Methods and calculations. The Henon-Heiles potential is undoubtedly one of the simplest, classical
and characteristic examples of open Hamiltonian systems with two degrees of freedom. The above topic
was devoted to a large number of research scientists [24-26].

The potential of the Henon-Heiles system is determined by the formula:

U(x,y)=%(x2+y2+2x2y—§y3) (1)
Equation (1) shows that the potential actually consists of two harmonic oscillators, which were

connected by the perturbing terms x°y — % N

The basic equations of motion for a test particle with a unit mass (m =1) are:

X=——=-x-2x
Ox 4 )
gy ¥
y
Consequently, the Hamiltonian of system (1) has the form:
1 ) ;.5 1 2 2 2 1 3
HZE(X +y )+3(x +y )+xy—§y =h, 3)

where Xand j are the momenta per unit mass, xand )} are the coordinates of the system; h>0the

numerical value of the Hamiltonian, which is conserved. It is seen that >0 the Hamiltonian is symmetric
with respect to x —» —x, and H also exhibits a symmetry of rotation at 27 / 3.

Below are the dependencies of the coordinates of the functions in time for the systems of equations
2).

To study the Henon-Heiles system, the Poincaré section method is used. Advantages of this method
are especially evident when we consider nonlinear systems for which exact solutions are unknown. In this
case, the phase trajectories are calculated by numerical methods.

To solve the systems of equations (2), boundary conditions are chosen so that they satisfy equation
(3). Further, the systems of equation (2) are solved on the basis of the Runge-Kutta method. To construct
the Poincaré section, those values that intersect the plane x =0 are chosen. Below are the Poincaré
sections for Henon-Heiles systems for different energy values: £ =1/12, E£=1/8. With increasing

energy, the structure of the cross sections is destroyed. The results obtained are in agreement with other
authors [1, 2].

Figure 1 - Poincare section at £ = 1/12 Figure 2 - Poincare section at & = 1/8
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Next, we study the problem of two fixed centers. Imagine that on the OXY plane there are two fixed
points S1 and S2 with masses m1 and m2 under the influence of Newtonian attraction of which the
material point S of mass m moves in the same plane. Thus, the equations of motion of a material point can
be written in the following form [27]:

.. oU X X
x:a_:_flnl_3_fm2_3:
X 1 r2
oU y-c y+c @
V e — Im 5
Y 6)/ ﬁnl }”13 f 2 1”23
Where 7 = s %2y, f is gravitational constant.
H v,
r
x
S (m)
S1(my) S,(m,)
-C 0 c xr

Figure 3 - Scheme of the task

Radius vectors are defined as follows:

=Y +(y=c) =y +(y+c)’ Q)

The canonical equations of the problem of two fixed centers will have the form [28]:

i o dr oy

. . (6)
di o dy__oH
dt ox dt Oy
where the Hamiltonian is defined by the formula
H=T—U=%(x2+y2)—f(ﬁ+&) . H =const (7

1 2

We introduce the following notation: 4 = fin,, u, = fin,. Consider the case g =, =1, the
second case g, =09 and g, =0.1, the third case 4 =0.7 and x4, =0.3. These parameters show different
mass ratios of fixed centers. Now we study the Poincare section for the indicated model of the problem
and parameters. Based on the results obtained, we can say that, in the case 4 = 4, =1 the internal cross-
sectional structure decomposes from the values H =-1.7, but the internal cross-sectional structure is
preserved in the interval H €[-0.5,—1.6], in the case ;4 =09and x4, =0.1 the internal cross-sectional
structure decomposes from the values H =-0.9, but the internal cross-sectional structure is preserved in
the interval H €[-0.3,-0.8], in the case of 4 =07 and 4, =03 the internal cross-sectional structure

decomposes from the values A =-0.8, but the internal cross-sectional structure is preserved in the
mterval H €[-0.2,-0.7].
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Figure 4 — Poincare sectionat H =—0.9,
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Figure 6 — Poincare sectionat H =—0.6,
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Figure 8 — Poincare section at H =—0.6,
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Figure 5 — Poincare section at H=-17,c¢=05,
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Figure 7 — Poincare section at H=-09,c¢=05,
1, =09, 1, =0.1
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Figure 9 — Poincare section at H=-08,¢=05,
4, =07, 1,=03

Conclusion. Thus, the results obtained by the numerical method determine the structure of the
Poincare sections for the model of the problem of two fixed centers and serve as the basis for comparative
analysis in determining the analytical mapping.

—— 58 ——
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IIYAHKAPE KHMACBIHbIH HEI'3IHJE
KO3FAJIMAUTBIH EKT HEHTP ECEBI MEH
XEHOH-XEWJIEC HOTEHIHUAJBIH 3EPTTEY

AHHOTAIHMSL. OTKEH FachIPABIH SO-KbLTIAPBIHBIH ASFBI MECH O0-’KbIIIAPBIHBIH OACBHIHIA TANAKTHKA ITOTCH-
[UANBHIA KO3FAJATHIH >KYJIIBI30Ap YINIH YINIHIN HHTETPANbIHA KbI3BIFYIUBIIBIK TYBIHZAH Oacramsl. bacramkeima
MOTCHIMAN CHMMETPHAIIBI JKOHE YAKBITKA TOYEJICI3 e KapacThIPBUIALL, COHABIKTAH IIHHAPIIK KoopauHaTazsa (7,
6, z) (yHKIMA TEK  MCH z-Ka FaHa Toyendi Oomagsl. AnTsl exmemal (a3amblK KSHICTIKTE TYPAKThl OEC KOBFalbIC
uHTEpragsl OoMybl Kepek. bipak, HWHTErpamxmap INEKTCITCH HEMECE IICKTEIMETeH OOJybl KAKET. OICTTE,
MICKTEJIMETCH HHTETpaaap 0apiblk (pazamblk KEHICTIKTI TONTBHIPAIBI KIHE OPOUTAHBI IIEKTEMEH 1.

XeHOH MCH XCHIICC YIIIHIN IMCKTCITCH KOBFANBIC HHTCTPANBIHBIH Oap CKCHAITIHC HAKTHI mojeiacp Tadyra
THIpBICTHL. CaHIBIK €CEMTEYIIEP XKYPri3e OThIPA, oxap OyJI MpOOICeMAaHbIH ACTPOHOMUSIIBIK MAaFBIHACKHIH KCHUIACTYTE
TBIPBICTBL, 0P 3E€PTTEIIN OTHIPFAH MOTCHIMAIIBIH AKCHAIIbIi-CHMMETPISLIB 00Ny sIH Tanan eTTi. COHBIMEH Katap
aBTOPJIAp, OYJT KOSFAJIBIC JKA3BIKTHIKKA TOYEIIl JKOHE AEKAPTTHIK (DA3AIBIK *A3BIKTHIKTA (x, J, X, ) »KaTamsl AcT
tanTel. bipHeme TokipuOenepacH KeliH, HAKThI MOTSHIMANIBI Ta0a anasl. byn moTeHIMAn aHAMMTHKANIBIK TYPFBIIAH
KapamaibsIM, COHABIKTAH OpOHMTAIapabl aHBIKTayFa O0JAapl, COHBIMCH KATap MOTCHIHAJ KCTKUIKTI TYPAC KHBIH,
COHZIBIKTAH OpOMTAIAp TPUBHAIIBI €MEC TYPIe skartaxpl. Kaszipri ranga 6y moTeHIuan X cHOH-XEHI0C MOTCHIIHAIBI
JICTI aTaJIaIpbL.

Yo nene eceOiHiH KewOip mepOec miemmiMaepi aHBIKTAIFaH, OIpak TOMNBIK IICIIiMi >KOK. YII JeHE eceOiHiH
mepbec memimMaepinia 0ipi — KO3FaIMAWTBIH eKi meHTp ecebi. byn ecenri amram per 1760 xpumsr  JI. Ditmep
KapacteIpasl. An SlkoOu 0omca, KO3FAIBIC TCHACYJICPI ILIHNTHKAIBIK ()YHKIUHAIAP TCPMHHACPIHIC HHTCTPAINA-
HATBIHBIH KepceTTi. bepinren ecem keidip Kimi miuaHeranxap MeH komeranapabie Kyw xone FOmmTep rpasuramm-
CBIHZAFBI KO3FAIBICHI KAHIbl ACTPOHOMILUIBIK €cenTepac OipiHmm >KybIKTaya Koimawburaasl FOmmrepain Kywmi
afHATY MEepHOABI 12 >KBIIFFa KYBIK KOHE OCHI YAKBIT aPAIBIFbIHAA KOMETAIAP MCH Killll IUTAHETANAPABIH KO3FAIBICHIH
KO3FaJIMaTBIH €Ki HEHTP ecedl peTinae anyra Oomanel.  bepinreH ecenre, Fapbim KeMECiHiH Afffa yIy KO3FaJIbICHIH
KapacTeIpyFa Oomaael. FapeimTeik keMeHIH AfiFa YTy yakbeITH — 4 TOYIIIKKE *KyBIK, Onmait 005ca, OCH yakeITTa A
Kepmin opOuTachiHAA KIIIKCHE FAaHA KO3Fanaabl. KosranMaHTBIH ¢ki meHTp eceli OipHeme OaFbITTa 3CPTTCITCH
60naTHIH.

Bepinren makamama XcHOH-XCHICC MOTCHIMAIBI MCH KO3FAJIMAHTHIH CKi LCHTP ¢Cce0l KapaCTBHIPBLIAIBL
CBI3BIKTHI €MeEC KYHCCPAIH HAKTH ImermiMacpi Ocnrici3 OonraHnma, [lyaHkape KuMa oici KOATAHBLIAARL. XCHOH-
Xeiinec moteHumans! yirid [Tyankape kumach anbiHasl. COHBIMEH KaTap KOZFAJIMAMNTHIH €Ki HEHTP eceOl 3epTTeI .
[lyaHkape KAMACBIHBIH HETI3IHAC KO3FAIMAMTHIH €Ki IIEHTP eceOiHE KeJNEeCiAeH TYKBIPhIMAAMANAD  AIBIHIIBL
L =4, =1 Kesinge H =—1.7 moninen 6actan imxi xuma siasipaiiaes, ax H €[-0.5,-1.6] apansFeaa imki KuMa
cakramampy; s, =0.9xoue g, =0.1 kesinme H =—0.9 moninen Gacran imki Kuma suasipaiinst, an [ €[-0.3,-0.8]
apaibIFBIHAA ilNKi KuMma cakranamsl, g =0.7koHe u, =03 kesiuge H =—0.8 moninen Gactan imxi xuma
pigbIpainel, an H €[-0.2,-0.7] apanpreHaa imki KuMa cakraizagsl. COHBIMEH KaTap, 3HEPTHSHBIH 6CYIMEH, OCHI
KMMAJIAPAbIH KOMIIIJITI BIABIPAHAbI. AJBIHFAH CAHIBIK HOTIDKCIICP AHATHTHKANBIK MICIIIMACPMCH CATBICTBIPY YIOiH
HETi3 00Jaab! e OODKAHY AA.

Tyiiin ce3aep: XeHOH-XCHICC MOICI, KO3FAIMANTHIH €Ki HEHTP ecedi, [TyaHkape KHMaChI, CAaHIBIK MICTTiMIC.
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HCCIEJOBAHUE 3ATAYHA IBYX HENNOABUKHBIX HEHTPOB U TIOTEHIIHAJIA
XEHOHA-XEUJIECA HA OCHOBE CEYEHHUA ITYAHKAPE

Annotamusi. MHTEpeC K CYIIECTBOBAHMIO TPETHETO HMHTETPANA IBIJKCHHS UL 3BE37, ABI)KYIIHXCS B
MOTCHIHAJIE TAJTAKTHKH, BO3POAWICA €Ile B KOHIE 50-X u Hayane 60-X rogoB MpoLuioro croyerud. IlepBoHavansHO
MPEATNONIArajgoch, YTO TOTCHIHAI MMEET CHMMETPHIO M HE 3aBHCHT OT BPEMCHH, IO3TOMY B HHIHHAPHUYECKUX
KoOpauHATAX (7, 6, z) 310 OyACT TONBKO (DYHKIHA OT r ® z. JIOJDKHBI CYHIECTBOBATH IIATh HHTCTPAIOB ABIKCHIL,
TIOCTOSIHHBIX UL IIECTUMEPHOTO (pazoBoro mpocTpaHcTBa. OTHAKO MHTETPAIBI MOTYT OBITH JTHOO H30IMPYIOMIHUMH,
b0 Hewm3ompyommMi. Henzompyronme HHTerpaibl 0OBIMHO 3aI0JHIIOT BCE JOCTYIHBIE (Da30BbIC MPOCTPAHCTBA
H HC OTPAHHIMBAIOT OPOHTY.

XeHoH n XeHnec NONBITATICH BBICHUTD, MOTYT JIM OHH HAHTH KaKOe-THOO PEabHOE JOKA3aTEIbCTBO TOTO, UTO
JOIDKCH CYILICCTBOBATh TPETHH W3OJMPYIOIIMH WHTErpayn ABIKCHHS. [IpOBOIS YHCIICHHBIC BBIMHCICHHI, OHH HE
CIHINKOM YCJIOKHSTH aCTPOHOMHYCCKHH CMBICT MPOOJICMBI, OHH TPCOOBAM TOIBKO, YTOOBI MCCIICIOBAHHBIA HMH
MOTCHIMAN OBII AKCHANBHO-CHMMETPHUYHBIM. ABTOPBI TAKKE MPEAIOJNOXKWIN, 4YTO ABIKCHHUEC NPHBI3AHO K

IJIOCKOCTH M TICPEHLTH B ACKAPTOBO ()a30BOC MPOCTPAHCTBO (x, V. X, 7). Tlocie HEKOTOPBIX HCTBITAHHH HM

yYAaaoCh HAUTH I[efICTBI/ITeJl])HBIfl MOTCHIIHAJI. 10T TNOTCHIHAI AHAJUTHYCCKH IPOCT, TAK YUTO 0p6I/ITI>I MOKHO
BBIMHCJIINTh JOBOJIBHO JICTKO, HO OH BCC €HIC AOCTATOYHO CJ'IO)KHI)IfI, TAK YTO THIIbI 0p6I/IT HCTPUBHAIBHEIL JtoT
MOTEHIMAJ TENEPh U3BECTEH KAK NOTeHIMAN XeHOHA B Xeilmeca.

H3BecTHBI HEKOTOPBIC YACTHBIC PEIICHUS 33Ja4M TPEX TEl, HO oOIiece penicHue eme He HaiacHo. OmHuM m3
YaCTHBIX CIy4YacB 3a4avud TPEX TCJI ABLACTCA 3a4avua ABYX HCHOABHMIKHBIX ICHTPOB. Ona Obuta BIICPBLIC
paccmoTpeHa J#nepom 1760 r. SlkoOm mokazam, 4YTO YpaBHEHHS JBIDKCHHS MOTYT OBITh HHTCTPHPOBAHBI B
TEPMHUHAX JUHMNTHYCCKHX (yHKumi. JlaHHAg 3agaga MOXKET OBITh HCIONB30BAHA KAaK HEKOTOPOE IIEPBOC
HpI/I6J'II/DKeHI/Ie B ACTPOHOMHUCCKHUX 3adavaX O ABMOKCHHHU MAJIbIX IUIAHCT U KOMCT IOJ I[efICTBI/IeM TpaBUTALINHA
Comana u FOnurepa. [lepron odpamenus FOmmrepa COCTABICT OKOIO ABCHAALUATH JICT, H B TCUCHHC HCOOIBIIOTO
NPOMCIKYTKA BPCMCHH IOBHKCHHUC YKA3aHHBIX HEOCCHBIX TCI MOXKHO paccMaTpuBaATh B PAMKAX 3a4a1H ABYX
HEMOJBIDKHBIX IIEHTPOB. Tarke 3a7a4y O JBH)KCHHH KOCMHYECKOTO KOpadist k JIyHe MOXHO paccMaTrpuBaTh B
paMKax YKazaHHOM 3a7a4un. Bpems momera KOCMHUYECKOTO Kopadmst 10 JIyHBI COCTABIIET OKOJIO YETHIPEX CYTOK. 32
310 BpeMa JlyHa mo KpyroBoi opOmre 3eMIM MCPEMCECTHTCSA HC3HAYHTCIBHO. VCciemoBaHume 3agadd IBYX
HCTIOABHIKHBIX LHCHTPOB MPOBOANIOCH PA3THIHBIX HANTPABJICHUAX.

B nanHO# paboTe mccheayeTcs MOTEHIMAN XCHOHA-XeHaeca M 3a/1ada JBYX HEMOABIKHBIX ICHTPOB. [lpm
HCCICAOBAHUH HCIMHCHHBIX CHUCTEM, AJIA KOTOPBIX HCU3BCCTHBI TOYHBIC PCIICHUA HCIOJB3YCTCA MCTOX CCUCHHUA
IMyankape. Jna moreHmmanma XcHoHa-Xeiimeca Obpumm moxydcHBI ceucHus [lyamkape. Jlamee ObL1 HCCICIOBAaH
MOTCHIMAN 33Ja4d JBYX HETOABIKHBIX LECHTPOB. bpIno mokazano Ha ocHose ceucHus [lyaHkape, 4ro B ciydae
A =4, =1 BHYTPEHHAA CTPYKTypa CEYCHMH PACIANACTCA CO 3HAYCHHHM H =-1.7, HO BHYTPCHHAA CTPYKTypa

ceucHU coxpansgerca B oTpeske H €[-0.5,-1.6], B coyuae g = 0.9 4, = 0.1 BHYTPSHH:A CTPYKTYPa CCUCHUI
pacnagaercs co 3HaYCHUU H =—0.9, HO BHYTPEHHSSI CTPYKTYpPa CEUCHUU COXpaHAeTCs B oTpeske /1 €[-0.3,-0.8],
B coyuae s =074 g, =03 BHYTPEeHHsAS CTPYKTypa ceueHuii pacmagaercs co 3uaueHmit H =-0.8, Ho
BHYTPCHHAA CTPYKTYpa CCUCHHH coxpaHaeTcsa B oTtpeske [ €[-0.2,-0.7]. C yBenmuCHHCM >HCPTHH MHOTHC H3

3TUX MOBEPXHOCTEH pacnagarorcs. [Ipeanosaraercs, 4To MOJIyUYCHHBIEC YHCACHHBIC PE3YIbTAThl MOCY AT OCHOBOM
AT CPABHCHUA C AHATUTHUICCKUMHU PCIICHUAMMH.

Kmouernie ciaoBa: mMomenp XeHOHaA-XeCHIeca, 3a1a4a ABYX HCTOABIDKHBIX IICHTPOB, ccucHue [lyankape,
THACJICHHBIC PCIICHUA.
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