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MULTIPERIODIC SOLUTIONS OF LINEAR SYSTEMS
INTEGRO-DIFFERENTIAL EQUATIONS WITH
D ~OPERATOR AND ¢ -PERIOD OF HEREDITARY

Abstract. The article explores the questions of the initial problem and the problem of multiperiodicity solutions
of linear systems integro-differential equations with an operator of the form D =3/dz +c¢, /o1, +...+¢, Ofot,, -

,cm)—const and with finite hereditary period & =const >0 by variable T that describe hereditary
phenomena. Along with the equation of zeros of the special differentiation operator D are considered linear systems

c=(c,....

of homogencous and inhomogencous integro-differential equations, sufficient conditions are established for the
unique solvability of the initial problems for them, both necessary and sufficient conditions of multiperiodic
existence are obtained by (‘r, z) with periods (Q,a)) of the solutions. The integral representations of multiperiodic

solutions of lincar inhomogeneous systems with the uniqueness property are determined 1) in the particular case
when the corresponding homogenecous systems have exponential dichotomy and 2) in the general case when the
homogencous systems do not have multiperiodic solutions, except for the trivial one. The article proposes a research
technique for solving problems that satisfy initial conditions and have the property of multiperiodicity with a given

& heredity period for linear systems of integro-differential equations with a special partial differential operator D,.

Multiperiodic solutions obtained along characteristics # = ¢° + ¢z —cz° with fixed (Z’O ,10) are used as an application

in the theory of quasiperiodic solutions of systems of integro-differential equations.
Key words: integro-differential equation, hereditary, fluctuation, multiperiodic solution.

1.  Problem statement.
In this paper, we’ve researched the problem of the existence of (&, @ )-periodic solutions u(z,7)

by (T,t)z(f,tl,...,tm)e RxR" systems of

Dule, )= A, ule, )+ [ Kot 50— ct+eshls, i—ct+es)ds+ f(z.r) (L)

T—E

with a differentiation operator p_ of the form

D, =8/or+(c,0/or). (12)
that turns into the operator of the total derivative d/dr along the characteristics / =C7 — ¢S + 0 with
initial data (S, 0) € RXR", whete R =(—oo,+w), C is constant vector, 3/ar = (9/ox, ,....d/ot,)
1s vector, <C, 5/ ot > is the scalar product of vectors, 4(z,7) and K(z,1, s, o) are given 1 X/l -matrices,

f(z,1) is Pl -vector-function, (0, ®)=(0.®,.....,,) Iis vector-period with rationally

incommensurable coordinates, & is positive constant.
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The problem of this kind involves the research problems of hereditary vibrations in mechanics and
electromagnetism. For example, if the oscillation phenomenon is hereditary in nature, then the equation of
motion of the string at a known moment m(7) is set by changing the angle of string torsion a)(z-),

d’o(r)
dr’
constants and & is the hereditary period of the vibrational phenomenon. It is also known that the
hereditary biological phenomenon “predator-prey” is related by the law of oscillations described by the

system of integro-differential equations.

The given integro-differential equations are the mathematical model hereditary phenomena described
by system

=ha)(2')+ jqo(z',s)a)(s)ds, where 44 and /2 are

T—€&

subordinated to the ratio m(T )— MU

= PlO(e)+ [ Ofe)x(skis ) 13

Where x(z) is unknown /2 -vector-function; P(z), Q(T s S) are 11 X1 -matrices; y(z) is 72-
vector-function; & >0 is a constant. Since the process is oscillatory, as a rule, P(z-) and L//(z')are almost
periodic by T, and the kemel Q(z, s) has the property of diagonal periodicity by (z,s)e Rx R. In

particular, the indicated input data of system (1.3) are quasiperiodic by 7 € R with a frequency basis

= 41 -1 . . . .
Vy = 7 V=@, ,....,V, =@,  then in the theory of fluctuations, the question of the existence of

quasiperiodic  solutions x(z') of system (1.3), with a changed frequency basis
~ -1~ 1l ~ -1 . .
V, = % WV, =, ,....V, =C 0O, . 1S of great immportance and We set

£<f= W, <O, <...<®, . An important role in solving this problem is played by the well-known

theorem of G. Bohr on the deep connection between quasiperiodic functions and periodic functions of
many variables. According to this theorem, matrix-vector functions are defined A4 = A(r’ t),

K =K(z,t,s,0), O=t—ct1+cS, f=f(r.t), u=u(r,t) with properties of A|[=M =P(Z’),

K|t=cf = Q(T,S), f|t=” = l//(T), M|Z=CT =X(T) and the operator d/d‘l' is replaced by a
differentiation operator p_of the form (1.2).

Thus, the problem of quasiperiodic fluctuations in systems (1.5) becomes equivalent to the problem
on the existence of (@, ew)-periodic by (z,¢) solutions z(z,¢) of the system partial integro-differential

equations of the form (1.1) with differentiation operator (1.2).

The above problems on string vibrations and fluctuations in the numbers of two species living
together associated with the task indicate the relevance of the latter, in terms of its applicability in life.
Along with this, it is worth paying special attention to the fact that the methods of researching
multiperiodic solutions of integro-differential equations and systems of such partial differential equations
belong to a poorly studied section of mathematics. Therefore, the development of methods of the theory of
multiperiodic solutions of partial differential integro-differential equations is of special scientific interest.

In the present work are investigated to obtain conditions for the existence of multiperiodic solutions
of linear systems integro-differential equations with a given differentiation operator D.. To achieve this
goal, the initial problems for the considered systems of equations are solved from the beginning, the
necessary and sufficient conditions for the existence of multiperiodic solutions of linear systems are
established, integral structures of solutions linear systems are determined.

The theoretical basis of this research is based on the work of several authors. As noted above, taking
into account the hereditary nature of various processes of physics, mechanics, and biology leads to the
consideration of integro-differential equations [1-3], especially to the research of problems for them
related to the theory of periodic fluctuations [2]. If the heredity of the phenomenon is limited to a finite
period & of time T, then the hereditary effect is specified by the integral operator with variable limits

from T —& to 7. Integro-differential equations describing phenomena with such hereditary effects are
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considered in [3]. The various processes of hereditary continuum mechanics are described by partial
integro-differential equations, the study of which began with the works [1]. The work of many authors is
devoted to finding effective signs of solvability and the construction of constructive methods for
researching problems for systems of differential equations, we note only [2,4,5]. The research of multi-
frequency oscillations led to the concept of multidimensional time. In this connection, of the theory
solutions of partial differential equations that are periodic in multidimensional [6—13]. In [6], an approach
is implemented where quasiperiodic solutions of ordinary differential equations are studied with a
transition to the study of multiperiodic solutions of partial differential equations. This method was
developed in [7-11] with its extension to the solution of a number of oscillation problems in systems of
integro-differential equations.

In this research, it is examined for the first time that the problem of the existence multiperiodic

solutions of systems integro-differential equations with a special differentiation operator Dc, describing

hereditary processes with a finite period € of hereditary time 7. In solving this problem, we encountered
the problems associated with the multidimensionality of time; not developed general theory of such
systems; determination of structures and integral representations of solutions of linear systems equations;
extending the results of the linear case to the nonlinear case; the smoothness of the solutions integral
equations equivalent to the problems under consideration, etc. These barriers to solving problems have
been overcome due to the spread and development of the methods of works [12-13] used to solve similar
problems for systems of differential equations.

2. Zeros of the differentiation operator and its multiperiodicity

By the zero of the operator p_ we mean a smooth function 2 = u(z-, t) satisfying the equation of

D _u = 0. The linear function y is a general solution of the characteristic equation with the initial data
0 0y . . . o . .
(T 1 ), its integral is the zero of the operator p_satisfying condition h(ro,r,q , =t . Note that if

w(¢) is an any smoothness function e =(1,...,1), by 7 € R", then
u(fo,r,t)zl//(h(fo,f,t)) Q.1)
is the zero of the operator [, satisfying condition M|T=To =y (1 ) Since the y(¢) is arbitrary in the
class C t(e) (Rm ), relation (2.1) is a general formula of the zeros.

We give the properties of the characteristics of the operator Dc:

h(s+6,7+6,t)=h(s,7,t), (2.2)
h(s, T+0, t): h(s, T, t)— cl, (2.3)
h(s,z',t + qa)): h(s,z',t)+ qo. qo=(q,o,,....q,»,). € z" (2.4)

If 2(z,¢) is the zero (&, ) -periodic, then the u| = u® (t) is @ -periodic by I :
u’(t +qo)=u"(t)e C[(e)(R’”)qu’”. (2.5)
Therefore, (2.5) is a necessary condition for the (€, w )-periodicity of zero u(T , ) eC gf) (R X R m)
. Suppose that for zero (7, 7) is satisfied (2.5). From (2.1):

u(z',t)zuo(h(z'o,z', t)) (2.6)
Based on (2.3), zero U(T,t) is @ -periodic by T if uo(h(fo,l' +0, t))= = uo(h(fo,f,t)—cg).
This takes place if there is a vector ¢ “eZ” and
cO+q'0=0. 2.7
By virtue of (2.2), the zeros M(TO ,T,1 ) form (2.1) have the property of diagonal @ -periodicity by
(T ° T). The proof follows from (2.2) and (2.1).
—— 55 ——
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Theorem 2.1. 1) If condition (2.7) is not satisfied, then only constants are the (9’ a))—periodic zeros
and it does not have multiperiodic variables zeros. 2) If condition (2.7) is satisfied, then any zero of the

operator D_ with an initial function of the form (2.5) is (9’ a))—periodic, in particular, it can be any
constant. 3) Zero of the form (2.1) has the property of diagonal @ -periodicity by (Z' ’ ,T ) and from its
O -periodicity zeros by T follows its @ -periodicity by 7°.

3. Linear homogeneous equations and its multiperiodic solutions.
We consider the initial problem for a linear homogeneous system

D.u(r,1)= Az, )u(z, 1) jK 71,8, h(s, 7, (s, h(s, 7,1))ds 3.1)

ulz,r) , =u'(1)eC(rR") (3.1%
under assumptions of
Az + 6,1 +qo)= Alr,1)e C((f”ff)(Rx R’”), qeZ", (3.2)
K(z+6,t+q0,5,0)=K(r,t,s+6,0 +q0)=K(r,1,5,0)e
eCTOtzfgoze (RxR X RxR” ) qezZ”. (3.3)

From [17-19] with (3.2), using the method of successive approximations, we can construct a matricant
W(Z'O 7, l) of the system D _w(z,7)= A(z. t)w(z, ). and
DCW(TO .7, t): Alz, t)W(rO .7, tl W(ro K& t): E

, (34)
D 2, t)=- W (e 7. 0)A(r. 1), (3.5)
W(TO+6’,T+6’,t+qa)):W(T°,r,t), qgeZ”. (3.6)

Then, using the replacement of M(T N ) = W(T 0 ,T,1 )V(T ! ) system (3.1) is reduced to the form of
integro-differential equation

D v(z,1) j Q( T 1,8, h(s,r,t))v(s,h(s, z,1))ds (3.7)

with the kernel Qz°,7.1,5,0)= W (", 7,0K (.1, 5,0 W(£". 5. 0). By virtue of (2.2)-2.4), (33)
and (3.4)-(3.6), Q(Z'O ,T,1,8, 6) has the properties:
Q(ro +0,7+0,t+q0,s+6,h(s+6,7+8, t+qa)))=Q(ro,r,t,s,h(s,r,t))z
=0, 7,1,5,0)e C1"") (Rx Rx R" x RxR" | g € Z"

Further, under condition (3.3), integrating along the characteristics: 7 =177, 7 = h(77, T, t), using the
group property of the characteristic, from equation (3.7):

V(s T, Z) E+Id77 IQ(S n,h(n,r Z) g, h(cf T, Z))V(s &, h(cf T, Z))dcf (3.8)

n—e

Obviously, by virtue of (3.8) and multiperiodicity, we have

DV (s,7,1)= _[ertfh(frt)) (& hE, 7, 0))dE, (3.9)

V(s,s,t)=E. (3.9%)
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The A, K. & are such that matrix V(s,z,7) is invertible. The matrix (s, 7,7)=

—W (s, o, 0 (s,z.1): DU(s,7,1)= A(r,t)U (s, 7,1)+ jK(r, tENE T U (E ME 7,0))dE

—€

Uls,s, t)=F, (3.10)
U(s+49,r+0,t+qa))=U(s,r,t)eC(“’e)(RxRxR’”) AN (3.11)

5,T,t
Properties (3.10)-(3.11) are consequences of (3.4)-(3.6), (3.9)-(3.90). The matrix ¢/ (s,z,¢) is
called the resolving operator of system (3.1).

Theorem 3.1. Let conditions (3.2)-(3.3) are satisfied. Then the solution u(Z'O, Z',t) of the problem
(3.1)-(3.1°) is uniquely determined by the relation

u(Z'O,T,t)ZU(Z'O,T,t)IIO(h(TO,Z',t)). (3.12)

Proof. 4By condition (3.1°), (2.5), (2.6) u’ (h(TO ,T,f)), is the zero of the operator p . Taking into
account the group property of the characteristic, (3.10) it is shown that (3.12) satisfies the system (3.1).»>

Theorem 3.2. Let the conditions of theorem 3.1 are satisfied. The solution u(r, t) of system (3.1) is
(9’ a))—periodic, it is necessary, that its initial function M(O,f ): Mo(f ) at T=0 should be @ -
periodic continuously differentiable:

uo(t+qa)):u°(t)eCf/”’(R’”), qeZ". (3.13)
Proof. 4Indeed, for 7° — 0, from the solution (3.12) we have
u(r,t): U(O, T,t)uo(h(O, T,t)), (3.14)
and it is (&, o) -periodic by (z,7), in particular
u(f,t+qa)):u(f,t),qum. (3.15)

Using (3.14), (3.15), (2.4), (3.11) and (3.10), we find. #'(t+q®)=1"(). The smoothness of

u’ (t ) follows from smoothness of solution #(z,7) of system (3.1).

Theorem 3.3. In order for the solution u(r,t) of system (3.1) for being () -periodic by t € R"
under the conditions of theorem 3.2, it is necessary and sufficient for condition (3.13) be satisfied by the
initial function Uo(f ) Jor T=0.

Proof. € Necessity follows from Theorem 3.2. For sufficiency, to show relation (3.15) follows from
condition (3.13).»>

Theorem 3.4. In order for the solution u(z-, t) to be @ -periodic by T € R under the conditions of
theorem 3.3, it is necessary and sufficient that the initial function uo(t ) a Q) -periodic solution of the
linear () -periodic by t functional difference system with difference p = c@ by {

U(0,8, )’ (t-c8)=u"(r) (3.16)

A The necessary and sufficient condition (3.16) follows from (3.14), (2.3), (3.10) .»

Theorem 3.5. In order for the solution u(r, t) fo be (6’, a))—periodic solution of (3.1) generated by
the (6?’ a))—periodic zero U, (T, t ) of the operator D_ under the conditions of theorem 3.4, it is
necessary and sufficient that the (T, z) - v(t) be an eigenvector of the monodromy matrix
U@,0,0)=V): [V — Ep@®=0.

The necessary and sufficient condition (3.16) follows from Theorems 2.1 and 3.4.
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We assume that the operator U (T ‘ ,T,t ) of system (3.1) satisfies condition
|U(s,r,t)‘£ae’“(r’s), a>l,a>0,725. (3.17)

Theorem 3.6. In order for the system of integro-differential equations (3.1) has no multiperiodic
solutions, except for the zero one under the conditions of theorem 3.4, the fulfillment of condition (3.17) is
sufficient.

Note that theorem 3.6 is valid if condition (3.17) is replaced by condition ‘U (S, T,t )‘ <ae®™”,
azl, o >0, r<s.The resolving operator I/ (s, z,¢) is represented as:
U(S,r,t):Uf(s,r,t)+ U+(s,r,t), (3.18)

DU _(s,7,t)= Az, t)U_(s,7,1)+ j-K(r, LENE T, O (s, & h(E, 7, 1))dE .

(3.19)
and satisfving conditions

|U7(s,r,t)‘£ae’“(H), 72s,a>1land a >0, (3.20)

|U+(s,r,tlﬁae“(“s), 7<s,a2land a>0. (3.21)
Under conditions (3.18)-(3.21), they say that the resolving operator {/ (s, z-,z) has the property of

exponential dichotomy.
Theorem 3.7. Let conditions (3.2), (3.3), and (3.18)-(3.21) be satisfied. Then system (3.1) has no
multiperiodic solutions, except for the trivial one.

4. Linear inhomogeneous equations and its multiperiodic solutions
We consider the system of integro-differential equations

Du(z,t)= Az, ulr, 1)+ jK(r,t,f,h(é‘,r,t))u(é‘, WE o, )+ f(z,1),  (@d.1)

T—€

where the 7 (z" z) is given /l-vector-function possessing property

f(r+¢9,t+qa)):f(r,t)eC£?f)(R><R’”) qezZ”. (4.2)
Find a solution to system (4.1) satisfying the initial condition
|, o =u"()eC(R"). (41
We seek a particular solution u (Z' ‘ ,T,1 ) of system (4.1) with zero initial condition
u*(ro,r,tlzr =0. (4.19)

with an unknown /-vector function V(T N ) eC 5?;2) (R xR" ) in the form
u*(ro,r,t): jU(s,r,t)v(s, h(s,z,t))ds . (4.3)

Acting by the operator Dc on vector-function (4.3), considering v(r,t), we have

Dcu*(ro,r,t)zA(z‘,t)u*(z'o,z',t)+ jK(z',t,§,h(f,z',t))u*(ro,gg,h(f,r,t))dgg +v(r,1). (4.5)

Substituting (4.3) and (4.5) into (4.1) we obtain that v(r, t) = f (z-, t). Then
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u*(ro,r, l): IU(S,T, ) f (s, h(s,z,1))ds . (4.6)

The solution (4.6) satisfies condition (4.1%). The general Cauchy solution of system (4.1) with initial
condition (4.1°) has the form

u(ro,r,t): U(ro,r,t)uo (h(ro,r,t))+ u*(ro,r,t). 4.7)
Theorem 4.1. Under conditions (3.2), (3.3) and (4.2), the initial problem (4.1) - (4.1°) has the unique
solution in the form (4.6)-(4.7).
<« For the proof we use (4.6) and (4.7).»
Under the conditions of Theorem 3.7, the existence of multiperiodic solutions of system (4.1) is
investigated by  the method of Green's  functions, exponential  dichotomy  of

U_(s,r,t), T2
G(s,7,1)= .
—U+(s,r,t), T<S
Theorem 4.2. Suppose that the conditions of theorem 4.1 are satisfied and the matrix A(z" z) with

kernel K (z" t,s, o-) are such that the system (3.1) has the property of exponential dichotomy, expressed
by the relation (3.18)-(3.21). Then system (4.1) has the unique (6?, a))—periodic solution

u (Z’, t) = j:oG(S, 7, t)f(s, h(s, 7, t))ds, satisfying estimate ”u*” < a/a ”f”

<« Under the conditions of Theorem 3.1, the properties of the Green's function, the proof of the
theorem is carried out. Exponential dichotomy (3.1) ensures the uniqueness of a multiperiodic solution to
system (4.1).»

Lemma 4.1. Let the homogeneous linear system (3.1) under conditions (3.2), (3.3) and (4.2) have no
(9’ a)) -periodic solutions except zero. Then the corresponding inhomogeneous linear system (4.1) can

have at most one (9’ a))—periodic solution.
Finding the (6?, a)) -periodic solution u(z-,t) of system (4.1) among the solutions with initial
conditions, it is shown that it is defined as

u(e. )= 0. +0.0-U Qe [, (s rn)f (s st ds. a8

Theorem 4.3. Suppose that conditions (3.2), (3.3), (4.2) are satisfied and the linear homogeneous
system (3.1) has no (9’ a))—periodic solutions, except for the trivial one. Then the system of
inhomogeneous linear integro-differential equations (4.1) has the unique (9’ a))—periodic solution
u(z,t) of the form (4.8).

Note that uniqueness follows from Lemma 4.1.

We note that the research problems of the considered systems can be studied along characteristics
with fixed initial data. From the proved theorems as a corollary, we have statements about the existence of
solutions to the initial problems for ordinary integro-differential equations and about the existence of their
quasiperiodic solutions in the sense of Bohr generated by multiperiodic solutions of the original systems.

Conclusion.

In this article proposes the method for (research) researching solutions of problems that satisfy the
initial conditions and have the property of multiperiodicity with given periods for systems of integro-
differential equations with a special D. operator in partial differential, & hereditary effect and the linear
integral operator. This technique is a generalization of methods and solutions of similar problems for
systems of partial differential equations with the operator D.. The problems under consideration in this
formulation are researched for the first time. The relevance of the main problem is substantiated. The
solutions of all the subtasks analyzed to achieve the goal are formulated as theorems with proofs.
Scientific novelties include the multi-periodicity theorems of zeros of the operator D,.; about solutions to
initial problems for all considered of systems; about necessary as well as sufficient conditions for the
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existence of multiperiodic solutions of both homogeneous and inhomogeneous systems, the integral
representations of solutions systems in cases: exponential dichotomy and the absence of non-trivial
multiperiodic solutions. We note that the consequences deduced by examining the results obtained along
the characteristics refer to their applications in the theory of quasiperiodic solutions of systems ordinary
integro-differential equations. The technique that developed here is quite applicable to the research of
problems of hereditary-string vibrations and the “predator-prey” given in delivered part of work, which
can be attributed to examples of applied aspect.

K.A. CaprabGanos, I'.M. AiitenoBa

K. XKybanos ateiHAAFE AKTO0C OHIPIIK MCMIICKCTTIK YHHBEpCHTETI, AKTo0¢e, Kasakcran

D -ONEPATOPJIBI )KOHE & -3PENUTAPJIBIK NEPHOATHI ChI3BIKTHI HHTETPAJI/IBI-
JTAGOEPEHIIHATIALIK TEHJAEYJIEP )KYHECIHIH KONIEPHOATEI INEITIM/IEPT

Aunoranmst. Maxamana D= 9/0r+c¢, 8ot +...+c, O/Ot, ONEPATOPIBL, ¢ — conss FKOHE TYKBIM

KyaJIay IIbITBIK CHIIATTAFGI KyOBLTBICTAPIBI CHIIATTANTHIH | YaKBITHI OOHBIHIA & aKBIPIBI SPETUTAPIBIK TEPHOITH
CBI3BIKTHI HHTETPANAbl-TA(PEPEHIMATIBIK TCHACYJIEP *KYHECIHIH KOIMEPHOATHI MEIIIMACPI KOHIHACT] eCenTep MECH
Oacranksl ecen Mocernenepi seprreneai. ApHaiisl D auddepeHumnaniay OnepaTopbHbIH HOIICPIHIH TCHACY IMCH
KAaTap, ChI3BIKTHI OIPTEKTI jKOHE OIPTEKTI eMeC MHTErpanabl-Tu(pepeHINAIIBIK TEHACYICP KYHECl KapaCThIPhIIIBL,
oNap YIIiH OacTAmKbl SCCNTCPAIH OIPMOHAI IICIMTIMAITITIHIH KSTKIMIKTI MAPTTAPHl AHBIKTAJIFAH, (z-, t) OOHBIHIIA
(H,a)) TIEPHOATHI, KOIIICPHOATHI IMEINIMACPAiH Oap OONYBIHBIH KAKSTTI A€, >KCTKUIKTI ¢ IMapTTapbl aJbIHFAH.
JKarmrpI3apIK IMAPTHIHA WE CHI3BIKTHI OIPTEKTI €MEC JKYHCHIH KOINEPHOATHI MEIIIMACPIHIH HHTETPATIBIK OPHEKTEPI,
1) mepbec >karmaiga, KW TCHACYTS COMKEC OIpTEKTI JKYHENICp SKCHOHCHIMANIB TUXOTOMILUIBIK KACHCTKS HC
OonFaHma JKOHE 2) KAIMIBI KAFAAHaa, OipTEKTI >KyHEICPaiH HOMACH 0acKa KOMICPHOATHI MICIiMACpi OoIMaraHaa
anKpIHRanAbpl. Makanana nepOec TybIHABUIBL apHaiibl [ auddepeHnuaniay OnepaTopisl ChI3bIKTHI HHTCTPAIb-
JudhepeHIHANIBIK TEHACYIEP KyHecl YIIH OSpUITeH ¢ 3PCANUTAPIIBIK MCPHOATHI KOIICPHOATHUIBIK KACHCTIHE HE
JKOHE 0AaCTamKpl MAPTTApFa KAHAFATTAHABIPATHIH CCENTEPAl INCIIYIIH 3E€PTTCY OMICTEMEC] YCHIHBIIFAH. (To,to)
ockitinren 7 =1° 4+ c7 —c7’ XapakrepucTMKanap OOHMBIHIA AJbIHFAH KOMIEPHOATHI MICIIMIACP Kapamaibiv
HHTCTPANAbl-TUPPEePCHINATIBIK TCHACYJNEP JKYHECIHIH KBAa3WUIICPHOATHI IICHIMACP TCOPHACHIHIA KOJIIAHOAIBI
TYpAC MaiiIaTaHbLIAIbL.
Tyiiin ce3aep: uaTEerpamab-TudHepeHIHATIBIK TEHACY, SPEAUTAPIBIK, Iy KTYAIHs, KOIIICPHOATHI NICHTIM.

K.A. CapraGanos, I.M. AiiteHoBa

AXTIOOMHCKHH PETHOHANBHBIN TOCY JAPCTBCHHBIA Y HUBEPCHUTET
mvenn K. JKyOanosa, Axtobe, Kazaxcran

MHOT'OIEPHOAWYECKUE PEIIEHAS JNHENHBIX CHCTEM
MHTETPO-IH OOEPEHIMATBHBIX YPABHERMI C D - omEPATOPOM
H & -NIEPHOJIOM DPEJATAPHOCTH

AnnHoTamus. B ctaThe HCCACAYIOTCA BOMPOCH HAYATGHOM 33Ia4H M 33aYH O MHOTOTICPHOIHIHOCTH PCIICHUI
JIMHCHHBIX CHCTEM HHTCTPO-TU( (S PECHIHATHHBIX YPpaBHCHUH C OIEpaToOpoOM BHOA

D_=08/0t+c,8fdt, +...+ ¢, O/oL, » c—const N KOHCUHBIM NEPHONOM SPETUTAPHOCTH & = CONSI > 0
IO BPEMEHH |, KOTOpbIC ONMCHIBAIOT SBICHHS HACIEACTBEHHOro Xapakrepa. Hapsmy C ypaBHeHMeM Hyleif
CIICLMANIbHOTO ~ OmepaTopa  JUP(CPCHUHPOBAHUA [)  PACCMOTPEHBI JIMHCHHBIC CHCTCMBI OJHOPOAHBIX U

HCOTHOPOIHBIX HHTCTPO-TU(D(CPCHIMATBHBIX YPABHCHHH, I HHX VCTAHOBJCHBI JOCTATOYHBIC VCIOBHSA
OMHO3HAYHOH Pa3pPCIIMMOCTH HAYATBHBIX 33734, MOJYYCHH KAaK HCOOXOAMMEBIC, TaK W JOCTATOYHBIC YCJIOBHSA
CYLIECTBOBAHUSI MHOTOMEPHOIUUECKUX IO (z" t) C TEpUOJAMH (H’a)) pemmeHuii. OnpeacICHBl HHTCTPATBHBIC
MPSACTABIICHUA MHOTONCPHOIUUCCKHX PCIICHHHA JHHCHHBIX HCOTHOPOAHBIX CHCTEM, OOTATAOIIHX CBOHCTBOM
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CAWHCTBCHHOCTH, 1) B YAaCTHOM CJIy4Yae, KOTAA COOTBETCTBYIOIIME OJHOPOJHBIC CHCTEMBI 00JadaroT
SKCMOHCHIMAIPHONH JMXOTOMHYHOCTBEO W 2) B OOmEM Clydae, KOTJa OJHOPOJHBIC CHCTEMBI HE HMCIOT
MHOTOIIEPHOJMYCCKAX PEIICHUH, KPOME TPHBHAIBHOTO. B cTaTthe MpeaToskeHa METOIUKA MCCIICTOBAHUS PEINCHUS
33734, YAOBJICTBOPSAIOIINX HAYAIBHBIM YCIOBHSAM M O0NAJAIOIINX CBOWCTBOM MHOTOIICPHOJMYHOCTH C 33JaHHBIM
& — mepuoIOM IPSAUTAPHOCTH JJIs THHEHHBIX CHCTEM HUHTETPO-TU((PEPEHIMATBHBIX YPABHCHHIH CO CIEIHATBHBIM
omepatopoM AU(PPCPeHUMPOBAHKS [) B HAaCTHBIX NMPOM3BOAHBIX. MHOTONCPHOAMYCCKUE PELICHUS, IMOJYYCHHBIC

BIOMb XAPAKTEPHCTHK =1 +cT —c 7’ ¢ (UKCHPOBAHHOM (ro Jt° ), NPUMEHAKTCS B BUAC NPUIOKCHH B TCOPHH

KBA3HIICPHOINUCCKUX PEIICHUI CHCTEM OOBIKHOBEHHBIX HHTETPO-TU(P(PEepeHINANEHBIX Y PABHCHHH.
KmoueBsie  ciioBa: HHTCTPO-TU(PPepeHIATbHOE  YPaBHEHIC, 3PEIUTAPHOCTS, (dayxryaums,
MHOTOIIEPHOIUYECKOE PEIICHHUE.
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