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RESEARCH OF MULTIPERIODIC SOLUTIONS OF PERTURBED
LINEAR AUTONOMOUS SYSTEMS WITH DIFFERENTIATION
OPERATOR ON THE VECTOR FIELD

Abstract. A linear system with a differentiation operator D in the directions of vector fields of the form of the
Lyapunov's system with respect to space independent variables and a multiperiodic toroidal form with respect to time
variables is considered. All input data of the system multiperiodic depend on time variables or don't depend on them.
In this case, some input data reccived perturbations depending on time variables. We study the question of
representing the required motion described by the system in the form of a superposition of individual periodic
motions of rationally incommensurable frequencies. The initial problems and the problems of multiperiodicity of
motions are studied. It is known that when determining solutions to problems, the system integrates along the
characteristics outgoing from the initial points, and then, the initial data are replaced by the first integrals of
characteristic systems. Thus, the required solution consists of the following components: characteristics and first
integrals of the characteristic systems of operator D, matricant and free term of the system itself. These components,
in turn, have periodic and non-periodic structural components, which are essential in revealing the multiperiodic
nature of the movements described by the system under study. The representation of a solution with the selected
multiperiodic components is called the multiperiodic structure of the solution. It is realized on the basis of the well-
known Bohr's theorem on the connection of a periodic function of many variables and a quasiperiodic function of
one variable. Thus, more specifically, the multiperiodic structures of general and multiperiodic solutions of
homogencous and inhomogeneous systems with perturbed input data are investigated. In this spirit, the zeros of the
operator D and the matricant of the system are studied. The conditions for the absence and existence of multiperiodic
solutions of both homogeneous and inhomogeneous systems are established.

Keywords: multiperiodic solutions, autonomous system, operator of differentiation, Lyapunov’s vector field,
perturbation.

1. Introduction. The foundations of the method used in this note were laid in [1, 2], which were
further developed in [3-10] and applied to the study of solutions different problems in the partial
differential equations [11, 12]. These methods with simple modifications extend to the study solutions of
problems of the differential and integro-differential equations of different types [1-12], in particular,
problems on multi-frequency solutions of equations from control theory [13]. The methods of research for
multiperiodic solutions are successfully combined by methods for studying solutions of boundary value
problems for equations of mathematical physics. Elements of the methods of [1, 2] can easily be found in
[14,15], where time-oscillating solutions of boundary value problems are studied by the parameterization
method.

As noted above, the considered system of partial differential equations along with multidimensional
time contains space independent variables, according to which differentiation is carried out to the
directions of the different vector fields. The autonomous case of this system was considered in [11, 12],
where differentiation with respect to time variables was carried out in the direction of the main diagonal of
space, and the free term of the system was independent of time variables. In this case, these parameters of
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the systems received perturbations depending on time variables. In the note, the method for studying
multiperiodic structures of general and multiperiodic solutions is developed, the conditions for the
existence of a multiperiodic solution are established, and its integral representation is given.

We consider the system of linear equations

Dx=Ax+ f(7,1,$) (1.1
with differentiation operator
0 0 0
D=—+{a,—)+{(vI[+g,—), (1.2)
ot ot o¢
where T€R7 t:(tlﬁ"'ﬁ tm)ERm’é’:(é’1>> é’z)eR§Z> é/j:(é:j’ n]')ERéz'Dj:?j’

R: = {¢, € R: | g, = /95]_2 +77]? <6, j= 1’_[}’ O =const >0 are independent variables with

areas of change; g: ﬁ,,,,,i u i: ¢ ¢ 9 | & @ , j=11 are vector
o\ oy o, oc

¢, o5, ) eg, g, on,
differentiation operators; 7 = diag (1,,...,1,) 1s a matrix with [ -blocks, 7, 1s symplectic unit of the
second order, v =(v,,...,v,) is a constant vector, v/ =diag(vI,,...v,I,),

a=(a,(2.0...ca,(7.0) = a(z.1), g = (&,(7)..... 8, () = g(z) are vector functions, ¢ ,  is the
sign of the scalar product of vectors; A is a constant X ¥ -matrix, f = f(zr,1,¢) is N-vector-function
of variables (7,7, £)e Rx R” xR .

The main objective of this note is to determine the multiperiodic structures of solutions of the
problems (1.1) - (1.2).

2. Multiperiodic structure of zeros of the differentiation operator /) . We introduce the equation

Du=0 2.1
with the required scalar function » = u(z,¢,¢) and the initial condition
u| ., =v(t)eC(R"), @.1)

where [) is the differentiation operator with respect to (T,t 5 4/ ) of the form (1.2). The solutions of

equation (2.1) are called the zeros of the operator 1) .
Suppose that 1) the vector function a(z,f) has the property of smoothness with respect to

(z,1) e Rx R™ of order (0,e)=(0,1,....1):
a(t+0,1+qw)=a(r,0)eC”(RxR"), g Z", (2.2)

2) positive constants v, .., v, are rationally incommensurable:

qv.+qv,#0, ¢ +q;#0, q,q9,€Z, (i, j =0,1), 2.3)
therefore, numbers o, = 277v,", j =1,/ are also incommensurable,
3) vector-functions g ,(7) = (¢,(r),, (7)), j =1,/ are continuous and 3, - periodic;
g,(z+B)=g,(0)eCO(R), j=11, (2.4)

where &/, k=11 and ,Bj, Jj= 1,_1 are incommensurable positive constants.
It follows from condition 2.2) that the vector field i=a(r,b)
. _ . . . 0 40
determines the characteristic f = A(7,7 o ), emanating from any initial pomt(T N )E RxR" and
moreover, it has the properties that are known from [2].
— 6 —
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Lemma 2.1. Let condition (2.2) bhe satisfied — Then under the  condition
v(it+qo)=v(t)e C[(e)(Rm), qe " the zeros M(Z’O, T,1)= V(ﬁ(l’o, 7,1)) of the operator 1D with
the initial data (2.1') have the multiperiodicity property of the form

u(r’ +0,7+0,t+qo)=u(z’,t,t), g L.
The vector ficlds

$=vI{+g(r) 23)

determines the characteristic

& =Z(x—tD° —z2(z)]+ =z(7), (2.6)

where 7(z) = diag [7,(0). 2,1, 2(2) = (2,()urs 2,0, § = (615287, Then we have the
first integral of equation (2.5)

=2 -1~ z(0)]+ (") = ule",7.0) 2.7)
By wvirtue to the connection between o =o () and n =h (s,,o,) of the form

o ()= (2.), ac’laj _ dh (z,7) _ oh (s;,0;) N oh (s,,o0;)

T dr 8sj oo ;

with o,=5,=1 leads to a transition

from the differentiation operator [) to the differentiation operator

5=i+ a(r,t),g + e,i + e,i + v[h+g(c7),i + %+%i (2.8)
loks ot os oo oh os Ooc oh

whete s = (5,005, & = (010000, g(0) = (& (@) (@ e = (L))~ L-vector,
. _ 77 Oh (0h ch,\ oh oh ch
h=hyhy by, =0 (s,.0,), =10 Lo\ h O _[Oh
oo b, 7 ](] ])J Os [8s1 8s,] oo [801 80,]

Lemma 2.2. Let conditions (2.3) and (2.4) be satisfied  Then the zeros
M(TO 5T é’) = w(,u (Z’ ° 5T é’)) of  the operator D with the initial condition

u _o=wig)eC é(f)(Rl) have a multiperiodic structure of  the  form
L_l(SO, 5,0,()= W(h(SO =g, Z(SO), ¢ —-z(0))) with the vector Sfunction
h(s—s°,2(c), £° —z")y=Z(s —=s" )" - 2(s")] + 2(0), at that

U(s",8,0,8)| s ovs =U(T,7.4), 29

et -er,z(e7°),¢ —z(€1)) = u(z’,7,¢).

The following theorem is proved on the bases of these Lemmas 2.1 and 2.2.

Theorem 2.1. Let conditions (2.2) - (2.4) be satisfied. Then the solution M(Z'O,T, l, 4,/) of equation

. =Uu O(I, {)e Ct(’zg)(Rm X RZ) is determined by the relation

w(z®,7.6,&) = u’ (A0, 7,0), 1(z°,7,5)), which under the conditions A(z°. 7+ 6,1) = A(z°.7.1)

(2.1) with the initial conditionu

=7

and U 0(1 + qa),é’) =Uu 0(1,4), qe Z" has a multiperiodic structure with respect to (r, t,s,o-) with
period (0, w,cx, 3) of the form

@(r°,7,1,5°,5,0,8)=u’(AUz°,7,1),h(s° —5,2(s°),L — z(co))),

— ] —
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where the vector-function h (s, z, g) has the form
hWs—s',2(0), " =2°)=Z(s =N —z(s")]+2(0).,  e=q....1) is  M-vector
0 :u(TO,T,t,é’).

3. The multiperiodic structure of the solution of a homogeneous linear /) -system with constant
coefficients. We consider a homogeneous linear system

Dx = Ax 3.1

with a differentiation operator /) of the form (1.2) and a constant 7 X /1 -matrix A .
We will put the problem of determining the multiperiodic structure of the solution X of the system
(3.1) with the initial condition

e=(@,..,1is [ -vector, moreover L_tl

o=s=e¢t1, s°=¢t

x|m0 =u(t,£)eCe” (R’” X Rl). (3.1°

N4

To this end, we begin the solution of the problem by studying the multiperiodic structure of the
matricant

X(z)= exp[A z‘] (3.2)
of the system (3.1). We need the following lemmas, to do this, which are given without proof.
Lemma 3.1. If f] (T + 49]. )= f] (z'), Jj=L1,r is some collection of the periodic functions with

. . -1 . . ;
rationally commensurate periods: 49].49k =1, is a rational number for ],k =1,7, then for these

functions exist a common period 0 : fJ(T +60)= fj(T), j= I,_F
Lemma 3.2. If the real parts of all eigenvalues equal to zero and all the elementary divisors are
simple of the constant matricant Y(r)z exp[] r], then all the elements of the matrix [ are periodic

functions.

We consider the multiperiodic matrix T (f) =T (Tl,...,T p) with period ) = (7 poens ) p), where
V157, are rationally incommensurable constants. Since (0/0r,)Y e (Z’ k)z J ].Y i (Z’ i ), the matrix
7'(7) satisfies the equation

DI(F)=1T(7), (3.3)
where the operator D is determined by
~ [0 0 0
D=(e, —)=—+..+—, (3.4)
or| Ot 07,
e =(1,..,1) isa O -vector. Obviously, under 7 = e 7 we have 7(é 7) = ¥ (z) and
Y(r)=T(er)=1T(er)=1Y (7). (3.5)
Thus, the multiperiodic matrix 7°(z) defines the multiperiodic structure of the matricant ¥ (z)
V@) =T(,m07,)| (3.6)

Lemma 3.3. The matricant Y (t) of the system (3.5) under the conditions of Lemma 3.2 has a multi-
periodic structure in the form of a matrix T (f) =T (Tl - p) which satisfies the system (3.3) with the

differentiation operator (3.4) and along the characteristics T =€T of the operator D turns into Y(7).

in other words, these matrices are related by the relation (3.6)
Indeed, we making the replacement X =Y (7)Z  in the equation

X = AX (3.7

—— § ——
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obtain the equation 7 = y ' (7)[4¥ (r) — ¥ (z)] Z - Therefore, according to Lemma 3.3, the multiperiodic
structure of the matricant (3.2), by virtue of equality X (z)=7Y(z)-Z(7), is determined by a matrix
X (z,7) of the form

v = Rt
X(r,7)=X(r,7,,..,7,) =T(1,,..,7, )€, (3.8)
which is connected by the matricant X (7). by relation

X(z,7)

=X(7). (3.9

Theorem 3.1. In the presence of complex eigenvalues of the matrix A, the matricant (3.2) of the
system (3.7) has a multiperiodic structure defined by the matrix (3.8) and relations (3.3) - (3.6), and it

along the characteristics T =€ T of the operator D satisfies condition (3.9). The matrix T(z) turns into

a constant matrix in the absence of complex eigenvalues.
Now the solution of the objectives set can be formulated as Theorem 3.2.
Theorem 3.2. Let conditions (2.2) - (2.4) be satisfied. Then the solution x(z°,z, ¢, 0of the problem

(3.1) - (3.1°) defined by relation
x(z°,7.6,8) = X (@D u(A(z°,7,0), 1(z°.,7,<)) (3.10)

has a multi-periodic structure in the form of a vector-function

x(r°, 1.7, 8%,0,0)= X (0, 0)w( Az’ 7,0),h(s" = 5,2(s°), ¢ - z(6))),  (3.11)
that satisfies equation
D = Ax (3.12)
with the differentiation operator
D =D+ D, (3.13)
defined by relations (2.8) and (3.4).
Proof. The representation (3.10) is known from [2], and (3.11) follows from the proved Theorems 2.1
and 3.1. The identity (3.12) can be verified by a simple check.

Theorem 3.3. Under the conditions of the Theorem 3.2, the system (3.1) allowed nonzero
multiperiodic solutions enough for the matrix A to have at least one eigenvalue 4 = A(A) with the real
part Re A(A) =0 equal to zero.

The theorem could be proved on the basis of a similar theorem from the theory of the systems of
ordinary differential equations.
We have the following theorem from the theorem 3.3, as a corollary.

Theorem 3.4. Under the conditions of the Theorem 3.3, the system (3.1) did not admit the

multiperiodic solution other than trivial, it is sufficient that all eigenvalues of the matrix A have nonzero
real parts.
The general solution ¥ of the system (3.1) can be represented in the form

x(7.1,6) = X(Du(z,1.8), (3.14)

where u =u(z,1,¢) is the zero of the operator DD with the general initial condition for 7=0:
x(0,,8) =u(0,1,5) =u,(1,$), X (z)=exp[Ar] is the matricant of the system.
Theorem 3.5. . Under the conditions (2.2) - (2.4), the system (3.1) had (0, @) -periodic with respect

to (z,t) solutions of the form (3.14) corresponding to the multiperiodic zero of the operator 1D with the
same periods, it is necessary and sufficient that the monodromy matrix X () satisfies condition

det[ X (0) — E]=0. (3.15)

— 9 —
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Proof. Under the conditions of the theorem, its justice is equivalent to the solvability of equation
X(z +6)u = X(r)u in the space of (6, w)-periodic with respect to (z,7) zeros u =u(z,t,¢) of the

operator 1) .
We arrive at the solvability of the system of equations [ X (6)— E]u = 0, which is equivalent to

the condition (3.15) taking into account the properties of the matricant X' (7 + ) = X ()X (8) from the
system X (7 + )u=X(7)u.
In conclusion, we note that the fulfillment of condition
det[X (&) —E]=0 (3.16)

guarantees the absence of such solutions.

Theorem 3.6. Let conditions (2.2) - (2.4) and (3.16) be satisfied. Then the system (3.1) allowed
nonzero (0, ) -periodic solutions of the form (3.14) necessary and sufficient for the functional-

difference equations
wu(zc +0.t +qo, &)= [X (O —ET' X (O)|u(z + 0.t +qeo, &) —u(z, 6, )| g e 27 (3.17)

to be solvable in the space of zeros of the operator D .
Proof. Under the condition (3.16) from the definition of (&, @) -periodicity with respect to (z,7) of

solution (2.7), we have the equation (3.17). We must be to take into account that #(z,7,¢£") 1s the zero of

the operator 1) to complete the proof. If the equation (3.17) has only zero solutions, then, under the
condition (3.16), the system (3.1) does not have a nontrivial multiperiodic solution.

4. The multiperiodic structure of an inhomogeneous linear system with operator D. Consider the
inhomogeneous lincar equation (1.1) corresponding to the homogeneous equation (3.1), where the /-
vector function f(z,¢, ) satisfies condition

f@+0,t+q0.8)= f(1,,5)eC%7 (RxR" x R). (4.1)

7,54
Assume that the condition (3.16) is fulfilled and we search for the (@, @) -periodic with respect to

(z,1) solution x(z,7,¢) of the system (1.1) that corresponds to zero #(z,¢,¢) of the operator 1)
possessing the property of multiperiodicity with the same periods (8, w) for (z,7).

Therefore, we have the solution
x(r,0,8)= X(@)ulr,1,¢)+ X(r)j X () (s, A(s,7,0), (s, 7,8) s (4.2)

with zero u(r+60,t+qo,{)=u(r,t,{), geZ™ of the operator!) having the property
x(t+0,t+qo,0)=x(1,1,{),qge Z" .
By accepting the notation based on (4.2)

f(s, Als, T, 1), u(s,z, é’)), T—=>0,

ol A 2ot i) {f(s, s, T+ 0,0, u(5,7+0,0)), 0——>7+6,

where 5= 5 5 means changes in the variable s from J” tod, the multiperiodic solutions can be
presented in compact form

x(z,t,8)= [X T+6)- } IX )/, (s, A(s,7,0), u(s,7,$) s, (4.3)

Obviously, if the system (3.1) does not have multlpenodlc solutions, except for zero, then the solution
(4.3) of the system (1.1) is a unique multiperiodic solution.
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Further, we have solutions
7+8

¥(s.0.7.7.t.0)= [)?’1 (t+6.7+e0)-X" (r,f)r IX’I (6)f,(e. Me..0).h(g —5.2(6).¢ —z(0))lde  (4.4)

of the equation .
Di=A4x+ f(7.1,{) (4.5)

with the differentiation operator (3.13) from representation (4.3) on the basis of multiperiodic structures
(2.9) and (3.8) of the quantity w(s,7,¢) and X (7).

Teopema 4.1. Assume that conditions (2.2) - (2.4), (3.16) and (4.1) are satisfied, and the
homogeneous system (3.1) does not have multiperiodic solutions except zero. Then the system (1.1) has a
unique (6, ) -periodic solution (4.3) for which the («,p,y.0,w)-periodic with respect to

(s,o,7,7,1) structure (4.4) satisfies equation (4.5) with the differentiation operator (3.13).

In conclusion, note that we can derive the multiperiodic structure of the general solution (4.2) of the
system (1.1) similarly to formula (4.4).

Conclusion. A method for studying the multiperiodic structure of oscillatory solutions of perturbed
lincar autonomous systems of the form (1.1) - (1.2) was developed. The main essence of the method for
studying the multiperiodic structures of solution of the system under consideration is a combination of the
known methods [1-3] with the methods used in [11, 12] for the autonomous systems. In conclusion, the
sufficient conditions for the existence of the multiperiodic solutions of linear systems (1.1) - (1.2) with the
differentiation operator D in the directions of a toroidal vector field with respect to time variables and of
the form of Lyapunov's systems with respect to space variables were established. Moreover, relation (4.3)
is an integral representation of the multiperiodic solution of the system, and (4.4) determines its
multiperiodic structure.
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K. KybaHoB aThiHAarsl AKTe0e OHIPIiK MEMIIEKETTIK Y HUBEPCHTETI, AKTobe, KazakcTan;
ZKeipre3-Peceit Cnassin yuusepcureri, Bitrkek, Kplprbrsctan

BEKTOP.JIBIK OPIC BOMBIHIIIA AAPOEPEHIIUAJIIAY OIIEPATOPJIBL KO3AbIPLLITAH
CBI3BIKTBI ABTOHOM/BIK KYUEJEPAIH KOIINEPHOATHI HIEINIMAEPIH 3EPTTEY

AnHoTamust. Toyenci3 KeHICTIK aHHBIMANBICBIHA KATHICTHI JIAMYHOB KYHECI TYpiHACTI *KOHE YaKbIT aifHBIMA-
JBICHIHA KATHICTBI, KOIIIEPHOATH TOPOUAANIBI TYPACTI BEKTOPIBIK opicrep OarbIThl OotibiHma D nuddepenuaniay
OTIEpaTOPNBI CBHI3BIKTHI JKyHE KapacThIpblIaasl. JKyHECHI AHBIKTAHTBIH OapiblK OEpiireH exmeMacp VaKbIT
ANHBIMAJBICBIHAH KOIIICPHOATHI TOYETII, HE OIapAaH Tayenci3 Oomaasl. byn skaraaiina >kylcHI aHBIKTAUTBIH KeHOip
OcpiareHaepre VakbIT afHBIMANBICHIHAH TOYCAI KO3ABIPTKBI OcpinreH. PanmmoHAmmel eMOCHOCHTIH KUiITIKTCPIiH
JKCKEIICHTCH IIEPHOATHI KO3FAJBICTAPBIHBIH CYTICPHO3HMIMACH TYPIHACTI JKYHE apKbUIbI CHIATTAIFAH 13JCIIHII
KO3FaJIBIC Ty Pkl CYPaK 3eprrencai. bacranmksl ecenTep »koHE KO3FAIBICTAPABIH KOIIEPHOATHUIBIFBI TYPAJIbI ECENTEP
3eprreneai. EcenTiH memiMiH aHBIKTAy Ke3lHAEC JKYHEHIH OacTamkbl HYKTECACH IIBIFATBIH XapPaKTCPUCTUKA
MaHAWBIHIA WHTCTPAIIAHATHIHBI, OJAH KEHiH OacTamkel OEpiireHAcp XapakTEPHCTHKAJBIK >KYHCHIH OipiHm
HHTCTPAIIAPBIMEH Ay BICTHIPHUIATHIHGI Ocnrini. COHBIMEH, I3ACTIHAI IIEINM KeJleci KOMIIOHEHTTEpACH Typansl: [
OTICPATOPBIHBIH, XaPAKTECPUCTHKANBIK >KYHCCIHIH XapaKTEPHCTHKACHI MCH OIpIHINI WHTETpaizapsl, KyWEHiH O0cC
MYIIeCi MEH MATPHIAHTBL byl KOMIIOHGHTTEPIIH 3CpPTTENYINI SKYHEMEH CHIATTANFAH  KO3FAJBICTHIH
KONIMEPUOATHIIBIK TAOWFATHIH Ay Ke3iHIE MAHBI3AbI MArbIHACH Oap OONATHIH IIEPHOATHI >KOHE HMECPHOATHI EMEC
KYPBUIBIMIBIK Kypaymbuiapsl Oomagsl. Ilemival epekImeacHreH KenmeprHoATH KypayIbliap apKbLUIbI CHITATTAY bl
MICITIMHIH KOIICPHOATHUIBIK KYpPBIIBIMBI AcH aTtaiapl. Om Kem adHeIMambl HepHoATH (yHKIMsLIAp MeH Oip
AHHBIMAJBI KBA3HIICPHOATH! (DY HKIMSUTAPBIHBIH OAMIAHBICH TYPaIbl BOpABIH TaHBIMA TEOPEMACHI HETI3IHAC KY3eTe
acanpl. COHBIMCEH, JKyHenep[l AaHBIKTAHTBIH OCpiIreHAEpl KO3ABIPBUFAH >KaFmadasl OIpTEKTI XoHE OIpTEKCci3
JKYHETIEp/iH SKAIIBI )KOHE KOTMEPHOATHI IICITIMACPIHIH KOIIIEPHOATH KYPhLUIBIMBI HAKTHI 3epTTeareH. Ocpriaima D
OTICPATOPHIHBIH, HOJIIEPI MCH KYHCHIH MATPHLAHTHI 3ePTTEAreH. BipTeKTi skoHEe OIPTEKCI3 JKYHENEPAiH KOIEPHOATHI
mIemiMAepiHiH 0ap 001y koHE 00MMAy IMAPTTAPHI TAFAHBIHIAFAH.

Tyiiin ce3mep: KeNNEPHOATHI IHNEINIM, ABTOHOMIBIK >Kyhe, auddepeHumangay omeparopst, JlamyHOB
BEKTOPJIBIK 6PicCi, KO3IBIPTKBL
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HCCIEJOBAHUE MHOT'OITEPHOAMYECKUX PEIIEHUI
BO3MYIEHHbBIX TUHEUHBIX ABTOHOMHBIX CUCTEM
C OIIEPATOPOM JJU®PEPEHIIMPOBAHNA 11O BEKTOPHOMY ITOJIIO

AnHoTamust. PaccmarpuBaeTcst THHEHHAA CHCTEMa C OmeparopoM aud@epeHIMpoBanmst [ MO HAPABICHUSIM
BEKTOPHBIX MOJICH BHOA CHCTEMbI JISAMYHOBA OTHOCUTEIBHO NMPOCTPAHCTBCHHBIX HE3aBHCHMBIX IEPEMEHHBIX H
MHOTOMEPHOANYECKOTO TOPOMJANBHOTO BHAA OTHOCHTECJIBHO BPEMCHHBIX TNEPEMEHHBIX. BCe BXOOHBIC NAHHBIC
CHCTEMBI THOO MHOTOIICPHOIIYHO 3aBHUCAT OT BPEMCHHBIX IIEPEMCHHBIX, MO0 OT HUX HE 3aBUCAT. B maHHOM ciyuae
HEKOTOPBIC BXOJHBIC JAHHBIC MONYYHIH BO3MYINCHHA, 3aBHCAINNE OT BPEMEHHBIX mepeMeHHbIX. Hccheayercs
BOIIPOC O HPEACTABICHHU HCKOMOTO JBIJKCHHUS, ONMHCAHHOTO CHCTEMOH B BHAC CYNECPHOZHIUU OTACTBHBIX
MEPHOJNYCCKHUX JABIJKCHUI PALMOHATBHO HECOM3MEPHMBIX 4YacTOT. M3y4aroTcd HAYaibHBIC 33aJa4HM H 330a4d O
MHOTOIICPUOAMYHOCTH ABWKCHUI. V3BECTHO, UTO MPH ONMPEACICHUH PEIICHUN 33124 CHCTEMA HHTECIPUPYETCS BAOJIb
XAPAKTEPUCTHK, HCXOMAMMX U3 HAYATBHBIX TOYCK, 4 3aTEM HAYAIbHBIC JAHHBIC 3AMCHAIOTCS MEPBBIMH HHTETPATAMU
XAPAKTCPUCTUYCCKUX CHCTEM. TakuM OO0pa3oM, HMCKOMOE PpEIICHHE COCTOHMT M3 CICAYIONIMX KOMIIOHEHTOB:
XAPAKTEPUCTHK M NEPBBIX HHTCTPAJIOB XapPAKTCPHCTHUCCKUX CHCTEM OIIEpaTopa [, MaTPHIIAHTA U CBOOOJHOTO YICHA
CaMoil CHCTEMBL. JTH KOMIIOHCHTBL, B CBOIO OYEPEb, MMCIOT IICPHOIMUCCKUE M HETICPHOAMICCKUE CTPYKTYPHBIC
COCTABJLIOIIUE, KOTOPBIC HMEKOT CYIISCTBCHHOEC 3HAYCHHE IPH PACKPBITHH MHOTONEPHOAMYCCKOM IPUPOIBI
JBHKCHUH, ONUCAHHBIX HCCACAYeMOW CHCTeMOW. IIpencTaBieHHE pPEIIEHUS C BBIACICHHBIMH MHOTONEPHOIH-
YECKMMH COCTABILTIOLNIMMH HA3BAHO MHOTOIICPHOJMYCCKON CTPYKTYpoH permeHmi. OHO peanm3yeTcss HA OCHOBC
W3BECTHOH Teopembl bopa o CBA3WM mepHOaAW4ecCKOH (DYHKOHH OT MHOTHX INEPEMCHHBIX M KBAa3HIICPHOIHICCKOH
(yHKIME 0HOM nmepeMeHHOM. Takum 00pazomM, 0oliee KOHKPETHO HCCICAYIOTCSI MHOTOIICPHOANIECKUE CTPYKTYPBhI
00X W MHOTOTICPHOWYCCKUX PCIICHUI OXHOPOTHBIX H HCOTHOPOAHBIX CHCTEM C BOSMYIICHHBIMH BXOIHBIMH
JAHHBIMH. B TakoM Ayxe H3y4arOTCsA HyJH Onepatopa D W MATPHLUAHT CHCTEMBL. YCTAHABIMBAKOTCA YCIOBHA
OTCYTCTBHA H CYLICCTBOBAHMA MHOTONEPHOIUYECKUX PEIICHUN KAK OJHOPOAHBIX, TAK H HEOJHOPOIHBIX CHCTEM.

KioueBbie cioBa: MHOTOIICPHOIMYECKOEC PEHICHHE, aBTOHOMHAS CHCTEMA, omeparop Iu(@epeHIHpOBaHHU,
JIamyHOBA BEKTOPHOE MOJIE, BO3MY IICHUE.

Information about authors:

Sartabanov Zhaishylyk Almaganbetovich — Doctor of Physical-Mathematical Sciences, professor, K.Zhubanov Aktobe
Regional State University, Aktobe, Kazakhstan, sartabanov42(@mail.ru, https://orcid.org/0000-0003-2601-2678;

Omarova Bibigul Zharbolovna — PhD-student, K. Zhubanov Aktobe Regional State University, Aktobe, Kazakhstan,
bibigul_zharbolkyzy@mail.ru, https://orcid.org/0000-0002-3267-2501

Kerimbekov Akylbek — Doctor of physical-mathematical sciences, Professor, Kyrgyz-Russian Slavic University, Bishkek,
Kyrgyzstan, akl7@rambler.ru, https://orcid.org/0000-0002-7401-4312

REFERENCES

[1] Kharasakhal V.Kh. (1970) Almost-periodic solutions of ordinary differential equations [Pochti-periodicheskie resheniia
obyknovennykh differentsialnykh uravnenii]. Alma-Ata, Nauka (in Russian).

[2] Umbetzhanov D.U. (1979) Almostmultiperiodic solutions of partial differential equations [Pochti mnogoperiodicheskie
resheniia differentsialnykh uravnenii v chastnykh proizvodnykh]. Alma-Ata: Nauka (In Russian).

[3] Kulzhumieva A.A., Sartabanov Zh.A. (2013) Periodic solutions of the systems of differential equations with
multidimensional time [Periodicheskie resheniia system differentsialnykh uravne-nii s mnogomernym vremenem]|. Uralsk: RITs
ZKGU (in Russian). ISBN 978-601-266-128-6.

[4] Sartabanov Zh. (1989) Pseudoperiodic solutions of a system of integro differential equations, Ukrainian Mathemstical
Joural, 41:1, 116-120. DOL: 10.1007/BF01060661

[5] Kulzhumiyeva A.A., Sartabanov Zh.A. (2016) On reducibility of linear D-e-system with constant coefficients on the
diagonal to D-e-system with Jordan matrix in the case of equivalence of its higher order one equation//Bulletin of the Karaganda
University-Mathematics, 84:4, 88-93.

[6] Kulzhumiyeva A.A., Sartabanov 7Z.A. (2017) On multiperiodic integrals of a linear system with the differentiation
operator in the direction of the main diagonal in the space of independent variables, Eurasian Mathematical Journal, 8:1, 67-75.




ISSN 1991-346X 1. 2020

[7] Kulzhumiyeva A.A., Sartabanov Zh.A. (2017) Reduction of linear homogeneous D-e-systems to the Jordan canonical
form, News of the National Academy of Sciences of the Republic of Kazakhstan. Series Physico-Mathematical, 5:315, 5-12.

[8] Sartabanov Z.A. (2017) The multi-period solution of a linear system of equations with the operator of differentiation
along the main diagonal of the space of independent variables and delayed arguments, AIP Conference Proceedings, 1880,
040020. DOI: 10.1063/1.5000636

[9] Kulzhumiyeva A.A., Sartabanov Zh.A. (2018) General bounded multiperiodic solutions of linear equations with
differential operator in the direction of the mail diagonal, Bulletin of the Karaganda University-Mathematics, 92:4, 44-53.
DOI:10.31489/2018M4/44-53

[10] Kulzhumiyeva A.A., Sartabanov Z.A. (2019) Integration of a linear equation with differential operator, corresponding
to the main diagonal in the space of independent variables, and coefficients, constant on the diagonal, Russian Mathematics, 63: 6,
29-41. DOI:10.3103/S1066369X 19060045

[11] Sartabanov Z.A., Omarova B.Z.. (2018) Multiperiodic solutions of autonomous systems with operator of differentiation
on the Lyapunov’s vector field, AIP Conference Proceedings, 1997, 020041-1 - 020041-4. DOI:10.1063/1.5049035

[12] Sartabanov Zh.A., Omarova B.Zh.(2019) On multi-periodic solutions of quasilinear autonomous systems with operator
of differentiation on the Lyapunov's vector field, Bulletin of the Karaganda University-Mathematics, 94:2, 70-
83.DOI:10.31489/2019M2/70-83

[13] Kerimbekov A., Abdyldaeva E. (2016) On the solvability of a nonlinear tracking problem under boundary control for
the elastic oscillations described by fredholmintegro-differential equations, IFIP Advances in Information and Communication
Technology, 494, 312-321. DOIL: 10.1007/978-3-319-55795-3_29

[14] Assanova A.T., Alikhanova B.Zh., Nazarova K.Zh. Well-posedness of a nonlocal problem with integral conditions for
third order system of the partial differential equations. News of the National Academy of Sciences of the Republic of
Kazakhstan.Physico-Mathematical Series.Volume 5, Number 321 (2018), PP. 33-41. DOIL: 10.32014/2018.2518-1726.5 ISSN
2518-1726 (Online), ISSN 1991-346X (Print)

[15] Dzhumabaev D.S., Bakirova E.A., Kadirbayeva Zh.M. An algorithm for solving a control problem for a difterential
equation with a parameter.News of the National Academy of Sciences of the Republic of Kazakhstan.Physico-Mathematical
Series. Volume 5, Number 321 (2018), PP. 25-32. DOI: 10.32014/2018.2518-1726.4 ISSN 2518-1726 (Online), ISSN 1991-
346X (Print)




