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DYNAMIC STABILITY OF WAVE PROCESSES OF A ROUND ROD

Abstract: This paper is devoted to the study of the stability dynamics of wave processes of flat and circular
elements, and also some axisymmetric problems of oscillation of an elastic layer limited by rigid or deformable
boundaries when exposed to normal or rotational shear stresses are considered. Solutions to the problems under
consideration were obtained using integral transformations by coordinate or time. The work develops the dynamic
stability of a round rod. The loss of stability of a round rod will be investigated on the basis of the mathematical
theory and the transverse oscillations of a round rod, described in the work of I.G. Philippov.

Key words: oscillations, stability, wave process, axisymmetric problems, round rod, exponential
transformation, shear stress.

The issues of stability in a static formulation have been developed by many authors, and the results of
such studies can be found in [1,2].

However, the issues of dynamic stability of elements” construction and structures received much less
attention.

In this paper, the dynamic stability of a round rod is developed.

Consider a round elastic rod of length /. We will assume that an axial compressive force of intensity
is applied to the ends of the rod at any moment of time.

The loss of stability of a round rod will be investigated on the basis of the mathematical theory and
the transverse oscillation of a round rod, described in the work of 1.G. Philippov [3].

The fourth order equation describing the transverse oscillation of the rod has the form.
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where the constants 4 j are equal to
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¥y - rod radius, @ and b - propagation velocity of longitudinal and transverse waves in the material of the
rod, u - the module of shift Moxyns casura, p - rod material density.

Under the action of compressive force for a small period of time Af when solving bending forces in
cross-sectional planes of the rod AF', as we know, equals to [2]
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Summing (3) over time, we get the power I

oV
oz

F(z,0)= [P't-&)—d¢ (4)

where the lower limit of integration depends on the beginning of the force P and, for example if P

power is applied at the # = O then the lower integration limit is also zero.
Obviously, if the compressive force is constant and is applied at the moment ¢ = 0O, then it can be

written as P = F,H (1), rne H (l ) Heaviside function, then we get the following: (4)
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Therefore, equation (5) can be written in the following form
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To study the stability of the rod, it is necessary to formulate the boundary conditions at the ends of
2
the rod. These conditions are: hinged joints V' = 85 =0 , rigid fastening J = %—V =0 , free ending
4 z
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boundary conditions at the ends of the rod. These conditions are: hinged joints } = P =0, rigid
4
fastening V' = a =0, free ending
Oz
1 2 2 3
LAY Lo
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The solution of equation (6) will be sought believing that
V(z.1) =Vy(2)explion) ™
where o is oscillation frequency. Putting (7) into the equation (6), for nua V,, we get the equation
d 4V 4 r ' g d2V0 4 2
4, — 4o’ - [P(&) expliné)dé] -+ 4,0V, ~ po’V, =0 ()
0
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Denoting by (@) Fourier’s exponential transform of rate of change of compressive force P'(¢),
equation (8) we write in the form

dv. dw
¢ Th BV =0 ©)

where the coefficients are B, B, are equal to

Ao —O(w o' — po’
B,=4 AQ( ); BIZAO A,O (10)
2 2

For simplicity, we consider the case when the ends of the rod are hinged, i.e. at z=0 andz =/
conditions are met

oV
V= =0 11
oz’ (1
The solution of equation (9) is sought in the form of
V, = ZVOn sin[%zj (12)
n=1

at the same time, boundary conditions (11) are satisfied automatically.
Putting (12) into the equation (9) for the length O(@) we get

0(0) = Ao’ —A{%} {Bl +[%j } (13)

Beenewm GespazmepHbIC BETHUIUHBL
Let’s introduce dimensionless quantities

QO(g):M;§:ﬂ~c:ﬁ[ij;Zi 20 (14)

And then for O,(&) we get

8
9—-10v

(9—50)c” +4
9-10v

0,(8) = ﬂ }52 . (15)

where U - Poisson's ratio.

The physical meaning of the influence of the rate of change of the compressive force is that, it is
important that the impulse of this force or the rate of increase of the force over time as in the impact
theory.

You can also consider other types of binding. For example, you can search for solutions of equation
(9) in the form

— ) ——
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v, - Cl{cos (OjOZ)+ cos ((flz)} . C{cos (0:02)_ cos ((flz)} .
a, a, a, a,

N C{sin (¢y2) _ sin (alz)} N C{sin (cr,z) sin (alz)}

m m m m
a, o, a, o,

(16)

where C, - arbitrary constants, integers (n, m) are selected from conditionsat Z=0wu Z =1/

a, - the roots of the characteristic equation and are equal

2
. :\/&i B,
! 2 4

In the case of rigid fastening of both ends of the rod integers (n =0,m= l) and to find Q(w) we get
the transcendental equation

] 2
_0[0 +a

2 sin(aol)sin(all) —2 cos(aol)cos(all) =0, (17)

2A1od

Similarly, you can consider other combinations of conditions for binding the ends of the rod.

Some axisymmetric problems of oscillation of an elastic layer bounded by rigid or deformable
boundaries when exposed to a normal or rotational shear stress are considered below. Solutions to the
problems under consideration were obtained using integral transformations by coordinate or time.

First we consider the problem for half-space under the assumption that the half-space z > 0 is an
anisotropic medium with the axis of symmetry of the mechanical properties (axis) (axis z ), and the
surface of which is subjected to an impulse voltage at the time &, = — f (r,l).

Because of the symmetry of the mechanical properties of the medium relative to the axisz of the
unique nonzero component of the displacement vector, U, (r,z,1) only the stresses and &, and &, the

ones determined by formulas

LA
r0 nn >
88Ur r o
=C 0
520 mm 8Z
The equation of motion reduces to one
o, o0&, 2£, o°U,
L= == 19
o - Cor =

Substituting the expressions for £, and £, from (18) into equation (19), we bring it to the form:

oU. 10U, U e di 1 8*U
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where
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If the half-space is isotropic, then ¥ =1 and b = \/Z )
Jo,

The boundary conditions for U, has:

E,=—f(r.t) under z=0, >0 02y
U, > 0 under z > o (22)

The initial conditions of the problem are zero
U, = ou,
ot

=0 under 1 = 0 (23)

The solution of equation (20) for the boundary (21) - (22) and the initial conditions (6) will be sought,
by applying the Laplace transform. Suppose,

Ulr,z,p)= IUO (r,z,te "'dt, Rep >0 (24)
0

Definitely, for the function U (r, z, p) we obtain the equation

U 10U (1 p° , 0'U
t——| 5+ U+ =0 25
o’ r or (rz b’ 4 oz’ )
And U must satisfy the boundary conditions:
v = — fO(r’p) under z=0, >0 (26)
Oz Cg
U, > 0 under z — o 27

where

o0

f(r.p)= I(r,l)e””dt.

The general solution of equation (25) is sought by the method of separation of variables (the Fourier
method) and has the form:

. _z /aal’_z z /aal’_z
Ulr,z,p)= o Ale.ple V7 +Bla.ple’ 7 | (or)de. 29)

0

where A((x, p) and B((x, p) are defined from boundary conditions (26)-(27) from the condition (29)
follows that

Bla,p)=0 (29)

— 9 ——
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Using boundary condition (26), for defining A((x, p) we’ll take integral equation:

[adl(a, p)\/az +%J1 (cr)dex = CLfo(r;p) (30)

Let
fo(rnp):_.‘cy{l(anp)Jl(ar)da (31)
Then
Aa,p)-—220) : (2)
C .o +p_2
b

Substituting expression (29) and (32) into formula (28), we obtain the following expression:

Ulr,z,p)= c7 ] afl(a’iz J (e 'V d (33)
o +b—2

We consider the special case when

(. p)= @ (34)
In case (34) function
f(a,p) — ¢0(p)
o

and (33) has

Urzp)= 7I\/; i, (W)da:(;n%(p)];{;;[ \/%j _;ﬂ/{;[ \/277 +;ﬂ
E

where K,,/, Bessel functions of imaginary argument. Using the representations of the functions /, (C )
2 2 2
and K, (¢). for U(r, z, p) we find that

2

_PE 2t

U(r,z,p):—bé%(’f;) e —e"V (35)

Paying attention to the expression (35) in p ., for the required value Uo(r, z,l), we’ll take the

expression
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Uo(r,z,z)=%jfl(z—g){H[g—%]—H g—% /;—zwz dé  (6)

) =249

The resulting expression U, (r,z,l) consists of two terms, the first term corresponding to plane wave

where

propagating in half-space with velocity # and parallel to the planez = 0, and the second term to the
diffracted wave, which has the form of half-ellipsoid of revolution (hemisphere at ¥ =1) and in contact
with plane wave on the rotation axis at z =50 .

Besides, from (36) follows, that U, (r, z,l) fades out from » as 1/r.

If the acting function f (r, t) is arbitrary, then we represent it in the form of Schlemmich series:

1.0 =1 50, 01,0r) L @)

where
&, (éU 1)
a,(r) =+ I 7.0, z)+UI dé tdU:;
\/7
&eu.) >
a].(t): %IH cos(jU !%ﬁzdf du;j=12,..

For f (r,t) type (37) function f, ((x, p), entering to the formula (33), is

o0

flep)==>a, (P~ )) @)

where
o0 (p) - J‘aj(pkipldﬁ (40)

Following,
U(I’,Z’p):LZCljo(p) ° 5 l(ar)da (41)

Paying attention (41) on p and using theory about convolution, we’ll take
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Ur.2.0)= 2= 3 [, =) 2,6 @)

where

T,(r,2,€)=b[J\(ar)| a[b - (43)

A.K.Ceiirmyparos’, B.K.Kycingex', I.K.Couibikosa', A.Ceiirkanosa’®, Y. K. Aiirnvona’

"KopksIT ATa arsmHmarer KeI3pIIopaa MEMJIEKETTiK YHHBEPCHTETI, KbI3bImopaa;
*Urnosamussik Eypasus yrmusepcuteri, [TaBnomap;
°C.Celi(py mH aTiHgars! Ka3ak arpoTeXHHKATBIK YHHBEPCHTET], ACTAHA;

JTOHT'EJEK O3EKTIH TOJKBIHILIK IMPOIECTEPIHIH JHHAMUPKAJIBIK TYPAKTELILIFEI

Annotamus. By JKyMBIC KA3BIK KOHC aHHAIMAITEL 3JICMCHTTEPIIH TOIKBIHIBIK MPOUCCTCPIHIH OPHBIKTHLIBIK
JUHAMHKACBHIH 3ePTTEYTC apHAIFAH, COHAAH-aK MAKaIa1a KaIbIIThl HEMECE aHHAIMAIBI YKAHACY KEPHEYJICPIHIH acep
©Ty1 Ke3iHAC KATTHI HEeMEce AC(HOpMAIMAIAHATHIH MCKAPATAPMEH IICKTSITCH CEPIiMai Kadar TepOemcCiHiH KeHOip
OCCCHMMCTPHAIBIK, CCCOTEPl KapacThIpbuiambl. KapacTHIPBLIIATHIH SCENTEPOiH MICIiMACPI KOOPIWHAT OOWBIHIIA
HCMCCC YAKBIT OOMBIHINA WHTCTPAIIBI TYPIACHIIPY ISPl MAHAAIAHA OTHIPHIN AJIBIHFAH. JKYMBICTA TOHTCIICK ©3CKTiH
JTUHAMAKATIBIK TYPAKTBUTBIFEI YKAHITBI CCCTIOIH TCPCH 3epiTTeneai. JOHTeICK 63¢KTiH OPHBIKTBLUIBIFBIHBIH Ay BITKYBI M.
I'. OuunmoBTHIH KYMBICHIHIA OATHIAIFAHAAW, JOHICIACK ©3CKTIH KOIICHCH TCPOCTICI MATCMATHKANBIK TCOPHSA
HETI3IHIE 3ePTTENCTiH OOMAIBL.

Tyiiin ce3: TepOemiCTep, OPHBIKTBHUIBIK, TOJKBIHIBIK MPOLECC, OCECHMMETPISUIBIK E€CEITEP, AOHTEICK 63CK,
SKCIIOHCHITMAIIBI TYPJICHIAIPY, ’KaHAMA KEPHEY.

A.K.Ceiitmyparos’, B.K.JKycungex', I.K.Coyibicora', A.Ceiir:kanosa’, V. K. Aiirnmona’

'KBI3bII0pAMHCKHIT TOCY TAPCTBEHHBIH yHIBepcHTET HM. KopkeiT Ata, Kbrseimopaa;
*WUuroBanuonHbIH EBpasuiickuit yEuBepcuTeT, [TaBnomap;
*Kasaxckuit arpoTexHmeckuii yausepcuteT nvern Caxena Celihy mHa, AcTana

JAHAMHUYECKAA YCTOMUHUBOCTH BOJTHOBHIX IMMIPOIECCOB KPYIJIOI'O CTEPXKHA

Annortamus: JlanHas padoTa MOCBSIICHA H3YUCHUIO THHAMAKH YCTONYHMBOCTH BOJIHOBBIX IIPOLIECCOB IJIOCKUX
U KPYTOBBIX 3JICMEHTOB, a TAKKEC PACCMATPHBACTCA HEKOTOPHIE OCECHMMETPHUHBIC 33Ja4d KOJICOAHHA YIPYIOro
CJIOSI OTPAHMYCHHBIC KECTKUMH HIH Je(OpMHUPYEMBIME TPAHHIIAMH IPH BO3ACHCTBHH HA HETO HOPMAIBHOTO WM
BPAIIATEIFHOTO KAcAaTeIbHOTO HATPSDKCHWH. PeImeHms paccMaTpHBacMBIX 34734 MOJNYUYCHBI C HCHOJIBb30BAHHEM
HHTCTPAIbHBIX INPEOOPA30OBAHMI IO KOOPAWHATE WM IO BpeMcHH. B pabore pasBmBacTCs AMHAMHUYECKAS
VCTOHYMBOCTD KPYIJIOTO CTEp:KH:A. [loTeps yCTOWYMBOCTH KPYTJIOTO CTEPXKHSA OYAET HMCCIECAOBATBHCS HA OCHOBE
MATEMATHYECKOH TEOPHH ¥ HMOIIEPEUHOTO KOICOAHUS KPYTJIOTO CTEPIKHS, H3I0KEHHOH B padote W.I . dununmosa.

KioueBble cjioBa: koiaeOaHMA, yCTOHYMBOCTb, BOJIHOBOM IIPOLIECC, OCECHMMETPHYHBIC 3aJaduH, KpYIJIbIH
CTEPIKHb, IKCIIOHCHIHATIBHOE TPE0OPa30BaHUE, KacaTeIbHAA HANPSUKCHUL.
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