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COEFFICIENT CRITERION OF EXISTENCE OF MULTIPERIODIC
SOLUTIONS OF A LINEAR SYSTEM OF FOUR DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS ON DIAGONAL

Abstract. In the note, we considered a linear system of four differential equations with the differentiation
operator De in the direction of the main diagonal of the space of time variables (7, ). We conducted a study of the

(6, o, w) -periodicity of the solutions of the linear system of equations with variables but constants coefficients on

the diagonal which depend on variables of the eigenvalues of the characteristic equation. The coefficient criterion of
the properties of separation and sign-definiteness of distinct real, multiple and complex conjugate cigenvalues are
found. Periodicity and continuous differentiability of ecigenvalues are investigated. The coefficient sufficient
conditions for the existence of periodic solutions are established. The concepts of variable frequency and variable
period are introduced.

Investigation of the problems of partial differential equations is closely connected with the theory of ordinary
differential equations [1-5]. It is known that the study of the problems of multiperiodic solutions of systems of first-
order partial differential [, -equations originates in the works [6-8]. This investigation on the formulation of the

question adjoins previous studies [9-14].
Key words: lincar system, differentiation operator, eigenvalues, characteristic equation, real and imaginary
parts, diagonal minors.

Consider a linear system
D, x=A(o)x. ()
where A(G ) an 71 X 1 -matrix has the properties of periodicity and smoothness of the form

Al +ko)= A(c) e COR™), VkeZ". )

O = —eT is called the characteristic of the operator ) — 9 i <e 0 >, 7e(—0,+0)=R,
Cor \ o

t=(,...t, )ERx.xR=R", e=(,..,1) - m-vector, <,> denotes the scalar product,

ko = (kl ), ,...,km a)m) - a multiple vector-period, X = ()C1 . xn) - the unknown vector.
We form the characteristic equation
def A(0)— AE]=0. 3)
where [7 - the identity matrix. The equation (3) for a fixed value & € R" is solvable in the field of
complex numbers and has roots of the form A (o) =a,(0) +iB,(0). (j=1n).

The elucidation of the question of the properties of smoothness, periodicity, sign-definiteness and
separation of the eigenvalues of the system (1) in the general case is a serious problem.

But in the well-known particular cases, the roots of equation (3) are determined in the radicals and it
is possible to solve this problem on the basis of the conditions imposed on the coefficients of the system.
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When investigating various problems of non-linear systems corresponding to the linear system (1), it
is important to know that the eigenvalues of the matrix A(G ) have the following properties:

1°. Continuous differentiability: 4;(c) € C ée)(Rm), J= Ln.
2°. Periodicity: 4,(0 +kw)=21,(c), j = 1,_1’2, ceR" keZ"”.
3°. Property of having a fixed sign A 5 (0) foreach j=1,n:
a) ﬂj(d) <0,VoeR" or
_ m
b) 4,(0)=0,VoeR"or
o) 4,(6)>0,VoeR".
4°, Separation of cigenvalues:
ayfor j#1 A;(c)=4(0). VoeR” or
b)for j#I A,(0)=4(0), VoeR",
i.c. for cach value, the eigenvalue A B (o) has constant multiplicity & j =const forall o € R™.
5°. Each of the sets Re{/lj (0)} and Im{/lj (0)} has properties 1°-4°,

We note that if eigenvalues of the matrix A(G ) possess these indicated properties, then the system

(1) has a solution of the same structure as in the case of constant coefficients.
For the purpose of illustration, we consider the case when equation (1) in scalar form has the form

4
D= a,©)x, j=14: @
J=1

the equation (3) is always solvable in radicals, and the characteristic equation of the matrix
Alo)= [a,.]. (G)]f can be represented in the form
A —a (o)A +a,()V —a,(0)A+a,(0)=0, (3)
where coefficients d; (o) are determined by the sum of all diagonal minors M ; () of order J,
in particular, a,(0)=SpA(o). a,(c)=det A(c) and the coefficients a,(0) and a,(c) are
determined by expressions
. aajaj (O-) aajﬁj (O-)
= 2oy @) ayy (@)
=B BBy
Aj<py
4 aajaj (0) aajﬁj (0) aaj;/j (0)
a(0)= Y la,, (o) a,,(c) a,, (o).

=1
éj</3j <¥; a}/jaj (0) a;/jﬁj (0) a;/jyj (0)

Substituting
a(o)
4

A= (6)
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we reduce equation (5) to the form
n' + p(om® +q(a)n+r(@)=0. (7)

where Po)=a(0) 20 (@), 4(0)=a,(0) 2 0,(0)ax(0) +<ai (©).

r(a)ﬁaf(a)az(o)—%axa)ag(a)—ﬁaf(w+a4<o>.

Then, left-hand side of this equation identically rearranges by means of an accessory parameter O :

(77 + & + pj {2;?772 —q(o)y + (pz + p(o)p—r(@)+~ zia)ﬂ =0. (®

We now choose p so that the polynomial in square brackets becomes a complete square. For this, it

must have one double root, i.e. equality must hold
2
o)
q’(0)—4- 2/{/»2 +p(o)p—r(0) + #} =0,

which is a cubic equation in unknown P :

8p" +8p°p(0) =2pl4r(c) - p*(0)]-q"(0)=0. ©)
Substituting
_ . _p(o)
p=H=
we reduce equation (9) to the form
1+ py(o)u+¢,(c) =0 (10)

with coefficients

n(o )—ip (0)=1(0). /(@) == " (@) +4*(@) + 5 Pl ().

We calculate the dlscrlmlnant A(0o) of equation (10)

Aoy =108 6@ | A(@)
4

27
and require that it be sign-definite:
a) A(c)<0,0eR" or
b) A(c)=0.0€R" or (11)
) A(c)>0,0ceR”.

If any of the conditions (11) is satisfied, equation (10), and, consequently, equation (9), in accordance
with the conditions for the existence of the real roots of the cubic equations, has at least one real root

is sign-definite, namely, we set

M = 11,(0) . Then we assume that p = p,(0) = 14, (o) — plo

p(o)
po(a)z,uo(a)—T>O. (12)
. . . q(o)
For this value p, the polynomial in square brackets in (8) has a double root ﬁ Therefore,
Pol\O

equation (8) simplifies to
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. p(o) - g0 ) _
(77 + g +po(0)j 2:00(0-)[77 74;?0(0)] 0,

which splits into two quadratic equations, the roots are determined by the formulas

Jpu(0) £:/5(0)

~Jp, (@) £S(c)
(o)= =3,4
n,(0) 5 . J=3.4,
where the function () has the form
q(o) (14)

6(0)=-p,(c) = p(o) NTXCE
We impose the conditions of sign-definiteness on the function J(0):
a) 5(0)<O,G€Rmor
b) 0(c)=0,0€R" or (15)
o) 0(c)>0,0€eR”.

Obviously, in the case (15a), equation (9) has four distinct real roots, in case (15b) it has two distinct
double roots, and in case (15¢) there are four mutually conjugate complex roots, and

Ren (0)=0, j=14, 0ceR". (16)
In the case of sign-negative P, (o) and sign-positive O (0) , 1.¢. under conditions
0,(0)<0,.8(c)>0,0€eR” (17)
roots 77, (0) . J =1,4 are complex-valued with nonzero real parts, therefore, we have property (16).
Under condition
p,(0)<0,8(c)<0,0€eR” (18)
these roots are either pure imaginary or zero.
As can be seen from the above eigenvalues A ; (). j =14 of matrix A(G ) of the system (4) are

determined by the relations (6), (12), (13), (14), which by conditions (2), (11), (12), (15) , (17) and (18)
have the properties 1°-5°.

: . T : 4
In other words, eigenvalues ﬂj (). j =14 of the matrix A(c) = [a,.]. (G)]l are complex-valued
functions of real arguments & € R” and its are continuously differentiable, @ -periodic, either coincide
or do not intersect, their real and imaginary parts have definite signs or are identically equal to zero.

Thus, the results obtained can be formulated as the following lemma.
Lemma 1. If one of the conditions (15), (17) or (18) is fulfilled along with the conditions (2), (11),

(12), then eigenvalues ﬂj (o). J =1,_4 of matrix A(0)= [al.]. (G)]f of the system (4) have the
properties 1°-5°. L
Obviously, under the conditions (2), (11) and (18), the eigenvalues A ; (0) , J= 1.4 of the systems

(4), according to Lemma 1, are either pure imaginary or identically zero. Consequently, the homogeneous
system (4), in accordance with the general theory [15-16], admits multiperiodic solutions X in 7 € R
with frequencies V', (o)=Im A4 ; (o) in the case Im 4 ; (o) # 0 and constant solutions X = const

in the case of zero eigenvalues.
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Thus, we give the following lemma.
Lemma 2. Under conditions (2), (11), and (18) the system (4) has an infinitely many of multiperiodic

in 7 solutions X = X(7, 0) nonzero, and their periods are equal to 19]. (0)= 272'1/]._1(0') ,O0€ER”,
j=14.

If conditions (2), (11), (12) and one of the conditions (15) or (17) are satisfied, then, according to
Lemma 1, inequality (16) is satisfied.

Then homogeneous linear system (4) does not have bounded solutions with bounded initial
conditions except for the zero solution.

Hence the lemma holds.
Lemma 3. Assume that conditions (2), (11), (12) and one of the conditions (15) or (17) are satisfied.

Then, system (4) does not have multiperiodic solutions X(T s G) except for trivial.
If the conditions of Lemma 3 are satisfied, the eigenvalues A ; (o) can be represented in the form
A(o)=a,(o)xif,(0). j =14, 0eR”
with @ -periodic smooth in ¢ real and imaginary parts, and, according to (16), we have
Re A,(0)=a,(0)#0. For definitencss, we shall suppose that
Re 1, (0)=a,(0)<0, j=14, 0 € R". (19)
We also note that @ -periodicity of the solutions X of system (1) under conditions of Lemma 1 is

determined by @ -periodicity of the initial datain f € R™ if 7=0.
Then it is easy to show that matriciant X (7, &) of the system (4) satisfies the estimate

|X(r, 0)‘ <y ", 7eR (20)
where ¥ 21, & > 0 are constants and
X(r,0+ko)=X(r,0), keZ"”, oceR". 1)
We introduce an inhomogeneous system of equations
4
Dy, =Y a,(o)x, + f,(r.t,0), j=L4. 22)
J=1

where f ; (7,1, 0) satisfy the condition
fi(z+0,t+ko,0+qw)=f,(1,1,0)€ CONRxR"xR™), k,qeZ", 23)

the period @ = @(0) # 0, 0 € R" and has properties
0(c +kao)=0(c)eCOR"), keZ”. (24)

Putting x =(x,,...,x,) and f(z,2,0)=(f,(z,1,0),..., f,(7.,1,0)) system (22) can be
represented in the vector-matrix form

D,x=A(c)x+ f(7,t,0) (22)

which is convenient for the formulation of the following theorem.
Theorem. Under conditions of Lemma 3 with the additional condition (19), (23), and (24) system

(22) has a unique (9, , a)) -periodic solution

X (1,1,0)= j X(r-5,0)f(s,t —er+es,o)ds. 23)
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Proof. The existence of the function X~ (T 1, G) is ensured by the convergence of improper integral
(25) by theorem and estimate (20). Given that
D,X(r,0)=A(o)x+ X(7,0)
it is not difficult to verify that by (25) it is possible to represent the solution of system (22'), hence, of
the system (22). On the basis of (21), (23) and (24), it is easy to verify that this solution is of (9, , a)) -

periodicity. The uniqueness follows from the estimate (20).
In conclusion, we note that idea of a method of obtaining the results of this study can be generalized
to the more general case with nonlinearities on the basis of the methods of [17-20].
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TYPAKTHI KO ®OUIMEHTTI TOPT U OO®EPEHIUATIBIK
TEHAEYJIEPIIH CHI3LIKTHI ’KYNECTHIH KOIITEPHOTEI
[IEIIIMIHIH BAP BOJYBIHEIH KO ®OHUIIMEHTTIK BEJTLIEPI

AHHOTAIMSL. 3aMETKAna (7, !) YaKbITTHIK AHHBIMABIIAPBIHBIH KEHICTITIHIH HETI3Tl JTMATOHAIBIHBIH OaFbITHI
6ofieinma D, muddepeHnuanmay omeparopasl Tepr Au(BPEPSHIHUANIBIK TEHACYICPAIH CBI3BIKTHI >KyHecl
KApaCTHIPBLIFAH. XAPAKTCPUCTHKAIBIK TCHACYAIH MCHINIKTI MOHACPIHIH AWHBIMATBLUIAPBIHAH TOYCIILTIKTS
aifHpIMANBL, OipaKk AHATOHANAA TYPAKTHI KOI()(HUIIUCHTTI KApacCTHIPBUIATHIH CHI3BIKTHI TCHACYJICP IKYHCCiHIH
memiMiHig (6, @, ®) -IICPHOATBHUIBIFBIH 3€PTTEY KYPIi3LIreH. OPTYPIl HAKTHI, €CEJ )KOHE KOMILICKC TYHiHICC
MCHIIIKTI MOHACPIH a’KBIPATHITY YKOHC TAHOA AHBIKTATFAH KACHCTTCPIHIH KOA((DHUIMCHTLTIK OCITiepi aHBIKTAIFAH.
MeHmmikTi MOHIACPAIH Y3imicis mu(de-peHIHANTAHATEHABFGl XOHE IICPHOATBHUIBIFBI 3epTTENrceH. [lepmoars
menmMaepaiH 6ap OOMyBIHBIH KO3(D(UIMEHTTI KETKUNKTUIIK IIAPTTaphl OPHATHUTFAH. AWHBIMAIBI MEPHOX >KOHE
AN HBIMAJBI KUK YFBIMIAPbI CHTI3UITCH.

JepOec TYBIHABLIBI TCHACYICP MOCCICCIH 3epTTey KapamaieiM auddepeHmuanaplk teHaeymep [1-5]
CYPaKTapbIMCH THIFBI3 OalmaHbICTHL BipiHmi perti mepbec TYBIHABLIBI [ -TCHACYJEP KYHECIHIH KOIICPHOATHI
IICIIMACPi CYpaKTapBIHBIH 3¢pTTCYl 63 OacTtaysiH [6-8] CHOCKTCPIHCH anaTeIHABEEI Ocarim. CypaKkThiH KOHBLIYBI
OolibIHIIa OepiireH 3epTTey OYPHIH KYPri3iIreH seprieyepre [9-14] Kochuaast.

Tyiiin ce3aep: ChI3BIKTHI XKy#e, TuddepeHInarapIK 0nepaTop, MEHINIKTI MOHAEP, XapaKTCPHCTHKAJIBIK TEH/IEY,
HAKTHI >KIHE >KOPaMalt O6IIKTEpP, THATOHAIABIK MUHOPIIAP.
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KOIPPUIUEHTHBIE IPH3HAKH CYIIECTBOBAHUA MHOI'ONEPHOTUYECKHUX PEI.HEHPIFI
JIMHEMHOU CUCTEMBI YETBIPEX JUPPEPEHIINAJBHBIX YPABHEHHUU
C IOCTOAHHBIMHA HA JUATOHAJIN KOPPUIIMEHTAMUA

Annoramusi. B 3ameTke paccMoTpeHa JMHEHHAS CHCTEeMa deThlpeX Au()(epeHIHMAIBHBIX YPABHEHHH C
omepatopoM au(epeHIUpPOBaHUS [), N0 HANPABICHWIO TJABHOW JWATOHAIHM IIPOCTPAHCTBA BPEMECHHBIX
nmepeMeHHBIX (7, 1). [IpoBeacHo mccmeaoBanue (6, @, @)-NMCPHOAMIHOCTH PCIICHHH PACCMATPHBACMOH JTHHCHHOM
CHCTEMbI YPAaBHCHHH C TCPEMCHHBIMH, HO MOCTOSHHBIMH HA JHArOHAMH KO3()(HUHMECHTAMH B 3aBHCHMOCTH OT
TIEPEMEHHBIX COOCTBECHHBIX 3HAYCHUH XapaKTEPUCTHYCCKOTO YPAaBHEHMS. BBIICHEHBI KO3((UIMEHTHBIC MPU3HAKH
CBOWCTB PA3JCIICHHOCTH W 3HAKOONPEACICHHOCTH PpA3IMYHBIX BCHICCTBCHHBIX, KPATHBIX M KOMILICKCHO
COTIPSDKCHHBIX COOCTBCHHBIX 3HAYCHUM. lccaenoBaHbI IMEPHOAMYHOCTh M HEMpepbiBHAA Au((epeHIUPYEMOCTD
COOCTBCHHBIX 3HAYCHHH. YCTAHOBJICHBI KOI((HUIMCHTHbIC JOCTATOUHBIC YCIOBHUS CYIICCTBOBAHMUS IICPHOIMUCCKAX
pemcHuil. BBeACHBI MOHATHA EPEMEHHON YACTOTHI U IEPEMEHHOTO MEPHOAA.

Hccrnenosanne mpodieM ypaBHCHMH B YACTHBIX IIPOM3BOJHBIX TECHO CBS3aHO C BOIPOCAMH TCOPHH
OOBIKHOBEHHBIX  Au(epeHmmansublx  ypapHeHud [1-5].  HM3BectHO, 4Yro  mWCCIEmIOBaHHE  BOIPOCOB
MHOTOTICPHOJMYCCKUX PEIICHHH CHCTEM [, -ypaBHECHHH B YACTHBIX ITPOM3BOJHBIX IIEPBOTO MOPAIKA OCPET CBOC
HAYal10 B Tpydax [6-8]. /laHHOe HCCIEAOBAHUE MO TMOCTAHOBKE BOMPOCA MPUMBIKACT K paHEe MNPOBEACHHBIM
uccneaoBanuam [9-14].

KmoueBsie cioBa: muHCHHAA cHCTeMa, TU(D(CPCHIMANBHBIN OmMepaTop, COOCTBCHHBIC 3HAUCHHA,
XAPaKTEPUCTHIECKOE YPABHCHHUE, TCHCTBUTEIBHBIC M MHUMBIC YaCTH, THATOHAIBHBIC MHHOPBI.
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