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ON THE MINIMALITY OF SYSTEMS OF ROOT FUNCTIONS
OF THE LAPLACE OPERATOR IN THE PUNCTURED DOMAIN

Abstract. In this paper, we consider the Laplace operator in a punctured domain, which generates a class of
“new” correctly solvable boundary value problems. And for this class of problems the resolvent formula is obtained.
Also described are meromorphic functions that generate the root functions of the class of problems studied. The
main goal is to study the minimality of root function systems. The paper is a continuation of [8], where a description
is given of correctly solvable boundary value problems for the Laplace operator in punctured domains. The Laplace
operator in the punctured domain, which generates the class of “new” correctly solvable boundary value problems, is
considered, and the resolvent formula is obtained for the generated problems, and meromorphic functions are
described that induce systems of functions. One of these systems is a system of cigenfunctions and associated
functions. The last section is devoted to the study of the minimality of the system of root functions.
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1 Introduction

Operators of the form L + K, where L = A is the Laplace operator, and K is the operator of
multiplication by a generalized function, appeared in the physical works of the 30s in connection with the
problem of scattering neutral particles on the nucleus, when the interaction is strong at small distances and
negligibly small to medium to large [1]. The model potential of such an interaction is the Dirac §-
function. A mathematical study of the operator —A + pd(x) was undertaken by Berezin and Fadeev [2],
Minlos and Fadeev [3], Berezin [4]. In |2, 3], the operator —A + ud(x) was understood as an extension of
the operator Ly = —A with the definition domain D(Lg) = Cg° (R3*\{0}). Interesting are the works [3, 6],
where the following important question was studied: if the operator —A + g with a singular potential g is
already defined, can it be approximated in some sense by operators with smooth potentials so that the
corresponding operators approximate the original in the sense of resolvent convergence. The paper [7]
investigated the spectral properties of the Schrodinger operator with point interactions using positive
definite functions. For complete review, see marked work and links to them.

The paper is a continuation of [8], where a description is given of correctly solvable boundary value
problems for the Laplace operator in punctured domains. The Laplace operator in the punctured domain,
which generates the class of “new” correctly solvable boundary value problems, is considered, and the
resolvent formula is obtained for the generated problems, and meromorphic functions are described that
induce systems of functions. One of these systems is a system of eigenfunctions and associated functions.
The last section is devoted to the study of the minimality of the system of root functions.
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Consider a differential expression

02W (x,y) N 02W (x,y)
o2 dy?

AW (x,y): =

in the punctured area Qg = Q\{(xq, Vo)}. here Q = {x? + y? < 1} and (x,, yo) is internal fixed point of
area (). We Turmn from the expression AW (x, y) to the operator L, in the space L, (Q).

Denote by D the set of all functions

h(x,y) = hi(x,y) + @ G(x,¥, %0, ¥0), (x,y) € Qo,

where @ € R, by € D = {h; € W3(Q), hq|gq = 0}. Here and after G (x, y, xo, ¥o) is Green function of the
Dirichlet problem for the Laplace operator in ( [9].
For h(x,y) € D we introduce functionals

YorS rah(x, + 8, oh(xy — 6,
i) == llm {f [ (xo y) _ (xo 3’)] By 4
6—>+0 y0_6 ax ax

fo [ah(x, Yo+ 8) 0h(x, vy — 5)] P
dy dy f

Xo—6

Vo+6
B(h) = 611}1110’[ S [R(xg — &8,v) — h(xo + 6, v)]dy,
Yo~

xXo+8

y(h) = hm f [h(x,yo — 6) — h(x, yo + 6)]dx

Note that, the introduced functionals were first obtained in [8] to describe correctly solvable
boundary value problems for the Laplace operator in the punctured domain Q.
Consider in the space 1L, ((Q)) the operator L, generated by the differential equation

(1D W(x,y) = f(x,y), (x,y) € Qy,
with external boundary condition
(1.2) W(x, ¥)aa =0,

and "internal boundary conditions"

(13) ;5_>+0 J-y0+6 [6W(J;0x+6y) awo;ox (S'y)] dy +

+%6111110 f;}":f [aW(’;’iOw) — aW(a;,io—a)] dx—< AW (x,y),0:(x,y) >= 0,
(1.4) Jim [0 (W (ko = 8,9) = W(xo + 8,9)]dy = 0,
(1.5) m [25 W yo = 8) = W(xyp + 8)]dx = 0,

6—>+0 Xo~

where f(x,y),0.(x,y) € L,(Q), < f(x,¥), 0,(x,¥) > mean inner product in L, ().
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2 Auxiliary statements
In the sequel, we will need a well-known statement from [10].

Theorem A. Let h(x,y) € D and there exists functional a(h). Then function

_ 9G(x,y,$,1)
Wxy)=|| Gy &nfE ndsdn + a*h(f; ndse , —
o ETo) Mgy
aG (x,y,%9,V0) aG (x,y,x9,V0)
—a (WG (x,y, %, ¥o) — B(R) — = — y (h) — ==
¢ an
is uniqueness solution of the problem
(2.1) AW (x,y) = f(x, ), (x,¥) € Qq,
(22) W(x, 3’)|an = h(x, 3’)|an;
+8 [OW (xp+6 AW (-8,
(2.3) 26_>+0 J‘.VO [ (’;ox"' Y) (’;ox Y)] dy+
1. xo+6 [OW (x,y5+8) _ oW (x,y9—6) _
2 51—>+0 fx0—5 [ dy ay ] dx = a(h).
(2.4) m [2"0 W (xo — 8,9) — W(xo + 6,)]dy = B(h),
6—>+O Yo—
(2.5) lim f W(x Yo — 6) —W(x,vy + 8)]dx = y(h).

§-+0

Here G(x,y, &, 1) is Green function of the Dirichlet problem in Q [9].
If we assume that A(x, y) € D in a continuous manner in {1y in the norm of L, depends on the right
side f(x,y) € L,(Q), then the outer boundary condition (2.2) takes the form

(2.6) W(x,y)laq =< AW (x,¥),00(x,y) >,

and the internal boundary conditions (2.3)-(2.5) will take the following types

2.7) ;5_>+0 J-y0+6 [6W(J;0x+6y) BW(J;Ox ay)] 57 2

+%61i1110 fx’:’:f [aw(fa’iow) - aw(fa’io_a)] dx =< AW (x,y),0,(x,y) >.
(2.8) Jim [0 (W (o — 8,) = W(xo +8,y)ldy =< AW (x,3), 0, (%) >,
2.3) lm f o W(x Yo —68) — W(x,yo + 8)]dx =< AW (x,¥), 05(x,y) >,

where 0;(x,y) € 1,(Q),j = 0,3.
For clarity of results, we assume that g;(x,y) = 0,j = 0,2,3. For the operator L, the following
theorem is true.

— 9 ——
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Theorem 1. Function

2100 Wxy) =[], 6ey,&mfEmdédn+< f(§n), 01 m) > G(x, Y, %o, Yo)

represents the only solution for all right-hand sides f (x, y) € L, () of problem (1.1)-(1.5).
For prove theorem 1 we will use well known lemmas from [11]:

Lemma A. For any continuously differentiable function g(x, y) the following equalities are true:

Yo+8 [0g(xo+8.y)  8g(xo—8,y)
m ey [ - 2R dy +

6—>+0 ax

; Xo+8 [0g(x,yo+0 ag(x,yo—96
lim [ [g( Yot+d)  99(%Yo )]dx:O,
5—+0 “Xo0—& dy

lim fy" [g(x0 — 6,y) — g(xo + 8,9)]dy = 0,

§-+0

lim f [g(x Yo — 6) — g(x,yo + 8)]dx =

§-+0

Lemma B. For function G (x, y, x,, o) the following equalities are true:

Yo+6 [66(x0+6yx0 Yo)  9G(xo— 537'350'3/0)] d
a(G) = 25ﬁ+of dx F) P+
1. Xo+8 [0G(x,yo+8,%0.Y0)  9G(X,¥0—8,%0,Y0) _
+= lim fx 5 [ P — 7 dx =1,
2 §—+0"%o y v

B(G) = fx0+5 [aG(x.J/o+5.xo.J/0) _ aG(x.YO—5.xo.YO)] doe =0
6 +0 5 ay ay ?

y(G) = hm f G(x Yo — 8,%0,Y0) — G(x, Y0 + 8, %0,¥0)]dx = 0.

Now, we proof the theorem 1.

Proof. Let us show that equation (1.1) holds for W(x, y). Operate the operator Laplace to the (2.10):
AW (x,y) = 8 ( [ ceremre n)dfdn) v
Q

(f (€ m), 01§, MAG (X, Y, %0, ¥0)) = f(%,¥)

when (x,y) € Q, as by the Green function property A(ff, G(x,v,&,mf (£, mdédn) = f(x,y) and
A(G(x,y,%0,¥0)) = 0.

The validity of the first condition follows from the properties of the Green function.
Check the second condition

a(W)—<AW(x,y),01(x,y) >=
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a ( || e n)f(f,n)dfdn) —<4 ( || srenmre n)dfdn),al(x, y) >
Q Q

+< f(E,m), a(Em) > a(G(x,y, %0, Y0))—< f (€, 1), 01(E,m) >
<AG(x,Y,%0,Y0),01(§,1m) >=0,

as by the Green function property A(ffﬂ G(x,v,&E,mMf(E, n)dfdn) = f(x,y) and A(G(x,y,%x4, Vy)) = 0.
And also by Lemma B a(¢) = 1. By Lemma B a(ffﬂ G(x,vy,¢, n)f(f,n)dfdn) = (0, as a function
u(x,y) = a(JJ, o, Gy, EMfE, n)dédn) is a twice differentiable function.

Check the third condition

BW) = B ( || scevenre n)dfdn) +
Q

< fEm, o1& > B(G(x ¥, %0, 7)) = 0.

By Lemma A B[, Gy, & mf (& mdédn) =0, as a function
u(x,y) = a(/ Jo Gy, &mf (§,m)dédn) is a twice differentiable function. And also by Lemma B

B(G(x,y,%0,Y0)) = 0.
Check the fourth condition

yaw) =y ( f f Gy, EMFE, n)dfdn) "
Q

< fEm), 1€ m) > y(G(x,y,%0, %)) = 0.

By Lemma A y(G(x,¥,%,%)) = 0, as a function u(x,y) = a([f, G(x,y,&,n)f (& nd&dn) is a
twice differentiable function. By Lemma B y([f, G(x,y,& m)f (¢, m)dédn) = 0.
Theorem 1 is completely proved.

3 The resolvent of correct internal boundary value problems for the Laplace operator in a
punctured domain

In this section in the functional space W3(Q,) N C(Q), we calculate the explicit form of the resolvent
for a wider class of operators Ly, 4,5, =: L, generated by the differential equation (2.1) and internal
boundary conditions (2.6)-(2.9) with g4 (-,-) = 0. The explicit form of the resolvent plays an essential role
in studies of the spectral properties of the operator L. For convenience, we introduce the notation

aG (x,y,x, 3G (x,y,%0,
Tl(xiy):zG(nyJxOJyO)JTZ(ny):z%J’Ié(x)y)::W;

Ki(x,y,A) = Lo(Ly — AD7'T;,j = 1,2,3.
We formulate the main result of this section.
Theorem 2. The resolvent of the operator L represents an operator-valued function of the spectral
parameter A and has the following representation:

_ (f)
3.1) L= (oy) =25,

— 96 ——
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H(f) =

k1(x,y,4) K2 (x,y,4) Kk3(x,y,1) (Lo —AD'f(x,y)
1—-2a(k1(x,y,4) —Ad(kz(x,y,4)) —/167(’43 (x,, /1)) —@(Lo(Lo — AD™ f(x, )
—ABUi(x,3,0)  1=2B0xy,0) —ABUsxy,0)  —BLo(Llo — AN fx,y)|
AP (63, ) APy ) 1= Ak (6, 1, 1) —T(Lo(Le — AD T (x, 7))

1 —~/1d(lc1 (x,v,2) —,1&(;52 (x,v, 1)) —Aa (k3(x,y, 1))

d) = [y D) 1=y, 1) —AFMs(xy, ) |
AV (x, 7, ) —AV(K(x, ¥, 1) 1= AF(ka(x,y,2))

where
Kj(x, ¥, A):= Lo(Lo —AD'Ti(x,¥), j = 1,23,

a (Kj (x, vy, /1)) =< k;(x,y,1),0:(x,y) >, B (Kj (x, vy, /1)) =
<kj(x,y,4),0,(x,y) >,
7 (163, 0) =< K5 (6, 3,2), 056, y) >, @(Lo(Lo = A7 F(x,9)) =
<Lo(Lo = ADT'f(x,¥), 01(x,y) >,

B(Lo(Lo — AD T f(x,3)) =< Lo(Lo — AD) ' f (x,), 02(x,¥) >,
P(Lo(Lo = ADT f(x,¥)) =< Lo(Lo = AD 7' f (%, ), 03(x, ¥) >.

Here L, is discred operator, corresponding to the Dirichlet problem.
Proof. In paper [12] the following relation was proved for the resolvent of the operator L:
(3.2) L=AD7fCoy) = Lo — AN f(x,y) +

3

2 < Lo(Lo —ADTHf (%), 0 (x,y) > L(L — AN T (x, ).
j=1

Set f(x,y) = T1(x,vy). Then we have

(L —=ADTT(xy) = (Lo —ADT' Ty (x, ) +
3

> < Lo(lo = ANy, 006 y) > LL = )T Ty(x, ).
=1

We act on the obtained relation with the operator A. Recall that
1) when u € D(L) we have Au = Lu;
2) when u € D(Lg) we obtain Au = Lyu. As a result, we get

(3.3) (1 =A<k (xy,0),01(x,y) >)LL - AN T1(x,y) =

3

Lo(Lo — AD™'Ty(x, y) + 2 A <106 y),0;(x,y) > L(L — AD™'Ti(x, y).
=2

Here it is taken into account that (Lo — AI)™*T; (x,y) € D(Ly) and (L — AI)"'T;(x,y) € D(L) when
j=123.
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Now, assume f(x,y) = T»(x,y). Then from similar reasoning we have

(L =AD" T (x,y) = (Lo — AD)'To(x,y) +
3

> < Lollo = AN MTy(x5,3),6,(6y) > L = ATy (&),
=1

We act on the obtained relation by the Laplace operator. As a result, we get that
(G4 (1 =A< Ky(x,y,2),0,(x,y) >)L(L — AD T, (x,y) =
Lo(Lo = AD7'To(x,y) + A < K (x,¥), 01 (x,y) > L(L — ATy (%, )
+A < Kky(x, ), 05(x,y) > L(L — AD™1T5(x, y).
When f(x,y) = T2(x,y), we have
(L= ADT'T300,y) = (Lo — AD ' Ta(x,y) +

3

> < Lollo = AN T5(5,3),0,(6,y) > L = ATy (&),
j=1

We act on the obtained relation by the Laplace operator. As a result, we get that

(3.5) (1 -2 <k3(x,y,M),0:(x,y) >)LL - AD T3 (x,y) =

LO(LO - /11)_1T3(x,y) + +

J

2
1< k@), 0(6,y) > L(L = AT (x, ).
=1

Relations (3.2)-(3.5) constitute a homogeneous system of algebraic equations, which takes the matrix
form

[0000]

_[1 LA —-ADT'Ty(xy) —LL—ADT'T,(x,y) —L(L—AD"'T3(x,¥)] .

k1(x,¥,4) K2 (X, ¥, 4) K3(x,y,1) Lo—ADT'fe ) — L —ADT'f(xy)
1—Aa(k (x,y, ) —2A&0c(x,y, 1)) —Ad(k3(x,y, 1)) —@(Lo(Lo — ADT'f(x, %)
AP (xy,0)  1=ABlUpxy, D) —ABUs(xy,A)  —FLo(Le —AD (%))
—Ap(er(x,y, ) —AFCa(xy, ) 1= A7(es(x,y, 1) —F(Lo(Lo — AD T f(x,¥))

It is known from the course of linear algebra that a homogeneous system of equations has a non-
trivial solution for
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K1 (x,y,4) k2 (x,y,2) k3(x,y, 1) Lo =AD" f(x,y) — L —AD)Tf(x,y)
1-2a(k (x,y,4) —2A&(c,(x,y,4)) —Ad(x3(x,y,1)) —@(Lo(Lo = ADT' f(x,¥))

B0 (Y1) 1=2B0,0y,) —ABUs(xy,2)  —BULo(Lo— AN (%)) =0.
Aoy, ) Ay, D) 1= (0,2)  —T(Lo(Lo — ADT' ()

According to the standard properties of the determinants, we can write the equality

K1 (x,y,4) K2 (%, ¥, 4) K3(x, ¥, 1) L—AD"f(xy)
1 —~/1&(1c1(x, ¥, ) —/167(’52 (x,y, 1) —/16?(’43 (x,y,4)) 0
—AB(a (Y, ) 1= AB(ka(x,y, D)) —AP(ks(x,y, 1)) O =
—AV( (3, ) Ay, D)) 1= AP (ks(x,y,4) 0
K1 (x5, 4) K2 (%, ¥, 1) K3 (x,7,4) (Lo —ADT'f (2, )

1 —~/16~¥(K1 (x,y,1) —/167(’52 (x,y,2)) —/16?(’43 (x,y, 1) _CE(LO (Lo — A~ f (x,y))
= |Gy ) 120y, D) By, ) —B(Lo(Lo —ADT f(x, )
Wy, D) A yD)) 1= a&y.D) —F(Le(le —AD T (x,¥))

This implies the assertion of Theorem 2.

From the explicit resolvent formula for the operator L, it is not difficult to see that the resolvent is a
meromorphic operator-valued function, since the characteristic determinant d (1) may have poles in the
spectrum of the operator Ly. Since the spectrum of the Dirichlet problem for the Laplace equation is
canonical restricted domains can be explicitly computed, then these poles are written out explicitly.

Corollary 1. The resolvent of the operator L can also be represented as

(3.6) L= AfGy) = (Lo —AD TG y) — 5L
where
k1 (6,7, 2) k2(x,7,2) k36,7, 2) 0

_ 1 —~/16~¥(K1 (x,y,1) —/167(’52 (x, 5, 2)) —/16?(’43 (x,y, 1) _CE(LO (Lo — A~ f (x,y))
HI) =[-8k (x,3, ) 1=y, 0) —AB(ks(x,,0)  —f(Lo(Lo —AD T (x, 7))
Wy, D) A y.D)) 1= aEy,D) —F(Lele —AD T f(x,¥))

Corollary 2. In particular, if g; (x, y) = 0,j = 2,3, then the operator’s resolution L, take the form

(3.7) (Loy = )7 F(6y) = (Lo = A7 f e, y) + L2E2 D) (v, y, 2,
where
(3.8) dA) =1—-Ad(k(x,y, 1)) =1 —-A<k(x,y,1),0(x,y) >

4 Meromorphic function generating root functions operator L,
In further research we will need some properties k4 (x, v, 4).

Lemma 1. Meromorphic function kq (x, y, 1) is the main solution of the homogeneous equation

A(Kl (x, y; /1)) = )"Kl (x; }’; /1);
99
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satisfying linear conditions
K1(x%, ¥, Dlaa = 0,
a(ry(x,y, D)) =< A(k1(x, y, 1)), 01(x,y) >= d(A),
B(k:(x,y,4)) =0,

Y (x,,4)) =0,
where d (1) is define by (3.8).

Proof. Check that the function k1 (x, y, 4) is a solution of the homogeneous equation
ACky (%, 3, 0)) = A(T1(6,¥)) + ALo (Lo — AD T Ty (%, y) = Aky (x, 7, A).

Here it is taken into account that A(T; (x,y)) = 0 u (Lo — AD 71T (x,y) € D(Ly).
The validity of the first condition follows from the properties of the Green function.
Let us prove the validity of the second condition.

a(i (x,y, D)) =< A (x,7,4)), 01 (x, ) >= a(T1(x,¥)) +
Aa((Lo = ADT'T1 (x, ¥) =< A(T1 (x, ), 01 (x, ) > —
A< Lo(Lo = ADT'T1(x, ¥), 01 (x,y) >= d (),

so by Lemma B a(T;(x,y)) = 1. From Lemma A it follows that a((Ly — AI) 1T (x,y)) = 0. It is also
taken into account that A(T; (x,y)) = 0 and (Lo — AT, (x, y) € D(Ly).
Check the third condition

Br(x,y, 1)) = B(T1(x,¥)) + AB((Lo — AN T1(x,3)) = 0,

as by Lemma B (T, (x,y)) = 0. From Lemma A it follows that §((Ly — Al )‘1T1 (x,y))=0.
Check the fourth condition

(i (x,y,4)) = y(To (%, 7)) + Ay (Lo — AD ™' Ty (x, 1)) = 0,

as by Lemma B y (T, (x, y)) = 0. From Lemma A it follows that y((Ly — A1) 1Ty (x,y)) = 0.
Lemma 1 is proved.
For convenience, we introduce the notation

.y
(4.1) 91(xy, ) = ==
If relation (4.1) is taken into account, then formula (3.7) for the resolvent of the operator L, can be
written in the following form

(42) (L0'1 - /11)_1]((96, y) = (LO - /11)_1]((96, }’) + &(Kl(xi Y, A))‘P(x; Y, /1)

This implies that the poles of ¢q(x,y,4), and at the same time, the poles of the resolvent (L, —
A~ coincide with the zeros of the meromorphic function d(A1). We show that the introduced solution
Kk1(x,y, ) as a function of A on the spectrum of the operator L, generates all its root functions.

Theorem 3. Let 4;, be an arbitrary zero of the characteristic determinant d(A) of multiplicity my,.
Then the functions from the following line:

— 100 ——
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1 9K (%) 1 3™k ey (x,y,Ak)
43 ——
5} Gy )55 T(mg-D! AL

have a spectral interpretation: the first nonzero zero function is a proper one, and the subsequent ones are
attached, generated by the indicated eigenfunction, corresponding to the eigenvalue A, of the operator
L. .

1

Proof- The proof of Theorem 3 is that it is necessary to check forp = 0, ..., m;, — 1 relations

1 ap}cl(x,y,/'lk)
(44) i aw €Dl
1Pk ey )Y _ 4 (L 0Pk (oY, Ak) € P iy (v k)
(4.5) L, (p! aap )_Ak(p! arp ) (p—1)! aar—t 7’

where € =0 when p=0, ¢ =1 when p > 0. From what d(1;) =0 and follows from Lemma 1
k1(x, ¥, Ax) € D(Lg, ). Therefore, the operator relation L, (k1 (x, ¥, A )) = Agkq1(x, Y, 4;) coincides with
a homogenecous differential equation A(kxq(x,y,Ax)) = Ak1(x,y,A;), which by definition x(x,y,A)
holds when A = A.. Thus, if k(x, y, A;) is not identically zero functions, then x(x, y, 1) is eigenfunction
of the operator L, .

Now let p = 1 < m;y,. Notice, that d(4;,) = 0, d'(1;) = 0 and

K1 (x,y,4)

_ a _
8D = (Lo = AD 'y, y) + A2 (Lo — ATy (x,9),

; 2
d'() = =<k (x,3,4),01(x,y) > =A< K1 (X, 7, 4),0(x, ) >.
Calculate

a ( 2 ’A —_ a o
A (D) - 1 (L — )T (,3) + A Lo(Lo = AD) Ty (x,7) =

= A== (6,9, 0) + K1 (1,7, 2).

The validity of the first condition follows from the properties of the Green function.
Let us prove the validity of the second condition.

die1 (x,y,4) Ay (x,y,4) _
o (BB 4 (22D 5, (x,y) >= a((Lo — AT Th(®¥)) +

A ioz((L — AT, ) =< A((Lo — ) ' T (x,¥)), 0y (x, ¥) >
k31 0 k 1Y 0 k 1\X,Y) ), 01\X, Yy

i - ’
—Akﬁ < A((Lo — A) T (x, v), 01(x,y) >=d'(A) =0,

so by Lemma A a((Ly — A1) 1Ty (x,y)) = 0. It is also taken into account that (Ly — A, 1) 1T, (x,y) €
D(Ly).
Check the third condition

B (282D = (L~ 1) T (6 )) + A B — 1) Ta(1.3)) = 0,

so by Lemma A f((Ly — AD 1T, (x,y)) = 0.
Check the fourth condition

Y (Y, D) =y (Lo — 4) T (x,¥)) + A %V((Lo = A) (%, ) =0,
soby Lemma A y((Lo — AD)™1Ty(x,v)) = 0.
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Continuing the arguments for other admissible p, we obtain a complete proof of Theorem 3.
5 Projectors on rood supspace

In the monograph ([ 13], ctp. 445) the decomposition theorem is given, from which it follows that the
projector Py: 1Ly (Qg) = (L, — AiI)™* represents the residue of the resolvent at the singular point Ay :

1
PeNxy) = —5— jg (Lo, —ADTf (x,y) dA
|A=Ax|=6

with some § > 0. Since the resolvent of the Dirichlet operator has poles, for completeness of information
we consider two cases.

First, we consider the case when the eigenvalue A, of the operator L, does not coincide with any
eigenvalue /1](-) of the operator Lg. Recalling the representation of the resolvent (3.7) from Corollary 2 and
considering that the resolvent (L, — A1)~ of the Dirichlet operator represents a holomorphic function of
A, projector type P, can be specified:

G:1) PPIEY) = =3m Fa, s pe?
< fEm Lo(ly =AD" o1(§,m) > dA = res 1((1(5)’ D < p@mm(en D) >

where My (§,1,2) = Ly(Ly — 2D~ a1.(§,m).
Apply the Cauchy residue theorem to the relation (5.1), we obtain

_ 1 MK (A-A)™e<f Em) My (EnA)> —
(52) PN = =y Jim o CDMEND2 1, (x,7,2)) =
_ymeet L gy OTKTR (A AR G My En D> 1Pk Gy ) _
P=0  (my—1-p)! 1>1; Ok 1P d(4) L
mk 1 ; amk a2 <(I—Ik)mkM1(f:Tl:I)>
1 0Pk, (x,y,4)
!
p! aAp A=1s
Analysis of formula (5.2) leads to the following notation.
(5.3) Eie = (Mo (&), e 1 615 s By (6}
where
_ 1 L (I—Ik)mle(f,n,7)>
(5.4) hiemye—1-p (S 1) = (mk—l—p)ql‘j}lk T p< 1) :
p=0m, —1
We introduce the following family of functions
5.5 E' = {E,’(: A is arbitrary eigenvalue of the operator Ly, }
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Thus, we need to study the decomposition of arbitrary elements from the functional space L, () in
the system of root functions of the operator Ly,

(5.6) E= {Ek: A is arbitrary eigenvalue of the operator Ly, }
(5.7 E, = {Wk,o(x» V) Wi1(x,¥), -, Wk,mk—1(x» 3’)}»
where
_ 9Py (xy.4)
Wiep(X,y) = — 2 il

Now, we consider the case 4, = 3.

PH@Y) ===, 1 s Loy =D f(xy) dA =

211:1

= res, (Lo~ AN'f (%)) +

K=y

K (%Y, 1) )

- (a(Lo(Lo—M) TN T 7500y )

Ag=2%

First, we calculate the first addend. Given the representation for the resolvent of the Dirichlet
problem as an expansion in eigenfunctions

(5.8) (Lo = ADT' f(x,y) = X5 /10 T fm@m (%, ),

we calculate the first addend

Vii= Ares (Lo =AD" (x, ) =

=y

hae ,10(2 20 — fm“’m(x 3’)) = —frwp (x,¥).

Calculate the second addend. Here we use the standard transform.
Lo(Lo — /”)_1711(95» y)=Ti(xy) + ALy — /”)_1711(95» y).

Then

Vai= res, ([a() + Sier 7=y it (w0h ) |

k=",

A
Tl(x y) +Zm 1 /10 _ATlmwm(x y)

1= 28(T3(6,9)) = S 4 Tin@ (@) |

Multiply the denominator and numerator in the last relation by A, — A. As a result, the deduction will
be equal to
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— 20f &, 0 _ MTiwpny) 0
Vo = Rfi(@h(xY)) - G e = fwf ()

So in the case of A, = A% the projector

(PG, ) = Vi +V; = —frwp(x,¥) + frwp (x,y) = 0.

The main result of this section is formulated as a theorem.
Theorem 4. Let 4; is eigenvalue of the multiplicity m;, of the operator L, . Py, operator on root the
subspace of the operator L, corresponding to Ay, is determined by formula (5.2).

6 Minimality of the root function system

In this section we prove the minimality of the system of root functions of the operator L, in the
functional space L,({ly). Generally speaking, choosing one or another basis in the root subspaces
P 1L, (Qy), it is possible to study different systems of root functions. We investigate the minimality of a
concrete system (5.6). System (5.6) is generated by solutions of the differential equation (4.5), generating
operator L, . In particular, the Green’s function associated with the operator L, is written through them.
To prove the minimality of (5.6) in the functional space IL,({)y), it suffices to construct a biorthogonal
system of functions in this space. In the previous paragraph 5 such a system has already been built. It
remains to verify that system (5.6) lies in 1L, ({}y) and satisfies the biorthogonality relation.

To begin with, we verify that the functions in (5.6) are elements of the space L,({y). Since,
according to (5.4), each hy.(¢,n) represents a lincar combination of functions My (¢, 7, I) and its

derivatives for A =1, (k= 1,2,...,n), it suffices to check that these functions M (¢, n,Z), (k=
1,2, ...,n) belong to L,(Qy). The latter fact is obvious, since M, (&, 7, Z) = Ly (Lo — II)_lal(E, 1) and

01(&,n) are an element of L, ().
To establish the biorthogonality relations, we need the following lemma.

Lemma 2. For arbitrary complex numbers A4, ¢ the identity is correct

_d)—aw)
A-u

<k (x,y,0), My (x,y, 1) >=
Proof. For arbitrary A, 4 we calculate the following inner product
A< K16y, 0, My (69, ) >1y00= 4 < K15, 2,015, y) +
H(Ly — AN 1oy (6, y) 2< Ak (%, 9, 4), 01 (x,¥) > +
p <Ay (x,y,4), (L — EDtoy (x,y) >
=1-d@) +p <di;(x, 9,0, M (x, 3, 1) >,

where My (x,y, 1) = (Ly — il) " 'o,(x,y). Here, took into account the formula (3.8) for the characteristic
determinant operator L, . We calculate separately the scalar product

< Aky (%7, A), My (%, y, ) >=< Ky (x,y, 1), AMy (x,y, 1) > +

. k1 (x,y,A) 5 oM (x,y,11)
+ i, Sy (G20 (D — 3, ) G ds -

— =
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I aK'l(x,y,A) vl I\ am(x:y,ﬁ) _
lim [, e (—aﬁ My (e y, 1) — ke (e, y, D) —— ) ds =

§-+0

=< Kl(x,y,ﬂ),AﬂZ(x,y,ﬁ) > —

lim

915, 7,2) oMy DY
§-+0 al—[g !

aﬁ — K (x' Y, /1) aﬁ

in that K, (x, v, 1), Mq (x, y, 1) € W2(Q), then

lim [o, (aKl(xyA)Ml(x v, 1) — Kk (x, y,A)M) ds = 0.

§-+0
Here [1$ ={(x,y): =8 <x— x5 <8,—8 <y —y, < 8} Then

A=) <k (Y, ), My (x,y, 1) >=1—d(A) -

alcl(x,y,/'l)~ _\__ am(x:y,ﬁ)
im0 (PP (3, D) — s (3, D) ) ds.

§-+0

Notice, that AM; (x,y, ) = M;(x,v, 1), because (L — il) " ‘oy(x,y) € D(L}). Hence, when A = p,
we have

K, (x,y,10) =5 — AM, (x,y.1L)
i, g (PGP o ) = ka3, 10 Z2E0) s = 1= 4,

Considering the last relation, we transform the previous equality
A—p) <K (x,y, ), M (x,y, 1) >=1—dA) —1+dw) -

alcl(x,y,/'l) _ aK1(xJ/:H) v _
“513110 fa I3 [( on on )Ml(x,y,ﬂ)

(11 (%, ¥, A) = K1 (%, y, 1)) =—dD) +dw) -

My (x, y,ﬁ)]
- a=__ d
on
; a _ " —
—(A=pufim fone 5= (Lo = ADTTi(x,y) - (Lo — ED ™ o1 (x, y)ds +

. _ a & ST
+(A = pulim fono (Lo = AN Ti(x,y) - 5= (Lo — BD)'o1(x,y)ds

Recall the representation for the Dirichlet problem as an expansion in eigenfunctions

_ o <T(Ey)wh(xy)>
(Lo = M) 7Ty, y) = Tiaey SHEDEHENZ 40 (x, ) =

> el
m=1 M

* I oo < ( 2 )l ‘?l( ) )> oo n
(L — Doy (x,y) = 2=, %wg(x,y) =Fu . A;:_ﬁwg(x,y).
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As a result, we have

A=) <k (Y, D), My (x,y, 1) >= —d(A) +d(p) —

~( = R ERes IR e

lim [:—wmwn(x ) = om(X%y) 5= a —won(x,y)|ds = —d(A) +d ) -

§-+0
a Hg

(= 101 S Soen G

lim [Awpw (x, ¥) — wpy (x, y)Awp (x, Y)]lds = —d(A) + d(u) —

§-+0
a Hg

@ =101 Ti1 T Gy (A5 — A

lim | wlwl(x,v)ds =—d)+d(w)

§—+0
M5
asif m =n, to A2, — A% = 0. If m # n, then the integral is equal to zero due to the orthogonality of the
cigenfunctions of the operator L.

Lemma 2 is proved.
To establish the biorthogonality relations, we check the

_ (1, ecmu (n,s) = (k,p);
< Wn,s(xjy)J hk,mk—l—p(xjy) >= {0, ec/u (Tl, S) * (k, p)

We consider two eigenvalue A; and A;.. They match pairs (s, £) and (k,p), where t = 0,1, ..., m; — 1
and p = 0,1, ..., my, — 1. Note that the inner product

< VVTL,S(xJ 3’); hk,mk—l—p(x; y) >=

_ .1 9" 1 gmE1P — (u—-2A) ™k
= lim i e i) 9T P(< R (B T A Mo (3 o) 2= )
Recalling Lemma 2, we get equality
(6~1) < VVTL,S('X’ y)) hk,mk—l—p(xJ y) >=
19" 1 a™KMP d()-dGn) u-A)™E
;%L%,}L;Lk nl A" (mg—1-p)! dumk~ 1 p( A-u d(u) )

We mtroduce the notation

1 9° (d(/'l)—d(u) (u—/'lk)mk)
k thout A-u da(u)

(6.2) Hie(A) = lim =

We consider the function

d(/'l) d( ) (=)™
Fla) = = d(Z)
and expand it in a neighborhood of the point ¢ = Ak 1nto a Taylor series. Then

F(u) = Ho(D) + Ha (D (1 = A + -+ + Higmy -1 (D (= )™+,
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that is, Hy¢(4) is the k-th Taylor coefficient, with a corresponding expansion, in a neighborhood of
1 = 4. The direct calculation of the coefficient of the Taylor series of the function F(u) leads to the
following formula for t = 0,1, ..., m;, — 1:

1 i
(6.3) Hy (D) = d(d) (Ak,mk—l Gt P Ame2 g T
1
where number Ay, 1, ..., Ay o define by identity

1 Armp—1 Agmy—2 Ago
e + +eoe+—+ B FRY
dw)  (u—)™k  (u-Ap)METt LAk Z o Biq(u — 47,

If A, # A, that of (6.1), (6.2) and (6.3) whenn = 0,1, ...,m — 1

. 19"
< Was (6 ¥), iy —1-p (6 y) >= lim 5255 Hie e (1) =

_ 10" t+1 kmk—t+i—2 — i ) t+1 Ak,mk—t+i—2 —
hm o nlaAn d(A)Z (A-2p)!t n! a7 (As) 2= (As—Ap)! 0,

in that d(V (1) = 0.
Now consider the case A, = ;. Transform the right side of the relation (6.3)

Akmk t+i-2

(6.4) Hie ) = d() i} “28

1 1

= dA) (A — )™ 1 (Ak,mk—l G T A my—2 Gt

+Ak,mk_1_tW> = dA)(A — A)met-1

1 1
(m—Ak,mk—zW ' Ako)l 7~ Za=my Brg(1 - ﬂk)q)
(A= A1t 4 3 et (A= A)% k= 0,1, ..., my — 1.

From relation (6.1), (6.2) and (6.3) we obtain

< Wn,s(x;Y); hk,mk—l—p(ny) = n! )ll—>)l ain Hkmk 1- p(/l) -

1
o im 2 (=A™ 4 B ey (= 217).

n!

This implies the required assertion for A, = 4. Q.E.D.
Note the works of the authors [14, 15], where obtained the formulas of the first regularized traces for
Laplace operator and double differentiation in the punctured areas.
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B. Bex6oar’, 1. b. Hypaxmeros®, H. Tokmarameros’, T. X. Aiiman Paca*

1319 1-Dapadu aremmarst KasYY, Anvatsr, Kazakcraw;
*Coxen Celi(hy 1mmH aTbiHaare Ka3ak YITTHIK arpapisik yHEBepcHTETI, Actana, Kasaxcram;
*CeHT yauBepcureti, ['enr, benrns;
*MaremaTHKa 5KOHE MATEMATHKAIBIK MOIETBACY HHCTHTYTHI, AMarsr, Kazaxcran

OMBLIFAH AUMAKTAFBI JIAILIAC ONIEPATOPBIHBIH,
TYBIP ®YHKIUAJIAP )KYUECIHIH MUHUMAJIIBLIBIFBI

Annotanus. bi3 0CeI MaKamaMbI31a, KACHIH/IBI MICIIUICTIH METTIK CCENTCPIIH «KAHA» KIACCHIH TYBIHIATATHIH,
OMbLTFAaH aiMaKTarbl Jlammac omepaTopblH KapacTbipambl3. OChI €Cenl VINiH Pe30JbBEHTA (POPMYyIachl abIHFAH.
CoHbIMEH KaTap, 3epPTTEITCH €CENTIH TYOIp (PyHKIMANAPBIH TYBIHAATATHIH MEPOMOP(THI Py HKIHAIAP CHIIATTATIFAH.
Herisri makcarsiM3pl TYOip (YHKIMSIAp JKYHECIHIH MHHHMAJIBUIBIFBIH KApacThIPY. bBi3miH KyYMBIC OHBLIFaH
aitMaKTarsl Jlammac omepaTopsl YIIiH METTIK SCCNTIH MEIIIMALIT CHIATTANFAH [§] KYMBICHIHBIH KATFACHI OOJIBII
TaOboIagpl. Makamama KHCHIHIBI MICIIUICTIH IICTTIK CCCHTCPOIH «OKAHA» KIACCHIH TYBIHAATATHIH, OWBLIFAH
afimakrarel Jlamnac omepaTtophl KAapacTBHIPBUIBIN, TYBIHAAFAH €CEN YIOIH PE30JbBEHTA (POPMYyJachl aNbIHFaH,
COHBIMEH KaTap, (PyHKIMIAP >KYHECIH KypaThlH MEPOMOP(THI Py HKIMATIAP CHIIATTATIFAH. MEHIIIKT] KOHE KOCAIKbI
(yHKIMAIApABIH >KyHECl OCBHIHAH >kyHeHiH Oipi Oosbin Tabsriampl. CoHFel OemiM TYOIp (DYHKIMSIAPIBIH
MHHHMAIIBUIBIFBIH 3PTTEYTC APHAIFAH.

Tyiiin cesaep: Jlamnac omepaTopsl, OWBITFAH aWMAK, PS30JIBBCHTA, MCPOMOP(THI (DYHKIHSA, MICTTIK CCCHTIiH
KUCBIH/IBI IICIIIMILTIr, TYOIp (yHKIuMsIIap sKyHeci, MUHIMAI XXyHe.

B. Bex6oar’, 1. b. Hypaxmeros®, H. Tokmarameros, T. X. Aiiman Paca*

L39KasHY um. Amp-Dapadu, Ammarsl, Kazaxcran,
*Kasaxckuii arporexamiucckuil yausepcutetT nMeHu Cakera Ceriymmmaa, Actana, Kazaxcraw;
*[eHTCKHI yHHUBEpCUTET, [ eHr, benrus;
LU HCTHTYT MATEMATHKY H MATEMATHYCCKOTO MOICTHPOBAHHKS, AnMaTsy Kasaxcram;

O MUHUMAJBHOCTH CUCTEM KOPHEBBIX ®YHKIUI OIMEPATOPA JIAILTACA
B ITPOKOJIOTOH OBJACTH

Annoranua. B mannoit padote paccMoTpeH omeparop Jlammaca B MpOKOIOTOH 00ACTH, KOTOPBIH MOPOKAACT
KIacc "HOBBIX" , KOPPEKTHO Pa3peIIMMBIX KPACBBIX 3amad. M aad 3TOTO KiIacca 3a4ad MOnaydcHa (hopmya
PC30IBBCHTHL. TakKe OMUCAHBI MCPOMOP(HBIC (BYHKIHH, TOPOKIAFOIINC KOPHEBBIX (DYHKIHHA KIIACCa HCCIICAY SMBIX
3aga4. OCHOBHAS LENb — H3YUCHHE MHHHMAIBHOCTH CHCTEM KOPHEBBIX (DYHKIMH. CTaThsl SBIIETCS MPOJOKCHAEM
padoTsl [8], TAe AaHO OmMHMCAHHE KOPPEKTHO Pa3peIIMMbIX KPAeBBIX 3aaad I omeparopa Jlamiaca B MPOKOJOTHIX
obmactax. Paccmorper omeparop Jlammaca B TMPOKOJAOTOH OOJACTH, KOTOPBIH MOPOXKIACT KIAcC "HOBBIX"
KOPPEKTHO Pa3pPEIIMMBIX KPACBbIX 331a4, W A MOPOKICHHBIX 33a49 MOJIyYeHa (opMyna Pe30JIbBEHTHI, a TAKXKE
omucanbl MepoMopdHbIe (DYHKIUM, KOTOPBIC HHAYIMPYIOT CHCTEMBI (DyHKImH. OJHA W3 3THX CHCTEM, KaK pa3,
SBJICTCS CHCTCMON COOCTBCHHBIX M MPHCOCAWHCHHBIX (yHKumid. [TocaemHmit pa3aen MOCBAMICH HCCIICAOBAHHIO
MHHHUMAJTBHOCTH CHCTEMBI KOPHCBBIX (DY HKITHIA.

KmoueBsie cioBa: Omneparop Jlamnaca, mpokosoTas 007acTh, pPe30iabBEHTA, MepoMmopdHas QyHKIms,
KOPPCKTHO pa3perrnMad Kpacsasd 324244, CHCTCMA KOPHECBBIX (DYHKITHH, MHHAMATGHAS CHCTCMA.
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