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AN INVERSE PROBLEM FOR THE PSEUDO-PARABOLIC
EQUATION FOR A STURM-LIOUVILLE OPERATOR

Abstract. A class of inverse problems for restoring the right-hand side of the pseudo-parabolic equation for
Sturm-Liouville operator is considered. The inverse problem is to be well-posed in the sense of Hadamard whenever
an overdetermination condition of the final temperature is given. Mathematical statements involve inverse problems
for the pseudo-parabolic equation in which, solving the equation, we have to find the unknown right-hand side
depending only on the space variable. We prove the existence and uniqueness of classical solutions to the problem.
The proof of the existence and uniqueness results of the solutions is carried out by using L-Fourier analysis. The
mentioned results are presented as well as for the fractional time pseudo—parabolic equation.Inverse problem of
identifying the right hand side function of pseudo-parabolic equation from the local overdetermination condition,
which has important applications in various arcas of applied science and engineering, alsosuch problems are
modeled using common homogeneous left-invariant hypoelliptic operators on common graded Lie groups.

Key words:Pseudo-parabolic equation, Sturm-Liouville operator, fractional Caputo derivative, inverse
problem, well-posedness.

1 Introduction

The study of inverse problems for pseudo-parabolic equations goes back to 1980s. The first result [3]
refers to the inverse problems of determining a source function f in the pseudo-parabolic equation

(u+Lyw); + Lru=f, (1

with linear operators £, and £, of the second order, £; = £,. Such equations arise in the models of the
heat transfer, filtration in the fissured media, quasi-stationary processes in the crystalline semiconductor.

In this paper we consider pseudo—parabolic equation generated by Sturm-Liouville operator with
Caputo time-fractional derivative. We study the following equation

D [u(t, x) + Lu(t, x)] + Lu(t, x) = f(x), )

for ((,x) € Q={(t,x)|0<t<T <w,a<x<b}, where Df is the Caputo derivative and L is the
Sturm-Liouville operator which are defined in the next section.

This paper is devoted to the inverse problems of determining a source function in the pseudo-
parabolic equation (2) by using the L-Fourier method.

In a series of articles [7, 8, 9, 10, 11, 13, 14, 15, 16, 17, 18, 19] some recent work has been done on
inverse problems and spectral problems for the diffusion and anomalous diffusion equations.
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2 Preliminaries
2.1 Sturm-Liouville problem

We first describe the setting of the Sturm-Liouville operator. Let £ be an ordinary second order
differential operator in L2(a, b) generated by the differential expression

Lu) = —uy,(x),a<x<b, 3)
and boundary conditions
Au'(h) + Biu(b) = 0,4u'(a) + Byu(a) =0, (€))

where Af + A3 > 0,B% + B3 > 0,and 4;, B;,j = 1,2, are some real numbers.

It is known [2] that the Sturm-Liouville problem for(3) with boundary conditions (4) is self-adjoint in
L?(a, b). It is known that the self-adjoint problem has real eigenvalues and their eigenfunctions form a
complete orthonormal basis in L2(a,b). So we can denote eigenvalues of the operator £ and their
eigenfunctions accordingly by A¢ and ez (x). That say us for ez (x) € L?(a, b) following identity is hold:

Lef(x) = Afef(x), Af € R. 5)
Where 7 is a countable set and V& € 7.
2.2 Definitions of the Caputo fractional derivative

Definition 2.1 /6] The Riemann-Liowville fractional integral 1% of order a > 0 for an integrable
function is defined by

1 t
I*[f]1(V) = mf (t —s)*1f(s)ds, t € [c,d],

where I denotes the Euler gamma function.
Definition 2.2 /6] The Riemann-Liouville fractional derivative D of order a € (0,1) of a continuous
function is defined by

d
DEFI® = L IPIf1O). t € [e, d].

Definition 2.3 /6] The Caputo fractional derivative of order 0 < a < 1 of a differentiable function is
defined by

DI[f1t) = DE[f' (D). t € [c, d].
3 Formulation of the problem

Problem 3.1 We aim fo find a couple of functions (u(t, x), f (x)) satisfying the equation (2), under
the conditions

u(0,x) = @(x),x € [a,b] (6)
u(T,x) = P(x),x € [a, b]. N

and the homogencous boundary conditions(4).
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By using L—Fourier analysis we obtain existence and uniqueness results for this problem.
We say a solution of Problem 3.1 is a pair of functions (u(¢, x), f(x)) such that they satisfy equation
(2) and conditions (6) , (7) and (4) where u(t, x) € C1([0,T]; C?([a, b])) and f(x) € C([a, b]).

4 Main results
For Problem 3.1, the following theorem holds.
Theorem 4.1 Assume that (%), P(x) € C*[a,b] Then the solution

u(t,x) € C1([0,T], C3([a, b])), f(x) € C([a, b]) of the Problem 3.1 exists, is unique, and can be written
in the form

(0 = 02) (1 B (- 135 4%) ) ecc0
5 ﬂ%( al( 11§A§T“>>
(@) _ (2)
) =—g" @)+ Y o)

E1-E, ( A—fTa>
1+ﬂ.§

where (p = (¢@". e 20,1y 1/)5 = (Y" eg) 20,y and E, g (At) 1s Mittag-Leffler type function (see [5]):

u(x, t) = p(x) +

’

Es®) = ), Tam vy

Proof. First of all, we start by proving an existence result. Let us look for functions u(¢, x) and f(x)
in the forms:

u(t, x) = Yees ug(Heg (x), (8)
and
fx) = Yeer fees (%), ©)

where ug(t) and f; are unknown. Substituting (8) and (9) into Problem 3.1 and using(5) we obtain the
following problem for the functions u; (¢) and for the constants f¢, § € J:

D“u;(t) +—u§( ) = 1+/'l§
ug (0) = @g, (10)
ug(T) = s,

where @¢, ¢ are L-Fourier coefficients of ¢(x) and 1 (x):
(pf = ((p’ ef)LZ (a,b)'

lpf = (lp’ ef)LZ(a,b)'

General solution of this problem:

— U=
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f A
ug (t) = Ti + CeEnp (— 135 t"‘), (11)

where the constants Cg, fz are unknown. By using initial and additional conditions we can find they. We
first find C:

fs
u;(O) = Z-F Cg = @g¢,

u(T)=f—§+CE L S =y
§ Af el 1+ﬂ.§ &

Ag
- — a —
(pf Cf + Cszx,l < 1+ ﬂ,f T > l[)g
Then
Ps — Y

Ce = % :
L=y (‘mT“>

f¢ 1s represented as
fe = Agpg — A Ce.

Substituting f¢, ug (¢) into formulas (8) and (9), we find

A
u(x, t) =)+ 2 Ce <EM,1 <— 1 _5/1% t“> - 1> eg (x).

éeg

Using self-adjoint property of operator £
(-¢" ef)LZ(a,b) = (o _ef”)LZ (a.b)
and in respect that(5) we obtain

(_(p”’ ef)LZ
_ (a,b)
((p' ef)LZ (a,b) - /15 ’

and for ¥(x) we can write analogously. Substituting these equality into formula of C¢ we can get that

2 2
42— g

A(1-E <—A—§T“>.
§ a1 1+ﬂ.§

A
(0201~ Joc

A % ra ,
el 1-Eqa —1+/1€T

— 125=——
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Then

u(t,x) =)+ XYses (12)




News of the National Academy of sciences of the Republic of Kazakhstan

@)_ )\, (x
F) = Lp(0) + g B0 (13)
1—Ea,1<— T“)

1+/.L§

The following Mittag-Leffler function’s estimate is known by [12]:
|Eap(2)| < 515 arg(2) = m, |z| > . (14)
Now, we show that u(¢, x) € C1([0,T]; C?>([a, b])), f(x) € C([a, b]), that is
I llet fo,m:02 (fa,b1)) = ax, Il u(t,) Nezqopt %, Il DEu(t,) Nz (fa,op<

and

I f eqapp< e

By using(14), we get the following estimates

@), |, @
®; Y
lut, )| =S le@)|+ Xeeg o7 o)
A§<1—Ea,1<_ +i€Ta>> (15)
@], |,
@ P
S 190 + Sies 2L 'J ,
@), |, @
N @ P
IfG) S le"(0)] + Xeey —| | |/1§ |
1_E“1<_1+/1§Ta> (16)
77 2 2
< 10"C| + Sees 08| + |02

Where, L < Q $L denotes L < CQ for some positive constant C independent of L and Q.
By supposition of the theorem we know ¢ and ¥® are continuous on [a, b]. Then by the Bessel
inequality for the trigonometric series (see [1]) and by the Weierstrass M-test (see [4]), series (15) and

(16) converge absolutely and uniformly in the region Q. Now we show
2 (2
i |o”] + [w¢?)
luex (8, X)] = | ()| + A
1 b (- 12 )

Sle@1+ ) o]+ |wf| <,

¢ed

)
&a@+za< a& TﬁzTﬂ>
s Ll

1+ A

| DFu(t,x)| <

< oo,
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2 (o] + )

Ae
1= (1 + Af) 1-— sz,l <—TA§T“>

(p(z) + 1[)(2)
S; |¢§2)|+|¢§2)|+; | §1|+/1|: |<OO

DU (8, )] =

Finally, we obtain
Il w llet o, c2[apn= € < o0, € = const,
and
I f lleapn<
Existence of the solution is proved.
Now, we start proving uniqueness of the solution

Let us suppose that {u, (¢, x), f1(x)} and {u,(¢, x), fo(x)}are solution of the Problem 3.1. Then
u(t,x) = u (£, x) —uy(t,x) and f(x) = f1(x) — fo(x) are solution of following problem:

D [u(t, x) — Ugx (t, )] — i (£, %) = f (%), (17)
u(0,x) =0, (18)
u(T,0) =0. (19)

By using (12) and (13) for (17) - (19) we casily see u(x, ) = 0, f(x) = 0. Unigness of the solution
of'the Problem 3.1.

ACKNOWLEDGEMENTS
The authors were supported by the Ministry of Education and Science of the Republic of Kazakhstan
(MESRK) Grant AP05130994. No new data was collected or generated during the course of research.

II. Cepuxbaen’, H. Tokmaraméeron’

29 1-DapabuatsinareiKazYV, Anvatsl, Kazakcran;
“Tenr yausepcurerti, ['enr, benrnsg;
1’ MareMaTHKAKOHEMATEMATHKABIK MOJCIbACY HHCTHTYTHL, Amvarsl, Kazakcrau

MTYPM-JITYUBUJLI OIIEPATOPJIBI ICEBJO-TAPABOJIAJIBIK TEHJAEY YIIIH KEPI ECEII

AnnoTtamust. Iy pm-Jlny BHIUT 01IepaTop:is! IceBA0-MapadoIaibIK TCHACYIIH OH JKaK O6ITH KAIIBIHA KENTIPY
Kepi ecebi kapacTeraasl. COHFBI YAaKBIT MOMCHTIHICTI TEMIICPATYpa AIIBIH aja OCpiLIreH >karmaiina Kepi ecem op
VakpITTa AaMap MarblHACBIHAA KUCHIHIABI OOIyBI Kepek. MaTeMaTHKAIBIK TYKBIPHIMJAPFA CYWEHCEK, IICEBIO-
mapaboIanbIK TCHACY YIIIH KEpi €Cen KarapblHA TCHACYII MICHry OaphICHIHIA TCK KCHICTIK aWHBIMANBIIAH TOYCIIi
TEHACYIH OH KaK (yHKOUACHH Taly eceli skataxbl. TeHACY NiH KIACCHKANBIK IMCIIiMi 0ap >KOHE YKAJFBI3 CKCHIITI
monenncHemi, moaenaey L-Dypee Tammaysl apKbUIBI KYPTi3Uiedi. ATamFaH HOTHIKCICD YAKBIT OOMBIHINAG OOIMmIcK
TYBIHIABUIBl IICEBAO-NAPAOOTANBIK TEHACY YINH KOPCeTUIml. ANAbH ama OepiareH IOKAXABIK IapT OOWBIHINA
TICCBAO-MAPA0OTIATBIK TCHACYAIH OH JKaK (DYHKIMACHIH AHBIKTAY €CeOi, op TYPil KOJIJAHOATBI FBUIBIM KOHC JC
TEXHHKA CATAChIHIA MAHBI3ABI KOJOAHBICH Oap. COHBIMCH Kartap, MyHmall mpoOnemamap skKammbl OipTeKTi COM-
HMHBAPHAHTTHI THIIOUIMITHKAIBIK ONIEPATOPIAp apKbLIbI OipTekTi JIn TOmTaphl OOWBIHIIA MOJCIBACHEI].

Tyiiin ce3aep: Ilcesnomapadonansik Tenaey, LLtypM-JInyBumn oneparopsl, 6enmrek KamyTo TyBIHABICH, Kepi
€CCTI, ECCNTIH KUCHIHIBLIBIFBI.
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OBPATHAA 3AJAYA JJIA ICEBAO-TAPABOJIUMYECKOT'O YPABHEHUA
JJIA OIIEPATOPA HITYPMA-JINYBHJIA

Annoranus. PaccMaTprBaeTcs Kilacc OOpaTHBIX 3ajiad BOCCTAHOBICHMS IIpaBoM YacTH IceBomapaboludec-KoTo
ypaBaeHnS 1 onepaTopa IlTypMa-JInyBmms. OOpatHas 3ajada JokHa OBITH KOPPEKTHOM B cMEICie AjjaMapa Beskumit
pa3s, KoTjJa JaeTcsl YCIIOBHE IIepeollpeic]IeHHs KOHEUHOM TemilepaTypbl. MaremaTHUeCKHEe YTBEPMKIECHUS BKIIOYAIOT
obpaTHBIC 3afa9y I IICEBIONapabOIMIecKoT0 YpaBHEHWS, B KOTOPOM, pelllag ypaBHEHHE, MHl JOJDKHBE HalTH
HEHW3BECTHYIO IIPABYIO 4acTh, 3aBHCSAINYIO TOJIBKO OT IIPOCTPAHCTBEHHOM IiepeMeHHOM. Jloka3aHO CyINECTBOBaHHE H
€JIUHCTBCHHOCTh KJIACCHUECKUX pelleHui 3ajaud. JloKasaTelbCTBO PE3yJIbTaTOB CYIIECTBOBAHUS U €IMHCTBEHHOCTH
pemeHu# mpoopurcs ¢ InoMmomplo L-aHanmmza Dypbe. YIOMSI-HYTHIE Ppe3yJbTaThl IIPENCTABIECHBl TaKXe UL
IIceBIONapabOIMIecKoTo YpaBHEHHS ¢ ApoOHBIM BpeMeHeM. OOpaTHas 3a/a4a UASHTA(DHUKAINN (YHKITUH [IpaBol dacTH
HICeBAONAapabOIMIeCKOTO VpaBHEHMS W3 YCIOBHS JIOKATBHOTO IIEpeollpejielleHMsI, MMEIOTh BaKHBIC IPHIOKCHHS B
Pa3IHYHBIK 00NacTAX NPHKIAAHOM HAYKH M TeXHWKH, a TaK e STH MpoOIeMBl MOASTIHPYIOTCS Ha OJHOPOIHBIX TPYIIIax
JIn ¢ noMombIO 0JHOPOHBIX JIEBOUHBAPUAHTHBIX THIIOIIUITHIECKUX OIIEPaTOPOB.

KmoueBnie cioBa: llcermomapaGonmdeckoe ypasHeHHe, omepatop llItypma-JImyBmnis, apoGHas MIpOW3BOAHAS
KamyTo, obpaTHas 3a1aua, KOPPEKTHOCTS.
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