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WITH UNSEPARATED BOUNDARY VALUE CONDITIONS
AND SYMMETRIC POTENTIAL

Abstract. In the paper we prove the uniqueness theorem on a single spectrum for the Sturm-Liouville operator
with unseparated boundary value conditions and real continuous symmetric potential. The research method is
different from all known methods, and is based on the internal symmetry of the operator generated by invariant
subspaces.
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1. Introduction. By inverse problems of spectral analysis, we understand the problems about
restoration of a linear operator according to one or another of its spectral characteristics.

The first significant result in this direction was obtained in 1929 by V.A. Ambartsumyan [1]. He
proved the following theorem.

By 1y < 4; < 1, < -+~ we denote eigenvalues of the following Sturm-Liouville problem

—y" +q(x)y =21y, (1.1)
y'(0)=0, y'(m) =0; (12)

where q(x) is a real continuous function. If
A, =n?2(n=0,1,2,..) thenq(x) = 0.

The first mathematician who drew attention to importance of the V. A Ambartsumian’s result was the
Swedish mathematician Borg. He also performed the first systematic study of one of the important inverse
problems, namely, inverse problem for the classical Sturm-Liouville operator of the form (1.1) by spectra
[2]. Borg showed that, in general case, one spectrum of the Sturm-Liouville operator does not define it, so
Ambartsumian’s result is an exception from the general rule. In the same paper [2], Borg shows that two
spectra of the Sturm — Liouville operator (with different boundary conditions) uniquely determine it. More
precisely, Borg proved the following theorem.

Borg Theorem.

Suppose that the following equations

—y"+qx)y = Ay, (1.1)
—z"+p(x)z = Az, (1.3)
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have the same spectrum under the boundary value conditions

(@ +r© =0 o
yy(m) + 6y'(m) = 0; '
and under the boundary value conditions
(D@ +by©) =0 L4y
y'y(m) + 8"y’ (m) = 0. '

Then q(x) = p(x) almost everywhere on the segment [0, 7], if
6-6'"=0, |8§] + 67| > 0.

Shortly after Borg’s work, important studies on the theory of inverse problems were performed by
Levinson [3], in particular, he proved that if g( — x) = g(x), then the Sturm-Liouville operator

=y +q(x)y =21y, (1.1)
y'(0) — hy(0) =0,
' (1.5)
y'(m) + hy(m) =0
is reconstructed by one spectrum.
A number of works by B.M. Levitan [4], [5] are devoted to reconstructing the Sturm-Liouville
operator by one and two spectra. These studies have found continuations in [6] - [20]. Sources [21] - [28]
are introductory.

This paper is devoted to generalization of Ambartsumian [1] and Levinson [3] theorems, in particular,
our results contain the results of these authors.

2. Research Methods.
Idea of this work is very simple. Analysis of contents of [1, 3] showed that both of these operators
have an invariant subspace. If for a linear operator L the following formulas hold
LP = PL", QL =1L"Q,
where P, Q are orthogonal projections, satisfying the condition P + Q = I, then the operators L and L*
have invariant subspaces, sometimes restriction of these operators to these invariant subspaces, under
certain conditions, form a Borg pair.

3. Research Results.
In the Hilbert space H = L?(0, ) we consider the Sturm-Liouville operator
Ly =—y" +qx)y; (3.1)
{‘1113’(0) + a1,y'(0) + a3y(m) + a4y’ (1) = 0,
a21y(0) + az,y"(0) + ap3y(m) + azy'(m) =0
where q(x) is a continuous complex function, a;; (i =1,2; j=1,23,4) are arbitrary complex
coefficients, and by 4;; (i = 1,2; j = 1,2,3,4) we denote the minors of the boundary matrix:

_ ((111 aqo aq3 a14-)
ay1 Q4po ay3 A4 )

(3.2)

Assume that a,, # 0, then the Sturm-Liouville operator (3.1) — (3.2) takes the following form
Ly =—-y" +q(x)y, x € (0,m); (3.1)

{AM)’(O) + 85,y"(0) + Az, y(m) = 0, (33)
A12y(0) + Az,y(m) — Agyy'(m) = 0 '
and its adjoint operator L* takes the form

Ltz=-2z"4q(x)z, x € (0,m); 3.1’
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{A_Mz(O) +8242'(0) + byp2(m) =0, 33y
8342(0) + A3pz(10) — Bzy7' (1) = 0. '
Let P and Q be orthogonal projections, defined by the formulas

Pu(x) _ u(x)+u(11:—x), Qv(x) _ v(x)—v(mr—x) (3.4)

2 2

The main result of the paper is the following theorem.
Theorem 3.1. If A,,# 0, and

1) PL=L"*P,
2) LQ =QL%;
3) Ajp= —Agy;

then the Sturm-Liouville operator (3.1) — (3.3) reconstructed by one spectrum.

4. Discussion.

In this section we prove the theorem and discuss the obtained results. Following Lemmas 4.1, 4.2
may have independent meanings.

Lemma 4.1. If for a lincar and discrete operator L the following equalities hold

1) PL=L*P;
2) LQ = QL%
3) P+Q=1;

where P, Q are orthogonal projections, and / is identity operator, then all its eigenvalues are real.
Proof.
Let PL = L*P, LQ = QL™; then
(PL)* =L*P* =L'P = PL;
(LQ) =Q'L'=QL" =LQ;
1.€. operators PL and LQ are self-adjoint, therefore, their eigenvalues are real.
Further, if Ly = Ay, y # 0, then PLy = APy, L*Py = APy, L*P(Py) = APy, consequently, if
Py # 0, then A is a real quantity; if Py = 0, then y = Qy, and LQy = AQy, LQ(Qy) = AQy, Qy =y #+
0. Thus, 4 is again a real quantity.
The following lemma shows that the spectrum ¢ (L) of the operator L consists of two parts; therefore,
the operator L, apparently, splits into two parts. Later we will see that this is exactly what happens, and

moreover, these parts form a Borg pair under a certain condition.
Lemma 4.2, If L is a linear discrete operator, satisfying the conditions:

1) PL=L"P;
2) LQ = QL%
3) P+Q=1;

where P, Q are orthogonal projections, and [ is identity operator, then
o(L) =a(Ly) Va(l,).

where a(L) is a spectrum of the operator L, L; = PL, L, = LQ.

Proof.

If Ly =21y, y# 0, then PLy = APy, L*Py = APy, L*P(Py) = APy, L{(Py) = APy. If Py # 0,
then A€a(Ll;). If Py=0, then y=Qy+#0 and LQy=AQy, LQ(Qy) = AQy, L,Qy = AQy.
Consequently, A € a(L,).

Thus o(L) € a(L1) U a(L,), where a(A) means spectrum of the operator A.

Assume that 1 € a(L;) Uo(L,) and A # 0. Then

a) If A € o(L,), then PLy = Ay, y + 0 > P2Ly = APy, PLy = APy, if Py = 0, then PLy = 0,=>
Ay =0,- y = 0, it is impossible, therefore Py # 0 and L*Py = APy. Consequently, A € a(L*) = o(L).

b) If A€ 0a(L,), then LQy =1y, y+# 0, QL*y =y, Q?L*y = AQy, QL*y = AQy,-> Qy # 0,
otherwise QL*'y = 0,=> LQy =0,- Ay = 0,— y = 0. Consequently, AQy = QL*y = LQy,— L(Qy) =
AQy, thus A € a(L).

¢)0ea(ly)Ua(l,).
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If 0 € 6(L1), then Lyu = 0, PLu = 0, u # 0; Operator L; maps the subspace H; = PH into H;, thus
u=Pu=0,thenPLu=LPu=Lu=0,=>0€0c(l*) =a(l).

If 0 € 6(L,), then L,v =0, v # 0; Operator L, maps the subspace H, = QH into H,, therefore
v=Qvand L,y =LQv=Lv =0, =>0€ a(L).

Lemma 4.3. If
b) PL = L*P; 4.2)

u(x)+u(m—x)
2
the following equalities hold

D) g(m—x) = q(x);
2) q(x) = q(x);
3) Ay + Aqu= Ay + Agy;

4) (A12+A14) — Agp+Ayy _ Azp+izy

A24 A24 A24 ’

where Pu(x) = , Qu(x) = w then for the Sturm - Liouville operator (3.1) — (3.2)

Moreover, operators L and L* take the following forms:
Ly =—y" +qx)y, x € (0,m);

{AA—A y(©) +y(m] +y'(0) —y'(m) =0,

A1,y(0) + Azpy () — Ayyy'(m) = 0.

Ltz=-2z"+4+qx)z, x € (0,m);

{A_ATA_ [2(0) +2(m)] +2'(0) +2'(w) = 0,
24
8142(0) + Ay42'(0) + Ay, z(m) = 0.
Proof.
If PL = L*P, then z(x) = Py(x) € D(L"), where y(x) € D(L), thus

— y(0) + y(m) N A—y’(O) —y'(m) N A—y(n) +y(0) _

Ay > 247 5 Th > 0,
—yO@+y(m) ——y@+y0) vy @ -—y'0)
Aszy — + A3, > — Ay, > =0;

{(A_? + B ply©) +y(] + 5Ly (©) - y' ()] = 0,
(A32 + A3)[y(0) + y(m)] + Agu[y'(0) —y'(m)] = 0.
For unknown quantities y(0), y'(0), y(1), y'(1) we obtained the system of equations, therefore

Ay Az Az, O
Aqz 0 Az; —Dps s
A+ Ay, Ay Digt+ Ay, —hy ’
A—32 + A—34_ A24. E + A—34, _A24-
Ay Ay Dzy DBy Ay Apy  Dzy Dy
Ay 0 Az —Ayy Mg+ A1y Ay Azpt+ Az,

Azp + Az Ayy Azp+ Az Ol lAzp+ Az Ay Agp+Az O
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Aizthiy Log Agpt+lgy
= (Fho) [Aiz t 1y Loy Aip +Bag) =
Bap+ 834 Apy Azp + A3

E + E Doy Agp+ Az —A1;— Ay
= (—Az4) E + E Ay 0 =
Azy + Az, Apy 0

= (—A24) A3z + A3y — A1y — A1 )A4 (g + Ay — Azy —Azy) =

= |Az4|?Azy + Agy — Ajp — Au|* = 0.
Slnce A24¢ 0, thel’l Alz + A14_= A32 + A34_.

Summing up the boundary conditions (3.3), we have

(A2 +A1)y(0) + (A3z + A3y () + Apu[y’(0) — y'(m)] = 0,

(D13 +A1)[y(0) + y(m)] + Az4[y'(0) — y'(m)] = 0.
Combining this equation with the first boundary condition (4.3), we receive

(2 8000 50 + 22y O =y @] =0,
(A2 + A1) [y(0) + y(m)] + Azuly’'(0) — y' ()] = 0.

This system of equations (4.5) has a non-trivial solution, therefore

A, +A A
A= |12 14 A24| _

=22 T 2o,
A12+A14~ A24-

Aps(A1z + A1y) — Dy (Byp +D1y) =0,

N +B5y_ Apa+ Ay
A24- A24-

Hence, the operator L has the following form
Ly = —y" + q(x)y, x € (0,m);
A, +A
—— (@ +ym] +y'©) ~y'(m =0,
24
A1,y(0) + Agoy(m) — Ay’ () = 0.

(4.5)

We specify the boundary conditions of the operator L*, subtracting the second boundary condition

from the first boundary condition (3.3)", we get

(B14 = B34)2(0) + (12 — A32)2(m) + Az4[2'(0) + 2’ (M)] = 0.

From the formula 4.4 it follows that A;, — Ag,= A3, — Ay, thus

(814 — B34)[2(0) — 2(M)] + Bp4[2' (0) + 2'(m)] = 0,

— 3 ——
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%[z(o) —z(m)] +2z'(0)+z'(7) =0.

24

Consequently, the adjoint operator L* has the following form
 L'z=-72"+q)z
A1y — Azy / .
AT[Z(O) —z(m)]+2z'(0) + z'(m) =0,

24
£8142(0) + 45,2 (0) + Ay,2(70) = 0;
Further, the formula PL = L* P implies

PLy = P°[—y" + q(x)y] = —P[y" (x)] + Pl[g(x)y(x)] =

Y4y (m=x)  q@)yx) +q@—x)y(m—x)
T 2 * 2 ’

y() +y =) _
2

L*Py =L* [

_ Y@y

2 sy YY)

2

q(x)y(x) + q(m — x)y(r — x) = g(x)y(x) + gy (m — x),
[q(x) — gy () + [g(r — x) — g()]y(m —x) = 0,=> (4.6)
[q(m —x) — q(m — )]y — x) + [q(x) — g — x)]y(x) = 0.
It is obvious that the system of equations for y(x) and y(7 — x) has a non-trivial solution, thus

_| a®) —gq) qr—x)—qx) | _,.
qx) —qm—x) q(m—x)—g@—-x)| ~

[q(x) — q(0)][q(r — x) — q(wr — x)] = [q(m — x) — g()][q(x) — g(m — x)],
q()q(m —x) = q(x) g(m — %) — g(x) q(m — x) + () g(mw — x) =
= q(m@— x)q(x) — q(r — 0)g(r — x) — q(x0)q(x) — §(x)q(m — x),
q(0)g(m —x) + q(x) q(mr — x) = q(mw —0)g(m — x) + q(x)q(x),
q()[q(m —x) —q()] + q(r — D[g(x) — g(r — x)] = 0,
[g(x) — q(m — 0)]lgq(m — x) —q(x)] =0,
lg(x) —q(r — 0> =0,=> q(x) —q(m—x) =0; (47
From the formulas (4.6) and (4.7), we have
[q(x) — g0y () + [g(x) — g ]y(m —x) = 0,=>

[q(x) — gy () +y(m —x)] = 0,=> q(x) —g(x) = 0.
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Lemma 4.4. If
a) Ay # 0;
6)LQ = QL",
then
D) q(m—x) = q(x);

2) q(x) = q(x),
3) Ay + A= A5+ Agy;

4) (A14-_A34-) = (A14-_A34-) — A32_A12
A24- A24- A24- ’
S— ———

Azz—Aqp
Azg

z(x)—z(m—x)

where Qz = .

Moreover, the operators L and L* take the following forms
Ly =—=y" +qx)y, x € (0,m);
{% y(0) +y(m] +y'(©) —y'(m) =0,
A12y(0) + Azpy(m) — Azay’ (1) = 0;
Ltz=—-z"+q(x)z x € (0,m);
{% [2(0) — 2(m)] + 2'(0) + 2'(m) = 0,

£142(0) + B2a2'(0) + Ayp2(m) = 0.

Proof.
IfLQ = QL" and z € D(L*), then y = Qz € D(L), therefore

_z(x) —z(wr — x) , zZ’(x)+z'(r—x)
y(x) - ’ 3’ (x) = ;
2 2
z(0) — z(m) z'(m) +2'(0) z(m) — z(0)

A14}T 24T+A34T=0,
" z(0) — z(m) z(m) + z(0) 3 z' () + z'(0) -

2T 5 32 5 24 > =4y

(A1q —Azy) —Z(O);Z(n) + Ay (O)erz @ = 0,

_ ) ) 4.8)
(41, — A32)M - A24M =0;

It is obvious that the system has a non-trivial solution, therefore

A, —A A
A= A14 — A34 —A24 = =024 (814 = DBgy +Dy5 — A3y) =0,
12 32 24

— 36 ——
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Since A247‘: 0, then A12 + A14= A32 + A34. (49)
Subtracting the second boundary condition from the first boundary condition (3.3)", we get

(D14 — A34)2(0) + (A1 — A3z)z(m0) + Dpylz'(0) + 2’ ()] = 0
Due to the formula (4.9), this formula takes the form
(B14 = D34)2(0) — (A1y — B34)z(m0) + B3u[2'(0) + 2’ (m)] = 0,

Bus Z B34 0y ()] +2(0) + 2/ () = 0.
A24-

Combining this boundary condition with the first boundary condition (4.8), we obtain

As—A
R85t 110) - 2] + 2/ 0) +2/(m) =0,
24
< - .
A, —A
23 2(0) — z(m)] + 2'(0) + 2z’ (%) = 0.
A24-
A14- - A34- 1
A= _ Bay —0 W _ D14~ B
Ais —Bas Bzs Bos
A24-

Hence, the operator L* has the form
L'z=—-z"4+qx)z  x€(0,m);
A, —A
% [2(0) — z(m)] + 2'(0) + 2z'() = O,
24
8142(0) + 842" (0) + Ag2(m) = 0;

A14-_A34-

where is a real quantity.

24

Summing up the boundary conditions (3.3), we get

(D12 +414)y(0) + (A3; + A3y () + D[y’ (0) — y'(M] = 0,

A, +A
O +y@]+y'(0) —y'(m = 0.

24
Consequently, the operator L has the form
Ly =—y" + q(x)y, x € (0,m);

A”A;f“ [(0) + y(m)] +y'(0) — y'(m) = 0,
Ay(0) + Azpy(m) — Apyy'(m) = 0.

Further, from the formula LQ = QL*, we have

LQz = dclin ;(” —)_ 2’ - ;”(ﬂ —®) ) z(x) — ;(n — x))_
oLz = @[z + qlyz] = - 22D

g(x)z(x) — q(m — x)z(m — x) |
+ > ;
q()z(x) — q(x)z(r — x) = §(x)z(x) — G(m — %)z (7w — x),
{ [a(x) = g()]z(x) + [g(m — x) — q(0)]z(n —x) =0,
[

gx) — q(mr — 0)]z(x) + [q(w — x) — §(w — x)]z(m — x) = 0; (4.10)
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_| 409-30  qm-0-q |_,
gx) —qm—x) q@—x)—gm—x)|
[q(x) — ()] - [g(mr — %) — q(m — )] = [q(m — x) — q(x)] - [(x) — q(7 — x)]
q(x)g(m —x) = q(x)q(mr —x) — gx)g(m — x) + g(x)q(w — x) =
=q(m—x)q(x) — q(m — x)q(m — x) + q(x)g(x) + g(x)q(T — x);
q()g(m —x) + g(x)q(m — x) = q(mw — x)q (7w — x) + q(x)g(x),
q()[g(mr —x) —q(0)] + q(m — D[g(x) — g(r —x)] = 0,
[q(x) — g(m — )] - [q(m — x) —q(x)] =0,
lqCx) —q(m—x)|> =0, => q(x) = q(r —x).
From (4.10) it follows that
[q() — q(0)]z(x) + [g(x) — q()]z(r — x) = 0,=>
[q() — g()][z(x) — z(m — x)] = 0,=> q(x) = q(x).
The proved Lemmas 4.3 and 4.4 yields the following theorem.

Theorem 4.1. If A,,# 0 and the following formulas hold
a)PL =L"P,
b) LQ = QLY;
then the operators L and L* take the following forms:
Ly = —=y" +qx)y, x € (0,m);

{% [y(0) +y(m@] +y'(0) =y'(m) =0,

A1y(0) + Azpy(m) — Ayyy'(m) = 0;

Ltz=-2z"4q(x)z x € (0,m);

{Ali_;f 3 2(0) — 2(m)] + 2'(0) + 2/ () = 0,

A142(0) + Dz,2"(0) + Aqpz(m) = 0;
where
1) q(r —x) = q(x);

2) g(x) = q(x),
3) (A12+A14) — Agp+Ayy _ Azptisy

A24 A24 A24
4) A14_A34 — (A14_A34) — A32_A12
A24 A24 A24

Further, from the formula PL = L*P we note that the operator L; = PL acts in the subspace H; =
PH_ where H = L?(0, ). Supposing,

u() = Py(o = XOTIIZD

we receive
y'(x)—y'(r—x)

u'(x) = >
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Then Theorem 4.1 implies

Liu=—-u"+qxuy, X € (0,%),

A, +A
W (0) + 22— 40) =0,

Bzy
T
u (E) = 0.
Similarly, supposing
z(x) —z(m — x)
U(x) = 2 )
we get
, zZ'(x)+z'(r—x)
v'(x) = 5 :
Then from Theorem 4.1 it follows that
A
v'(0) + 14A 20(0) =0,
24

L,y =—v" 4+ q(x)v, X € (0,%),

A —A
v'(0) + —=—225(0) =0,

From the condition 3) of the proved Theorem 4.1 it follows the following equality
A1z +A14= A1y — Azy
Supposing & = A,,, B = A, + A4, we rewrite the operators L, and L, in the form
Liu=—-u"+quy, X € (O,E),
2
{au’(O) + pu(0) =0,
i
w(3)=0;
vis
L,v =—v" 4+ q(x)v, x € (0,—),

av'(0) + Br(0) =0,
T
{ v(3) =0

If spectrum of the operator L is known, then by Lemma 4.2 spectra of the operators L; and L, are
known. It is obvious that they form the Borg pair in the interval [0, %] By the Borg theorem spectra of

these two operators uniquely determine the Sturm-Liouville operator on the segment [0, %], and due to the

formula g(x) = q(r — x), on all the segment [0, 7]. Theorem 4.1 is proved.
39
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OBPATHAA 3AJAYA OIIEPATOPA IITYPMA-JIRYBWJLIA
C HE PA3AEJTEHHBIMHA KPAEBBIMH YCJIOBUAMHU U CHUMMETPHYHBIM NIOTEHIIUAJIOM

Annoranusa. B garHOH paboTe A0OKa3aHAa TeopeMa €IUHCTBEHHOCTH MO OJHOMY CHCKTPY, A OHeparopa
IMItypma-JInyBHAT C HE PA3ACICHHBIMA KPACBBIMH YCIOBHAMHE H BEIICCTBECHHBIM HENPEPBIBHBIM U CHMMETPHYHBIM
MOTCHUHAIOM. METOX HCCICIOBAHHSA OTIHYACTCSH OT BCEX H3BECTHBIX METOJIOB, H OCHOBAH HA BHYTPCHHIOK
CHMMETPHIO OTICPATOPA, MOPOKACHHOTO HHBAPHAHTHBIMH MO IPOCTPAHCTBAMH.

Kmouensie ciopa: Omneparop Lrypma-JInyeumra, ciekrp, oOpatHas 3amava Lrypma-Jlnysmwura, Teopema
Bopra, Teopema AmbGapiymssa, Teopema JICBHHCOHA, HEPA3ACICHHBIC KPACBBIC YCIOBHS, CHMMCTPUYHBIN MOTCH-
oyajl, HTHBAPUAHTHBIC MOAMPOCTPAHCTBA.
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