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TO THE QUESTION OF A MULTIPOINT MIXED
BOUNDARY VALUE PROBLEM FOR A WAVE EQUATION

Abstract.It is well known that some problems in mechanics and physics lead to partial differential equations of
the hyperbolic type. A classical example of the hyperbolic type is wave equation. When posed, the task sometimes
lacks the classical boundary condition and the need arises to have a nonlocal boundary condition. Aim our work is
get D’ Alembert formula for mixed boundary value problem generated by a wave equation. In the classical case,
given D’ Alembert formula for boundary value problem generated by a wave equation. In our case, we must give
D’ Alembert formula for mixed boundary value problem. For this, we consider ordinary differential operator L
withnon—local boundary conditions. We search the solution of the wave equation like a sum with eigenfunction of
the operator £. There are we use that fact, that eigenfunction of the operator £ is Riesz basis in 12(0,1). Through
this method and calculation we get D’ Alembert formula.

Key words: D’Alembert formula, wave equation, mixed boundary value problem, nonlocal boundary
condition.

1 Introduction

It is well known that some problems in mechanics and physics lead to partial differential equations of
the hyperbolic type. When posed, the task sometimes lacks the classical boundary condition and the need
arises to have a nonlocal boundary condition (see, [2, 3, 4, 5]). A simple example of such nonlocal
conditions are multipoint conditions relating the value of the solution at the boundary points with the
values at some interior points. For example, we refer the readerto [6, 7, 8, 9, 10].

2 Main result
Let us consider mixed boundary value problem generated by the homogeneous wave equation

2y Tl 0,mbeEs (1)
with inhomogeneous initial data
Ux,0) = f(x),Us(x,0) = F(x),x € [0,1], 2
and with non-local conditions
U@,t) =0,%)_ U, (x;,£) = 0, (3)

where S = {(x,£):0 <x <[, t > 0},
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0=x9 <xq <...<xN=l,a0¢0,aN¢0,Z?’:0 a;=1, | <oo,

L is a rational number

the system of point {x; }?':0 on the segment [0, [] is chosen such that the relation

Xj+1
forallj = 0.
Also consider an ordinary differential operator £ with the expression
L) =—y"(x),0<x<bh, 4)
with non-local boundary conditions
y(0) =0, Z?’:o a;y' (%) = 0. ()

By {A,}7, denote cigenvalues of L, which are zeros of the characteristic function
d) = 3 ajcosVax;.

Theorem 1 A4 solution of the boundary value problem (1)—(3) has the form

x+i)+f(x—t
U(x, t) = I )+ /(C ) —f F(r)dr.
2 2 et
Proof. The system of eigen- and associated functions has the form
VA o
Kin(0) = 22 G k=01, m, — 1, (6)

which is the Riesz basis in L2(0, ) (see [1]). Here m,, is a multiplicity of the corresponding eigenvalue 4,,
forall n € N.

Using this fact, let us prove solvability of the problem (1)-(3). The solution of the problem (1)-(3) we
will seek in the view

U, t) = 3oy Thte ™ dien () X (%), (7)

where d,, is a coefficient of the Fourier decomposition of U, depends on second argument.

By differentiating twice respect to x (7), we get
e =3 T i () [~ 2 Xin (¥) — X1 ()] =

Yoy T [ A @ien (6) = dier 1,0 ()] Xpen (%), (8)

where d,, ,, = 0.
By differentiating twice respect to ¢ (7), we have

a%u -

= = T Tily i (O X (), ©)
By using the condition U (0, £) = 0, from (8)-(9) we take

Ay () = =2 dpn () — dys1,0(t), k < m,whered,, , = 0. (10)
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Use initial conditions (2):
U, 0) = X1 i7" din (0 X () = £ (),
Up(x,0) = X1 2y din/ (0)Xien (%) = F ().
We calculate Fourier coefficients using the biorthogonal system of {X},,, (x)} by formulas

din(0) = df, = [} FO R (X1,

' F b TN ()
dien’(0) = die, = [j F )y (x)dx.

Indeed, (10) — (11) is a Cauchy problem, and it’s solution has the form

dien () = df_cos At + dE, S”x_n_t IN S""Jj_z_it‘f)dkﬂmdg. (12)

Taking into account d,,, ,, = 0, for k = m,, — 1 we have

sin\//'l_t
dmn—l,n(t) = d{nn—l,ncos\/ Ant + dfnn—l'" \/)L_nn )

And for k = m,;, — 2 we have
Az (t) = a2, cos\[A,t +

¥ t P _
dfnn_z,nLﬁ_ﬂ_’”— fo M#dmn_m(t)dz

tsinVA(t —
= ncos\/_t —f ( fn_l,ncos\/ﬂ_ntdﬁ

sm\/—t fSlm/_(t_OdF sin\/thf
mp—1n
n— L \/Z

+dfnn—2n

We denote
sin /At
Con(6) = cos A, t, Sp (t) = ——,
n n n ,\/A_n

Cin (t) = — fo Mﬁwsﬁ%

Sin(t) = — fo Sm\/;E —4) S”j/\/__(

and

1 ak+

Ck+1,n (t) k' 6/1’“’1 COn (t) (13)
1 ak+

Sk+1,n(t) k' gAk+1 SOn(t)
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Therefore

_f F Sin./ Ant
dmn—z,n(t) = dmn_z,ncos,/ﬂnt + dmn—z,n \/En _

1w Cin(® = A1 S1a ().
Analogically for another k the function dy, (£) can be written as
din(®) = T2 [d],Gin(©) + A8 1cn (O]

By substituting found d,,,(t) in (7), we get

o Mp—1my—1

U =Y > > 1L Cin(® + dhS) en(OWien ()
n=1 k=0 Jj=k
o Mmp—1

By virtue of (6) and (13), we have a new presentation
my—1

o0 J
U(x,t)=; ; {d};;(]_l

1 7% sinfat 1 8% sinix
+dJF"20 o & Mok 3,

J J
2 - kn(OXen () +fy > SO Xin ()
k=0 k=0

1 9% sm\/_t
— (COS\/_LL) Tl aﬂ,k (W

Syne Sm‘/_t f c0s,/A,7d7, then

o Mp—1
sm\/_x
U(x, t)—E 2 J"]'Ek'(} BT J k(cos\/—t) /1"( \/Z

il j
f Z Z Ijl]lZ kl(] s ijk(cos\/_‘[)aﬂk(ﬂ?:/\g_n_x

And using Y1 _, CJU® (x)V =9 (x) = (UV)D, we take

o n—1 1 9/ f_ sm\/_x
U(X, t) = Zn:l ZT:O ]];1 jtaa ] (CO t

t my,—1 df 1 a/ sm\/_x
+ [, dtini X2y din ol (COS\[ A, T—==

(14)
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1o my—1 f 1 61 sm\/—(x+t)

J [ my—1 f EY 6] sm\/ﬂ(x t)

1t - muy—1 ;r 1 ol sinm(x#r)
tal deZis Xt dn g )

1 pt o my—1 dF 1 ol sm\/—(x -7)
+Ef0 dTZTL=1 2j=0 jn ], a)L] ( \/— )

So,

U t) =%, Xt df X ,n(x+t)+ Y It df X (x— 1)

x My i (15)
+- f“zn L X A X (T dT 42 [ Sy B df X ()

When 0 < x —t < x + t < b, then sums of series are coincides with the initial data

Yo Tt dl X (e + 1) = f(x + 1),
Yo, Xt dl X (x - £) = f(x - 1),

-1
Yie1 Dt A X (T) = F(1).
For0 < x —t < x+ t < b the solution is well-known D’Alembert formula

+)+flx—t
[a+0 /=0, Z,L_tF(T)dT'

Thus, the formula (15) can be interpreted as a generalization of the D’ Alembert formula for arbitrary
0<x<ht=0.
As a result, we conclude

Ux, ) =

f(x+t)+f(x—t)+1fx+t

5 F)dr,

Ulx,t) =

N

x—t

where f(x) and F(x) extended from the segment [0,{] to the whole real axis by the analytical
continuation of the basis system
1 0% sin /A x

K192k m

Since {X},, (%)} is defined on (—oo, +00), then we can always to continue functions f(x) and F(x)
outside of the segment [0, []. From [1] follows that the system {X,,, (x)} is Riesz basis in L,(—o0, +00).

{an (x)
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TOJKbIH TEHJAEYI YIIITH KOII HYKTEJII
APAJIAC IIEKAPAJIBIK ECEIT

Annoramusa.Mexannka MCH (DH3HKAHBIH KeiOip ecentepi AepOec TYBHABLIB TU((PCPESHIMAIIBIK TCHACY ICp-
JiH THICPOOIAIBIK TYPIHS ABIN KeIeTiHi Oearim. [ umepOonamslk TCHACY NiH KIACCHKAJIBIK OKiTiHC TOIKBIH TCHACY1
skaramel. Kelime ecem merapy OapbICHIHIA TCK IMCKAPATBIK IMAPT SKCTKLTKCI3 O0Jabl, COHIBIKTAH KOCHIMIIA
JOKAJIIBI eMEC MEKAPABIK IAPTTA KOAAAHBUIAABL. Bi3aiH >KYMBICTBIH MAKCAThI TOJKBIH TSHACY1 APKBUIBI TY BIHIAFAH
apamac mekapaiblk ecentiH JamamOep (opmymaceiH Tady. Kmaccmkama TOMKBIH TCHACY1 apKBUTBI TYBIHAAFAH
mekapaibeik ecen ymid Jamamoep gopmynace: OepinreH. bi3 apanac mekapamsik ecen ymiH JamaMoep GpopMy aachH
1aby kepekmi3. O ymiH 6i3 xockiMma LanddepeHunanasK onepaTopsH KapacThipambis. Ce6ebi 6i3 memivmi L
ONCPATOPBIHBIH MCHINIKTI (DYHKIMAIAPBI ApKbUTBI KYPBUFAH KaTtap apkeutel i3zeiimiz. bi3 Oyn sxepae L
OTEPATOPBIHBIK MEHIIKTI (yrKmusmapsr L2 (0, DxenicTirinae Puce 6asuchkr 60naThiHbH naldaananams. Bis ocer oic
JKOHE ecenTeyiep apKeuthl JamamOep (hopMyIachH aTaMBbI3,

Tyiiin ce3aep: JamamOep (GopMyIachl, TOAKBIH TCHACYI, apajac MICKAPAIBIK CCCI, JOKAJIIBI CMCC MICKAPABIK
[IapT.

B. Bex6onar’, B. Kanryxun®, H. Tokmaramoeros’

L23KasHY um. Amp-Dapadu, Ammarsl, Kazaxcran,
[ eHTCKHi YHHUBEpCUTET, [ eHr, benrus;
L2 YUHCTHTYT MATEMATHKH M MATEMATHYECKOTO MOCIHpoBaHms, Anvatsy, Kasaxcrau

O MHOTOTOYEYHOM 3AJIAYE CMEIIIAHHOM I'PAHAILBI
1A BOJTHOBOI'O YPABHEHU A

AHHOTAIHSL. XOPOIIO H3BECTHO, YTO HEKOTOPHIC MPOOIEMBI MEXAHUKH M (DH3HKH MPHUBOAAT K YPABHCHUSIM B
YACTHBIX IPOM3BOAHBIX THIEPOOIMUECKOT0 THHA. KIIacCHYECKMM NIPHMEPOM THIEPOOTHYECCKOTO THUIA SBILIETCS
BOITHOBOE ypaBHEHHE. [IpHm IOCTAaHOBKE 3ala4ydM HMHOTJA HE XBAaTACT KIACCHYECKOTO TPAHUYHOTO YCIOBHS, H
BO3HHKACT HCOOXOIMMOCTh MMETh HETOKAILHOC IPaHUYHOE ycioBhe. llemp Hamed paboTsI - momyunuts GopMyIy
JanamOepa 1711 cMEIaHHOHM KpacBoil 3a4a4H, IIOPOKICHHOW BOHOBBIM YPaBHCHHEM. B KI1acCHYecKoM ciydae JaHa
(dopmyma Jlamambepa 11 KpacBOl 3a1a4d, MOPOKACHHAS BOJHOBBIM YPAaBHCHHEM. B HamieM Ciiyuyae MblI JTOJGKHBI
mats ¢Qopmyny J[amamOcepa mid CMCIDAHHOW KpacBOHW 3azaum. J[iA 3TOTO pacCMOTPHM OOBIKHOBCHHBIH
muphepeHEaTbHb onepatop L ¢ HETOKAJNGHBIMH TPAHHYHBIMH YCIOBHAMH. MBI HIIEM PEIICHHUE BOJHOBOTO
YPAaBHCHHA KAK CYMMy C COOCTBEHHOH (yymkmueil omeparopa L. Mbl HCIONB3yeM TOT (DAKT, 9TO COOCTBCHHAS
(yHxius oneparopa L spaserca 6azucoM Pucca B L2(0,1). C IOMOIIBIO 3TOr0 METOAA H PACcueTa MbI HOIyYAEM
dhopmyny damamoepa.

Kmouessie cioBa:®opmyna Jlamambepa, BOTHOBOEC YpaBHCHHE, CMEIIAHHAS KPacBasl 3a7ava, HEJIOKAIBHbIC
KpaeBbIC YCIIOBH.
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