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HIERARCY OF WDVV ASSOCIATIVITY EQUATIONS
FOR n=3 AND N =2 CASE WHEN /, =0

WITH NEW SYSTEM a,.b,.c
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Abstract. We investigate solutions of Witten-Dijkgraaf-E. Verlinde-H. Verlinde (WDVV) equations. The article
discusses nonlinear equations of the third order for a function f = f(x,t)) of two independent variables x,t. The
equations of associativity reduce to the nonlinear equations of the third order for a function f = f(x,t)) when
prepotential F dependet of the metric 1. In this work we consider the WDVV equation for n = 3 case with an
antidiagonal metric 1. The solution of some cases of hierarchy equations of associativity illustrated. Lax pairs for the
system of three equations, that contains the equation of associativity are written to find the hierarchy of associativity
equation. Using the compatibility condition are found the relations between the matrices U, V,, V;. The elements of
matrix V, are found with the expression of z; and independent and dependent variables for the matrix V. Also
solving elements of matrix V; expressed through y;; and independent and dependent variables for the matrix V,. We
accepted that elements of matrix V, are zero. In the physical setting the solutions of WDVV describe moduli space
of topological conformal field theories [1, 2]. Let us introduce new variables a, b, ¢. In the above variables the
nonlinear equations of the third order for a function f = f(x,t)) we rewritten as a new system of three equations.
Expressed are variables a; ,b; ,c; of three equations are written with the help of matrix elements z; ,yj;.

Key words: cquations of Witten-Dijkgraaf-E.Verlinde-H. Verlinde, the equations of associativity, nonlinear
equations of the third order, antidiagonal metric, the Lax pair, the compatibility condition, independent elements,
dependent variables, system with equations.

Introduction. The WDVV equations, in general, have the following form [3, 4, 5]:
o’F  ,, OF o'F ,, OF
i i n kaer - Ak n i 72
ot'ot’ot” ~ ot'orot”  or'orort T ot'otiot

Vi, j k,re{l,..n},

where /7 is a prepotential, 77 is a metric. The coordinates f " can be linearly rearranged so that the
metric, 77, is antidiagonal [6], i.¢.

77:

— O O
o = O
o O =

In this work we consider the WDVV equation for #7 =3 case with an antidiagonal metric 77 [7]. In

this case, two types of dependence of the function /' on the fixed variable f " were found by Dubrovin
[8, 9, 10] which are
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1 1
F=={"Yr+=1'E)Y+ f{,0) (1)
2 2
and
1
F zg(ﬂf +1'07°0 + £(2,0).
For these cases the equations of associativity reduce to the following two nonlinear equations of the
third order for a function f = f(x,f)) of two independent variables (X = ¢ 2,1 = ):

fm - f cht - f xxxfxtt 2

f xxxfm - f xxtfxtt - 17
correspondingly.

The function F in equation (1) has the form from the law of multiplication in the three-dimensional
algebra A with the basis €, = 1, ¢, ,e;5 [3]. Every basis is a complete uniformly minimal system [11].
In this work, we consider the solution (1). Let us introduce new variables @, b, ¢ as follows [12, 13]:
a—= xxx?2 b:](xxt’ c— xtt”

In the above variables the equation (2) can be rewritten as a system of three equations as follows:

and

a = b,
bt = C,, )
¢, = (b'-ac),.
The Lax pair for the system (3) is given by [8§]
¥ o= AUY,
¥ o= Y, @
where U is given by
010
U=|b
c b O
and J is given by
0 0
V= ¢ b
(b*—ac) ¢
The compatibility condition for the system (4) is given by
v, =V,
U] = o.

In the following sections we work with the new system (3).
Methods. The solution to a hicrarchy for N =1 case corresponds to the system of equations (3).
Hierarchy for N =2 case when V, #0 is given in the work [14]
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In this section we consider a hierarchy for N =2 case when Vo =0 and the following system

a = &b +&kF,
b, = g tedd., o)
¢, = g(b*—ac) +¢e,G..

The Lax representation of the above system is same as before in the work [13].
In particular, for N =2 case when Vo =0 we have
Y = AUY,

X

Y= (A, + AP =0

The compatibility condition of (4) is given by
AU, =V + A[U,V]=0.

The compatibility condition of the Lax representation is given by the system

w.r,] = o 6)
Ul = I/lxﬂ (7)
v, = o] (8)

Statement of problem. We first consider the second equation of the system and let Vl to be given by

Y Y Vi
M= Ya Vo Va|
Yai Vo Vs

From the above system it follows that }),,Y)5,Y)3,)03, )33 are constants w.rt. X. Writing a

system with equations for &, ,bt ,C, only yields

a, = Vo
by = Vi
o ©)
T Ve
G T Ve
Now we equate similar terms in the systems (5) and (9), i.e. we have a system
a, = Yp.=&b 4L,
by = yy.=EC +EH,
(10)
by = yn. =& t&H,
_ _ 2
ct - y31x - gl(b - ac)x + EZGx'

Scheme of the method and reduction to equivalent problem. From the above system (10) we find
the following

— | ——
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VY, = gb+e&F,
Vo = Eetegl,
Vo = getgdd,

Yy = gl(b2 —ac)+&,G.
Thus the matrix Vl has the form

Y M2 M3
V.= gc+e,H gb+e,F ¥y, | (11)
g0’ —ac)+e,G ec+e,H y,

Now we solve the equation (6). Denote V2 as follows:

Zn 4 43
Via=| 2y Zn Zm |,

Z31 232 233

Plugging U , V, into (6) we obtain the following relations:

2y T Zips
Z3n T 4y
Zy T Iy
Hence, we are left with the equations
Zyy = B, k62,
g By +F Oy, + D2y,
B cz,, +(b* —ac)z,.
Thus the matrix V2 has the form
n Z12 213
V,= bz, + ¢z, z,+az,+bz, z,
cz, +(b* —ac)z, bz, +cz,, Z,

Hence, only Z;,,Z;,,2;; are independent elements of V), , and the other elements can be written in

terms of them.
Now let us find the elements of Vl in (11). To do so we use the equation (8). First we evaluate

[w.n]-

We have elementwise yields the following system:
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11: z, =gc+e,H—-by,—cy;,

120z, =gb+e,F -y, —ay, — by,

130z, =Yy — Y,

21: bz, +bz,, +c .z +czy, =by, +a(ec+e,H)+(g,(b” —ac)+e,G)—b(gh +e,F)—cy,,,
220 zyy, +a.zy +azy,, +b,zy5 +bzyy, = by, — by,

23z, by tay, tyy —(eb+e,l),

310 ez, +ezp, + (b —ac),z;; + (b’ —ac)zyy, = ¢y — Yy,

32: bz, +bz,, +c.z,,+cz5, =y, +b(gb+e,F)—(g,(b° —ac)+¢e,G)—ale,c+e,H)—by,,,
33: z,, =c¢y,; +by,; —(sc+e,H).

Now let us express £,C+&,H . £b+&,I", V,; inthe element 11, 12, 13 of the above system.

gcteH = z,,+ by12 + Vi3,
glb te, ' = z, tytay,+ by13:
Yz = Iyt

Now let us express &; (b2 —ac)+ &, in the element 21 and substitute the values for £¢ + &,/
Leb+&L, v,

2 _ 2
g(b" —ac)+¢e,G=bz,+bz, +c.z,+2cz, —az,, +bz, +(b"—ac)y,+cy,

Now let us express )35 in the element 23 and substitute the values for g0 +&,F, V,,

V33 =220, — Az +
Hence, dependent elements of Vl are given by:
g(b*—ac)+&,G=b_z, +bz, +c.z,+2cz,. —az,, +bz,. +(b* —ac)y, +cy,,
gc+&H =z, +by, + ey,
b+ "=z, + ¥, +ay, +bys,
Vs T Zize T Vi2s

Vas =225, — 0z, + Y.

(12)

Now let us rewrite the element 22 by substituting the values for }/,;. So we have

Z, +2bz,. +a.z,+az, +b.z,=0
Now let us rewrite the element 31 by substituting the values for )55 . So we have
.z, +3cz,, + (b —ac), z,, + (b* —2ac)z,,, = 0

Now let us rewrite the element 32 by substituting the values for Elb * 8,0, B (b2 —ac)+¢,G,
gc+&,H, y,;. Sowehave

2b .z, +4bz,, +2c z,+(Bc—ab)z, =0
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Now let us rewrite the element 33 by substituting the values for V,;, £C+ &,H

2z, —bz;,=0
Also, the independent vanables Z,,Z;,, Z;; of the matrix V2 have to satisfy the following system of
equations:
2y, +2bz,, +az, vaz, +bz, = 0,
.z, + 3¢z, +(b* —ac) z, +(b* - 2ac)z,, = O, o)
2bz,+4bz, +2c.z,+(Bc—ab)z,, = 0,
2z — bz, = K
From the above system (13) it follows that
[ 4ab-2ab, 4bb_ - 2ac, (14)
2130 2 Zpt 2
3ac—a’b—10b" 3ac—a’b—10b"
c, b’- 2ac  4a.b-2ab, b> —2ac  4bb_-2ac, (b* —ac),
2oy = TS 3 - : = = z,, (15)
3¢ 3¢ 3ac a’b —10b° 3¢ 3ac—a*b—-10b 3¢
Results. Using necessary terms in the system (12) in (10), we obtai
axZISx
a, T+axy12 +bxy137
b
b= Ryt (16)
ab 5
¢, = b.z,+3bz, +c z5+(ab+3c, _TX)ZISx —a.z,, +(b"—ac),y; +c.y,
We plug Z,,,., 21555 213, 10 (13), (15), (14) into (16) and obtain the following equation
a0 - 2])012 aab, 2bab, —aac, . b 2
! Sac—ah—106" | 3ac ab_10p 1 TR TN
b = 2bab, ab2 2bb2 abc, by te
! Sac—a’b—106 | 3ac Fb_105 [ TGN
R _bxc Sabeab, —4b’a b, +2ab’b’ —3a’ch; +2b’ca’ +12bcac, —6ache, (17)
! Y ooc 3ac® —a’be-10bc e
N (c b.(b* —ac), 6011)0&;2 4’b; +2ab’bc, —3a” cb c, +2bzccgcb +12bchc, —abeqe, —6acc ]Z
o 2 o 13
c abe—10h7c

+ (b2 —ac), Y3+,

Conclusion. The solution to a hierarchy for N =2 case when system is given by (5) corresponds to
the system of equations (17).

So, we considered of some cases of hierarchy of WDVYV associativity equations. Lax pairs for the
system of three equations, that contained the equation of associativity written to find the hierarchy of
associativity equation. Using the compatibility condition are found the relations between the matrices U,
V.. V,. Thus, we obtained the elements of the matrices V,, V, for case N = 2 when V,=0 and the above

system at,bt,ct. It was found, that only z;; ,z;; ,z;; are independent elements of V,, and the other

clements can be written in terms of them. From the above system it follows that },;, V2, Vi35 V235 Va3
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are constants w.r.t. X . It is found, that yy;, y12, v15 are independent elements of V;, and the other elements
can be written in terms of them and z;, z;, z;3. Expressed are variables abi,c; of three equations are
written with the help of matrix elements z;;,y;;.
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BR05236277 "Investigation of some problems of astrophysics and cosmology in the framework of the
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JLH I'ymunes atsiamarst Eypasus yITTHIK YHABEPCHTETiHiH JKATITBI
JKOHE TCOPHATBIK, (pr3uKa kaeapacsl, Actana, Kazakcran

n =3 %KOHE N = 2 /KAFJIAWIAPHI YIIIH EHT3TIBUITEH KAHA KYHE a,,D,,C, V=0
BOJIFAHIATEI WDVV ACCOIIHA THBTLIIK TEH/IEYIHIH HEPAPXWSICEI

Annortamus. bepinren makanaga Burren — Jumxkrpad - E.Bepmunge - I'.Bepmuune (B/IBB) tenneynepi
3eprreneni. byn xymbicTa X, t Tayencis aiHpMamsrIapbiHAH TypaThiH f = f(X,t) QyHKOWIACH yOnH yoniHmi perTi
CBI3BIKTHI €MEC TCHICYJICP TAJNKbUIAHAABL Tayencis X, t altHpIManbuapsiHae TypartsiH f = f(X,t) pyHKIDLACH ymIiH
YIIHIII PeTTi CBI3BIKTBI eMec TeHzeyiep F moTreHmmamsl 1 METpHKAachIMECH OaHTaHBICTHI OOIFaHJA KENTIpiIes.
CoHpIMEH KaTap acCOIMATHBTLNK TCHACYJICP HMCEPApXISCBIHBIH  OipHEmeE  mNIemnMzaepi  CHIATTaNaubL
AccoumMaTHBTLIIK TEHACYJIEPIHIH HEPAPXMACHIH Ta0y MAaKCAaThIHAA ACCOLMATHBTLIIK TCHICYJEPIHEH KYpalfaH
TEHACYJICP KyHeci ymuiH JIake sxymrapsl ska3pumabl. CoHKECTIK MAPTHIHBIH KOIIAHY apKeuisl U, V,, Vi MaTpuIamape
ApACBIHAAFBl KATBHIHACTAD AHBIKTANABL 7 APKBUIBI 6PHEKTEAreH V. MAaTPUUACHIHBIH 3JCMEHTTEpPI MeH Vs
MAaTPHUACBIHBIH TOYEIIl KOHE TOYEJICi3 alHBIMANBIIAPBI €CENTETIHL. Yij APKBIIBI OPHEKTENreH V| MAaTPHIACHIHBIH
3MEMEHTTEPI MEH V| MATPUIACBIHBIH TOYENAl JKOHE TOyeJsCci3 aWHbIMambIIapbl TaObuimel. COHBIMEH Karap Vi
MATPHIACHIHBIH 3JEMCHTTEPI HONTe TEH Jcm anbHAbL Dm3mkamelk Konmawsulyaga WDVV  accommaTuBTimik
TCHJCYHIH IICIIiMi OPICTIH TOIOJOTHAIBIK KOH(POPMABIK TCOPHSACHIHBIH MOIYIbACPIHIH KCHICTITIH CHIIATTAHIBI.
Xana aitapiMamsrnap exrizinren. XKana aftmpvaneiiapaa f=f(x,t) QyHKOMsICH YINiH YONHON PETTI CBHI3BIKTHI EMEC
TEHJEYJIep JKaHA sKylie apKelibl skaselaFaH. TeHaeymep sKyWeCiHEH TyparhiH a;, by, C. aliHBIMAIBLIAPH Zjj, Vi
MATPHIABIK STICMCHTTCP] APKBLTHI OPHCKTCIIIT YKA3BLIIBL.

Tyiiin cesznep: Burren-Jduwmxrpad-E Bepmunae-I.Bepmiaae Tenaeynepi, acCOMMATHUBTIMK TEHACY], YINIHMI
PCTTi CBHI3BIKTHI €MEC TCHACYJICP, AHTHAMATOHAS MCTPHKA, JIAkC >KymTapsl, YHICCIMAUTIK IMAPTHL, TOYCICI3
3JCMCHTTEP, TOYCIAI AaHHBIMANBLIAP, TCHACY ISP KYHECI.

YAK 517.9: 515.16
MPHTH 27.31.21

A.A. Kaxpipanona'

"Kageapa obmeit i TeopeTHUeCKoH (r3uki EBpasuiickoro HAIMOHATLHOTO yHHBepcHTeTa nMern JI.H.['ymuesa,
Acrana, Kazaxcran

WEPAPXWS1 YPABHEHHI ACCOIIMATUBHOCTH WDVV
JUTS CJIYYASI n =3 H N =2 ITPH V= 0 C HOBO# CHCTEMOH ¢, ,b, ¢,

Annorammusa. B pmamnolt ctarbe mcchaeayroorcsa ypaBHeHuS Burrena-Jmmxkrpada-E.Bepmuaae-I'.Bepiurae
(B/IBB). B paborte 00CyXITaroTCsi HEIMHEHHBIC YpaBHEHHSI TpeTrbero mopsaka mml ¢yekumu f = f(x,t) asyx
HE3aBUCHUMBIX NEPEMCHHBIX X,t. YPAaBHCHHS ACCOIMATHBHOCTH CBOZATCS K HEIMHCIHHBIM YPaBHCHHSIM TPETHETO
mopsimka ana gyskmmm f = f(x,t) xorma morenmman ¢yHxkum F cBszaH ¢ merpukoit 1. B aroit pabote
paccMarpuBaerca ypapacHHe WDVV mig ciyuasd n = 3 ¢ aHTHAHATOHATBHOH METPHKOH 1). OMHCAHO PCIICHHUC
HEKOTOPBIX CIIyYacB HEPAPXHHM YPAaBHCHHI AaCCONMATHBHOCTH. /I HAXOKICHHSA WEPapXHH YPaBHCHUH
acCOUMATHBHOCTH OBUIH 3aIMCaHBI Maphl JIakca A7 CHCTEMBI U3 TPEX YPAaBHCHUI, KOTOPAs COACPIKUT YPABHEHH

— ) ——
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accoumatuBHOCTH. C MPHMEHEHHEM YCIOBHS COBMECTHOCTH HAWACHBI COOTHOIICHIUS My MaTpuuamu U, V,, V.
DBeinn BEMHCIEHBI 37€MEHTBHI MATPHUBI V), BBIPAKCHHBIC 4Yepe3 Zij, HE3ABHCHMBIC H 3aBHCHMBIC TICPEMEHHBIC
MaTpHupl V,. Takke ObUIM HAHACHBI 3IEMEHTBI MATPHIBI Vi, BHIPAYKEHHBIE YEPE3 Y , HE3ABHCHMBIE U 3aBHCHMBIE
MEPEMEHHbBIC MATPHUIBI V). DIEMEHTHI MaTpuIlbl Vo paBubl 0. B (Qu3mieckoM NMPHIOKCHHY PEIICHHUE YPABHCHH
accommaruBHOCTH WDVV ONHKCHIBAET NMPOCTPAHCTBO MOAYJICH TOMOJOTHYECKUX KOH()OPMHBIX TCOPHI IOIS.
BBencHbl HOBBIC IIEPEMEHHBIE a, b, C. B HOBBIX NEPEMECHHBIX HEIMHCHHBIC YPABHEHMS TPETHETO MOPSIKA AT
¢yuxmum { = f(x,t) 3ammcans! yepe3 HOBYHO CHCTEMY TPEX YpaBHECHHH. BrIpakeHHbBIC IEPEMEHHBIE a;, by, C; CHCTEMBI
U3 TPEeX YPAaBHEHHH OBIIH 3aIMCAHBI YEPE3 MATPHYHBIE JIEMEHTHI Zjj, Vi;.

Kimouesnie ciioBa: ypapaeHus1 Burrena-lwxrpada-E.Bepmaae-I". Bepnaunae, ypaBHEHUSI aCCOIMATHBHOCTH,
HCNIMHCIHHBIC YPABHCHUA TPETHETO MOPAAKA, AHTHIUATOHATIBHAA METpHKA, Hapsl JIakca, yCIOBHE COBMECTHOCTH,
HE3aBUCUMBIC JICMEHTHI, 3ABHCHMBIC ICPEMCHHBIC, CHCTEMA C Y PABHCHUSIMH.
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