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PROBLEM FROM THE THEORY OF BRIDGE EROSION

Abstract. In this paper, we represent the exact solution of a two phase Stefan problem. Radial heat
polynomialsand integral error function are used for solving bridge problem. The recurrent expressions for the
coefficients of these series are presented. The mathematical models describe the dynamics of contact opening and
bridging.
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Introduction

In considerence the heat transfer, the shape of the liquid bridge plays an important role. The
overwhelming majority of researchers proceed from the fact that the visible part of the bridge has the
shape of a cylinder whose axis is directed perpendicular to the plane of the electrodes [1]. In the general
case, in the result of the action of surface tension and the pinch effect, the bridge takes the form of a
certain surface of revolution about the z- axis. In this problem, we consider a symmetric model of the

bridge, where the shape of the bridge is described by a surface y(z,7) = 2% Fora liquid bridge in we
consider the generalized heat equation for and for solid contact we use the spherical Holm model [2].

Preliminaries
The fundamental solution for the equation
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can be obtained by the solution of this equation with the initial condition containing delta-function using
the Laplace transform in the form [3]
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If we consider the corresponding heat potentials for this solution
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and integrating by parts we obtain the explicit formula for the heat polynomials
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It is more convenient for applications to multiply both sides of this formula by ———.
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Mathematical model
The heat equations for each zone are
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with boundaryandinitialconditions:
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The Stefan’s condition
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Method of solution
We represent solution of the problem (6)-(15) ii the form
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Where ¢, = ;
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andcoefficients A4 ,C ,D, ,E ,G have to be determined. Free boundary [(¢)represent in the form

1 p) =% 1%

Using the boundary condition (10) we get

Jand gn,k,l =
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Taking into account that «(¥) is given and using properties of raising the power series to a power[3]
a)" = T pla),t” (20)

Where coefficients S, () determined by
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Substituting the formula (20) into (19) we obtain
S 4,38, (n-k) = fle), " =F(@) @

F(t) is given, can be expanded in Maclaourin series thus to derive A, we take both sides of (21), /-

times derivative atf = 0 we have

I o]
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where
1
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from (22) we can find 4, .
Satisfying the boundary conditions of conjugations of temperature (11) and heat flux (12) we get
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from taking the m - times derivative of (23) and (24) we get

Amgm,m = i:z;‘n Ci.gi,m2r02n72m (23*)
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From expression (13a) when we put 7 = £(f) we have
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Multiplying both sides of (26) by [(7) we get
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To comparing coefficients in (27) we applyLeibniz, Faa Di Bruno’s formula and Bell polynomials.
Using Leibniz we have
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Using Faa Di Bruno’s formula and Bell polynomials for a derivative of a composite function we have
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and j,, J,,...satisfy the following equations
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by taking both sides of (27) / -times derivative at 7 = 0 we get
B B

Z ané/n,i,Zn(ﬁ)l—Zi,i,Z + Z ané/n,i,Zn(ﬁ)l—Zi,i,Z +
i=0

n=0 n=|:
22n+ll! [-2n-1

Dn m ; (l~2n+l—merfc(—71) 4 (_1)2n+1—m e"’fc(ﬂ)jﬁl_z”_l,m = Hml'ﬁl

from (28), (23*) and (25) we can findC and D, .
By the properties of Integral error functions [6] and condition (9) we get
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Suggesting that the initial function can be expanded in f(r) = X f—'(o)r”
=0 n!

we have




H3zeecmua Hayuonanvroti akademuu Hayx Pecnybnuxu Kasaxcman

2 /0 00
" (2n+1)! 2n!

n

From condition (13b) we have
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where

As previously by taking by both sides of (30), / — times derivatives at 7 = Oby using Leibniz, Faa Di
Bruno’s formulas and Bell polynomials we have

b a
ZE Zg“n,m(ﬁ)l 2ii2 T Z Zgnzzn(ﬁ)z 2iin T

n=0 i=0
n=|
5

22n+1 Z | [-2n-1

G gy &5 (P80 + O erfoE) o =0y 0

m=l

From expression (29) and (31) we can find £ and G,

Satisfying Stefan’s condition (14) and substituting
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multiply both sides of (32) by ﬂ(‘[ ) and using conditions (13a), (13b) we have the following expression
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where

w(r)=ﬂ'(r)ﬂ(r)=%%ﬂ2(r)
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For / = 0 we have
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B
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From this recurrent formula we can express ﬂn :

Conclusion
To summarize, the coefficients A ,C ,D E G are determined from equations

(22),(23%),(28),(29).,(31) and (25), the moving boundary ﬂ(f ) obtained from equation (34). For the

convergence of temperature functions 8,6, ,6, , it is possible to follow the idea proposed in [6].
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C.H XapI/IHl’z, C. A Kacaﬁel«z’:’, M. Casmxan®

! MaTemarika oHe MATEMATHKATBIK MO/JIeNbJIey MHCTUTYTHL, AnMatsl Ka3akcTam,
2 Kazakcran-bpuranTexrmkansik Y auBepeuteTi, AmvaThel KazakctaH,
3 Cynetivan JlemupenyHusepenteri, Kakenen, KasakcTaH

KOIIIP 3PO3UACBIHbIH TEOPUA ECEBI

Annorarmus. Ocel Makanaaa 613 eki dazanpK CTedaH MaceleciHiH a7 IMIENMIH YehHAMBI3. Keltip MaceleciH ety
YIIHpa A bl JKbUTY TIOMTUHOMBI JKoHEe MHTETPATIBIK KaTeTiIQyHKIVEICH KomaaHbmaasl. Ockl KKkTapiaapapH koddurmentrepi
YIIIH KalTalaHaThH 6pHEKTep YCHHBITFaH. MaTeMaTHKAIbIK MOIeNbep GallTaHbICTHIH alibiTy YKoHE KOTIPIIKTI JUHAMUKACHIH
cHITaTTal B

Tyiiin ce3mep: paguaiIb! XKbUTY TOTMHOMBLCTedaHpotieMachl, MHTerpal

C.H XapI/IHl’z, C. A. KacaGex?®, M. Caasimxan®

'MHCTHTYT MaTEMATHKY ¥ MATEMATHUECKOTO MOICTIPOBAHIL, AMMaTh! Kazaxcran,
? KazaxcTaHcko-BpuTaHckuit TexHMUecKiii YHIBepCcHTeT, AMaTel KazaxcTaH,
3 Vamepcurer umenn CyneiiMana Jlemupens, Kackernen, Kasaxcran

3AJTAYA 3 TEOPHHY MOCTHKOBOM SPO3HI

AnHoTanust. B Hactosmie#t paGore MBI IpejicTaBisieM TouHOe pereHue JByxdasnoit 3amaun Crtedana. s pemeHus
JIAHHOM 3a7laud HCIONB30BAIM PEIIEHHE B BHJE DPa/MAbHBIX TEIUIOBBIX IIOMMHOMOB M HHTEIDAIBLHON (QYHKIMHM OIHMOOK.
IIpuBojsTCS pEKYppEHTHBIE BBIpaXKEHUS I KooQMIMEeHToB psaja. MaTeMaTUUecKHe MOJICNH OIMCHIBAIOT JUHAMUKY
Pa3MPbIKaHUS METATIMUECKUX KOHTAKTOB.

KitoueBble ciioBa: pajuaibHbIe TEIDIOBBIE TIOMMHOMEL, IIpobiema Credana.
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