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MATHEMATICAL MODELING OF THE PROBLEM OF OPTIMAL
CONTROL OF ELECTRIC POWER SYSTEMS

Abstract: The problems of optimal control of nonlinear ordinary differential equations systems are considered
in this paper. The considered mathematical model describes the transient processes in the electric power system. And
the problem of optimal control of electric power systems is considered in more detail. Numerical experiments have
shown that the control found is optimal for the given problem.
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1 INTRODUCTION

The proper functioning of ¢lectric power systems (EPS) as an important component of large energy
systems forms one of the successful development foundations of the country's economy as a whole. The
presence of not only technical but also economic aspects of reliability predetermines the complexity of
studying the above objects and their interaction with other components of the economy and the social
sphere in order to determine the best control actions to achieve economic benefits and to maintain a
constant readiness of the energy systems to overcome the threats to their normal functioning arising in
periods of economic, political crises, in case of catastrophes, disasters, etc.

The importance of the problem of optimal control of processes in various fields of science and
technology is well known[1-6]. It also has great importance for electric power systems. Without a reliable
solution to this problem, reliable and high-quality supply of electricity to consumers in virtually all sectors
of the national economy is impossible.

2 Mathematical model of unsteady processes in the electrical system

One of the mathematical models that describes unsteady processes in an e¢lectrical system is the
following system of differential equations|1-3]:

ds,
—=g,
dt
ds, B s . L .
Hl.Tt’ =-D.S,—EY,sina, — - P,sin(6, —a,)— Y P,;sin(5, —a;)+u, (b
yEL Ei
8, =0, -9, b =EUY, ., Pz‘j = EiEjYi,j,

where — angle of rotor rotation of the i-th generator concerning some synchronous rotation axis; - slide of
the i-th generator; - the inertia constant of the i-th machine; mechanical power, which are brought to the
generator; - EMF of the i-th synchronous machine; - mutual conductance of the i-th and j-th branches of
the system; U=const - bus voltage of constant voltage; - characterizes the connection (conductivity) of the
i-th generator with the buses of constant voltage; - mechanical damping; — constant values that consider
the effect of active resistance in the stator generator circuits. .

Let the state variables and control in the steady-state post-emergency condition have the following
values:
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Si :O’ 5]_ :5l_f, 7/[1. :ul.f, lzl,l (2)

In order to obtain a perturbed motion system we proceed to equations in deviations, assuming

u, :uiF +Aui7§i :§iF +A§iaSi :ASi:i:L_l

3)
Further, for convenience, we again denote by and use the formula
sin(5 iy ) = cos, sino ,—sina ,€osS
from the system (1) we obtain
do,
—1_g,
dt
as. 1
—t=—(=D.S, = f,(8,) =~ N,(6) + M, () +u,)
dt H, @)

i=111te[0,7]
Where
£,8) = Psin(8, + 67 —a,) —sin(57 —a,)}

N(6) = zl: I fsin(s, +67)-sin(5)]

j=lLi#j
!
M (8)= >.T; [cos(él.j +6,)—cos(5; )],
j=lLi#j
I', =P cose,, I’} =P, sina,,

Note thatsince P; = P, , then

jiz
1 g1 2
r,=r,r;=rI;
Controls #,,i =1,/ are chosen so as to compensate for the non-conservative term - M, (5),i =1,/
ie.

u =v. —M,(8),i=11 (5)

2.1 The problem of optimal control of electric power systems
We consider the following problem of minimizing the functional:

i T
JWV)=J(v,,..,v,) = O.SZI(W% Sf + vaviz) **expl{y ydt + A(S(T),S(T)), (6)
i=l ¢
under conditions
a5,
dr
as.
H,-T;:_Disi_ﬁ(5i)_Ni(5i)+Via @)

0=(5,,.,9,),5 =(5,,5,,..,5,))
where
!
£.6,) = Pin(5, + 87 —a,)—sin(s” —a)| N,(8)= 3P, cosar,[sin(5, +57) —sin(5))] and
j=lizj
wg,w, - positive constant weight coefficients, F,(6,) -2~ periodic continuously differentiable
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functions, N,(6) -2~ o, , with respect to

Periodic continuously differentiable functions with respect to ¥’
the summand N, () the integrability condition is fulfilled

ON,(8) _ ON (&)

Vi #k),
0o, 00, 8)
T - the transient period is considered given.
The equations system (7) is supplemented by the initial conditions
0,(0)=05,, S0)=S,, i=1.,0L 9)

Terminal values 6 (7), S(T) are not known in advance, so they are also subject to definition.
The following theorem is valid.

Theorem 1. In order that the controls V,-O S)=——7-5,, i= fl and the corresponding solution of
w,

the system (7)-(9) be optimal, it is necessary and sufficient that

A(T),S(T)) = K(6(T),S(T)),
w, (1) =2D, +L>o, i=11,
, ”

i

Where
K(5,5)=— HS2+ij(5)d5+sz( 00,10 8)E,

i=l o

‘9/

]>l

the Bellman-Krotov function, and

J(°)=minJ(v) = K(5°,5°). (10)

Proof. For the continuously differentiable function K (5(¢)), S(5(¢))the functional (6) has the
representation:

J (@) =J(6(0),S@),v(1) = TR[5(T)>S(T)>V(T)]CZZ +m, (6(0)S(0)) +m, (S()S(T)) (11)

Where :
R(ﬁ,S,v)=li{K S+ 3K s(-DS, = 10) - N(6>+v>+} +%(Ws1512 w0l (12)
K, :%, K, :2—5 (13)

m0(5:S) = K(5:S): m1(5:S) = _K(5:S)+A(5:S)
We use the Cauchy-Bellman problem to find the Bellman function K (95, .) :
infR[5,S,V]: 0, te [O,Tl

(14)
K(o(T),8(1) = AMS(1),S(T)).

From the necessary condition of extremum of the function R(é' .S, V) we obtain:

1
R =—K_ +w,v,=0,i=11
H Si Sivi

Y
i

— ) ——
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0 1

v, =—
Hw,

Ky, i=11, (15)

We find the function K (J,.5) and weight coefficients wg, ,w . from the condition (14) i.c.

— 1
R=minR(5.5,v)=> K, S, —HLKSI(DiSi +£(8)+

i=1 i

N0 H}ww_ K3+ wis?) =0 (16)
For this, we set
K, L =
Ks,.S,- = HI (f,(0,)+ N, (0)),i=11
1.€.
Ky =HS.K; = ,(6)+ N,(6)).i =11 (17)

Then taking into account (17), we obtain from (16) that

or

1
w, =2D, +——>0,w, >0,i=1, (18)
2w

vi

In addition, from (15) we find that the optimal controls Vl.0 ,i =1,/ have the form

S.i=1, (19)

i i

2.2 Numerical solution
The implicit Adams method (Adams-Moulton) has been used for the numerical solution of the
differential equations system (7)-(9).

Table 1: Adams-Moulton formulas in different orders

Order Formula Errororder
_ 2
1 yn+1 - yn + hfn+l _h?yu (77)
2 h W3
Vo2 =Vun +E[fn+2 — o] 17 ()
3 h 4
Vi3 = Vni2 +E[5fn+3 +8 2 = Sl _2_4),(4) @)
4 h
yn+4 = yn+3 +a[9fn+4 +19fn+3 - _ 19]’15 5)
207 m
- 5]Fn+2 + n+1]
5 a h 3n° (6)
Vs =Vura +ﬁ)[25 1f;:+5 +646fn+4 - 160 ym
—264/,.,+1067,,-19/,.1
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We have used the Adams-Moulton method of the 4th order to solve this problem:
h
yn+4 = yn+3 + §(9f([n+4:yn+4) + 19f([n+37yn+3) -

19
- Sf(ln+27yn+2) +f(ln+17yn+l ))_%hS(r/)

And we also have used the Runge-Kutta method of the 4-th order:

Yoe1 = Vn +%(k1 + 2k, + 2k, +k4)

where

klzf(tay)a

h hk
ky,=f(t+—,y+—21),
2= S+ Ty D)

h hk
ky=f(t+—,y+—=
3 f( 27y 9 )7

ky=f({t+hy+hk).
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Figure 1 - Angle of rotor rotation at 1 = 15.
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Figure 2 - Generator slide at 1=15.

O

L 1 i L 1 1 L L
[+] 200 400 800 200 1000 1200 1400
T

Figure 3 - Angle of rotor rotation at 1=30.
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Figure 4 - Generator slide at 1=30

3 CONCLUSIONS

The process of optimal control of complex electric power systems is described in this paper. The
continuous Bellman-Krotov function, that has continuous partial derivatives everywhere by all its
arguments, has been found. The numerical solution of this problem is obtained at 1 = 15 and 1 = 30. When
solving it the implicit Adams method (Adams-Moulton) has been used.
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MATEMATHYECKOE MOJEJIMPOBAHUE 3AJAYH OIITUMAJIBHOI'O YIIPABJIEHUSA
SJIEKTPOSHEPI'ETUYECKHUMH CUCTEMAMMU

AHHOTaHI/IfI:B JIaHHOM cTaThe paccMaTpuBacTCA 3ajlaua OIITUMAJILHOTO YIIPABJICHUS CUCTEMaMH HeJIMHEHHBIX 00BbIKHOBEH-
HBIX Z[I/I(I)(I)epeHL[I/IaHI)HI)IX ypaBHeHHﬁ. PaCCManI/IBaeMaH MaTeMaTH4YeCKasd MOJAECIIb OINUCBIBACT MEPEXOAHBIE TPOIECCHI B dJIe-
KTpOBHepFeTPI‘IeCKOﬁ CHUCTEME. HpoGneMa OIITAUMAJIBHOTO YIIPaBJICHUA JJIEKTPOSHEPICTUUECCKUMHU CUCTEMaMH pacCMaTpUBacTCA
Gonee HOZ[pOGHO. YucaeHHbIe OKCIIEPUMEHTHI TTOKa3aJin, 4TO HaiJIeHHOE YIIPaBJICHUE ABJIACTCA OIITUMAJIbHBIM JIJ1A JIAHHOM 3a/1aYM.
KimioueBble ciioBa: MaTemMaTHUecKas MOJEJIb, SJICKTPOIHEPTrEeTHUECKAA CUCTEMA, OIITUMAJILHOE YIIPABIICHHUE.
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SJIEKTP SHEPTETHUKAJIBIK AKYMEJIEPAI TUIMI
BACKAPY MOCEJIECIH MATEMATHKAJIBIK MOJAEJIBAEY

Annoramusi: Bym Makanaja ChI3BIKTHI eMec KapamaiibiM auddepeHIHalIbK TeHaeyep >Kyhenepin THiMII Gackapy
Macenieci KapacThIpblaajibl. KapacThIpbUTFaH MaTeMaTHKAJIBIK MOJENDh 3JIeKTPOSHepreTHKATBIK XKYiederi oTmeni mpolecTepi
CHUTATTAMJLL. DJNeKTPOSHEepreTHKANBIK JKyHenepdi THiMIiI OGackapy Maceleci TOMBIFBIpAK —KapacThIpbUTagbl. CaHJbIK,
SKCTIepUMeHTTep TabblTFaH GacKapyAblH Gy Maceme YIiH THIM/I eKeH/IITH KOpCeTTi.

Tyiiin cesmep: MaTeMaTHKANBIK MOJIENb, BNEKTPOIHEPTETUKATBIK XKYite, THIMII 6ackapy.
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