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THE METHOD OF NUMERICAL SOLUTION OF NONLINEAR
VOLTERRA INTEGRAL EQUATIONS OF THE FIRST KIND

Abstract. When considering systems of differential equations with very general boundary conditions, exact
solution methods encounter great difficulties, which become insurmountable in the study of nonlinear problems. In
this case it is necessary to apply to certain numerical methods. It is important to note that the use of numerical
methods often allows you to abandon the simplified interpretation of the mathematical model of the process. The
problems of numerical solution of nonlinear Volterra integral equations of the first kind with a differentiable kernel,
which degenerates at the initial point of the diagonal, are studied in the paper. This equation is reduced to the
Volterra integral equation of the third kind and a numerical method is developed on the basis of that regularized
equation. The convergence of the numerical solution to the exact solution of the Volterra integral equation of the
first kind is proved, an estimate of the permissible error and a recursive formula of the computational process are
obtained.

Keywords: nonlinear integral equation, system of nonlinear algebraic equations, error vectors, the Volterra
equation, small parameter, numerical methods.

Introduction

The problem of solving integral equations arises as an auxiliary problem for solving boundary value
problems for partial differential equations and as an independent one in the study of the operation of
nuclear reactors, in solving the so-called inverse problems of geophysics, in processing the results of
observations, and so on. We confine ourselves to the case of nonlinear Volterra integral equations of the
first kind.

Questions about the numerical solution of linear integrated equations of Vol'terraof the first sort are
explored in two case, when source K(x,t) on diagonal doesn’t return zero in any points of a section and the
source on diagonal is identical zero, a derivative on x on diagonal doesn’t return zero in any points of the
section [4-7]. In this research we considered the case non-liner integrated equations Vol terra of the first
sort with allocated source, which can return zero in some points of the section of the diagonal.

Formulation of the problem
Consider the nonlinear Volterra integral equation of the first kind:
Iy No(x, t,u(®)dt = g(x), €y

where N, (x, ¢, u(t)) = K(x, Hu(t) + N(x, t, u(t)) and known functions K(x,t), N(x, t, u(t)),
g(x) obey conditions:

a) g(x) € C?[0,b],K(x,t) € C*Y(D),D ={(x,t)/0 <t < x < b},

g®0)=0,i=0,1,k(x) = K(x,x),k(0) = 0,0 < k(x) Vx € (0,b], k(x) - nondecreasing
function;

b) G(x) =dy,G(x) =L(x,x)+Cig(x),L(x,t) = C,K(x,t) + K, (x,t),0 < dq,C;,C, = const;
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o) N(x,t,u) € CY%1(D x RY),My(x,t,u) € C®%1(D x RY), My(x, x,u) = 0, Mo(x, t, u(t)) =
CoN(x, t,u(®)) + N (x, t, u®)), for x>t (x,5),(ts) € D, (x,s,u),(x,s,w),(t,s,w), (s u) €D x
Rthe following inequality holds true
|Mo(x,s,u) — My(x,s,w) — My(t,s,w) + My(t, s, u)| < Ly(x—t)|lu—w|,

0 < Ly = const.
The research and solution of the basic equation
We get Volterra integral equation of the third kind from equation (1) after applying
D + CiT + C,1, where 1 is an identical operator, D is an operator of differentiation with respect to x, 7'is
Volterra operator kind of (Tv) (x) = f * u(t)v(t)dt [1]:
X
k()u(x) + f G(Ou(t)dt —fM(x t,u(t))de + ¢ f u(t)dt x

0 0
x

X f K(s,u(s)ds + ¢, f f N(s, ¢, u(t))u(s)ds dt + f(x), (1p)
where M(x, t,u(t)) =t —M, (x, t,u(t)) + (Lo(tf t) — L(x, t))u(t), f(x) = Cg(x) + g'(x).

Consider regularized equatlon with a small parameter
X

(e + k(x))u.(x) + f G(u.(OHdt = fM(x tu.(t)dt + G f u(t)dt x

0
x

fK(T Hu(t)dr+ ¢ f f N(T t, ug(t))u () drdt+ eu(0) + f(x), (2)
t 0t
Transform equation (2) to the following form

o G ¢ |
e () _—mofexp _.[e+k(r)dT e+ k() !M(t,r,ug(r))dr—
—fM(x T, ug(r))dr— (o fug(r)deK(v,T) u.(v)dv +
0 s

+6fxu£(1)d1!]((v u,(v)dv — ffN(v T, U (T))ug(v)dvdr+
|

+ fN(v T, ug(r))ug(v)dv dt

1
+ f(¢t) — f(x)}dt+ +k()

X exp —!%dr {E[ M(x, t,u () dt+C10fu£(t)dt><

X

XfK(T, t)ug(r)dr+6fIN(T, t,ug(t))ug(r)drdt

t

+ eupp + f(x)}. 3)

Introduce a uniform grid wy = {x; = ih,i = 0..n,b = nh} on the [O,b] segment, » — natural
number and Cj, — space of grid functions u; = u(x;) with the following norm

luille, = max|ul

Using the right Riemann sum and replacing u(0) to ug, = f1/(hG; + k1), we obtain the next system
of nonlinear algebraic equations from equation (3):

11 ==
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i

i-1

Ug; = — ! hEexp —hEL % X

&t e+k; L et+ks etk
J:

sj+

M\.

xX3h (ues) Mls(ues —h 2 Mls(ues) ClhEues
s=1 s= ]+1
i
x h 2 Ko stie -G 2 U g h 2 Ko it — Clhz:hx
m=j+1 s= ]+1 m=s+1
; ;
X 2 Nms(ues)uem ClhEh 2 Nms(ues)uem'i'fj_fi +
m=j+1 = m=s+1
! h G h
I, exp| — 2 sy M”(ugj) +C1 ugj s, jUes T
— s=j+1
+C1h2 2 Sj(ugj)ugs+eu0h+fl ,i=1..n, (€))
J=1 s=j+l
where Ml-,j(ug,j) = M(xi,xj,u(xj)),fi = f(x),x; =jhj=1.i=1.n

Introduce the notations

dybT,
d;

26, ToMbrdzh |

h
= L CyL L 2— _1>
q (Ly + CoLq + N)( €+e + dic

2T,d h 1
+C1b< il )(MN+KNr) M = max|K (x, 0, [u, (o)l < 7
de al1

Ly = max|K,(x, 0], Ly = max|Kex(x, )], To = xrg[gﬁlg]lG(x)l,
i—-1 i

to=sup Yoo [0 > L) (n S L
2 = SUPL 2,57 €+ ks e+ks |/

j=1 s=j+1 s=j+1

My =max|N(x, t,u)|, Ky = max|N,(x, t,u)|,
w=max|NCx, 6w, Ky = max|Ny(x, £, 0|

Theorem. If the conditions a)—c), ¢ < 1 and € = O(h%) for all 0 < a < 1/2 are satisfied, then the
solution of the system of equations (4) converges uniformly to the exact solution u; of equation (1) when
h — 0, thus we have the estimate

lue; — wi|| < Nyh* + Noh™% + N3k, 0 < N; = const, i = 1,2,3.

Proof. Adding the quantity eu(x) to both sides of equation (1,), we reduce it to the form (3), where
ug(x) and euyy are respectively instead of u(x) and eu(x). Putting x = x;,i = 1..7n in the obtained
equation, we use the formula of the right Riemann sum and consider the difference of the resulting system
of algebraic equations with the remainder term and the system of equations (4). Then, using the error
vector 77?,1' = u.(x;) —u(xy),i = 1..n, we obtain

—— ) =——
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1 i-1 i G G j-1
R DX CORT B
Me e+k; ¢ exp - e+ks etk 15 (1tes) =
j=1 s=j+1 s=1
t—1
M0 = My (i) + Mys@)] = b ) (M) = Mys(u0)] -
s= ]+1
_ClhEus 2 Kmsnem Clh 2 us 2 msnem_
m‘]+1 s= ]+1 m‘s+1
__ClhEnes 2 Kmsum Clh 2 nes 2 K sUm —
m=j+1 §= ]+1 m=s+1
_ClhE 2 Nms(us)nem Clh 2 2 Nms(us)nem_
s=1 m= ]+1 s=j+1 m=s+1
_ClhE h 2 Nm,s(ue,s) - Nm,s(us)]um -

s=1 m=j+1

_Clh 2 h 2 [Nm,s(ue,s) - Nm,s(us)]um + g(uj - ui)

s=j+1 m=s+1

=1
R, %P _hz:e Tk, hE[Mi,j (ue,5) — My (w)1 +

+C1h2ngj 2 KJuS+C1h2uJ X h 2 Ksjngs

s= ]+1 s=j+1

+C1h2 2 SJ(uej) NSJ(uJ) lus +

j=1 s=j+1

+C1h2 2 Sj(uj)ngs +eugp —eu; ¢ — R, i=1..n, (5)

j=1 s=j+1

where R; is a remainder term. We have the following estimates from (5):

1 i-1 i G G j-1
D |~k ) ew| -k Y =2 | =L dn > -
) e+k; « P o e+ks etk (M) (ues)
j=1 s=j+1 s=1
i-1
M0 = My (tes) + Mis@d] = Y [Mys(ts) = Mis (]| <
s=j+1
2d,bTyh
< T(LZ + Gl + LN)“n?,i”Ch;
where Ly = maxp |K,(x, )|, L, = maxp K (x, )|, Ty = max,epop|G(x)],
4 =50p _ e — &+k; ~ etk /]
j=1 s=j+1 s=j+1
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i-1 i

c, :
by esn|-h Y Eh >

e+ k; .1exp e+k e+k mS(uS)ngm
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s=j+1 s=1 m=j+1

i— i
2CToMyd-bh
+h }S h }S Ny s () 0l _——iililf——n Al

s=j+1 m=s+1

2)

Ch,

where My = max|N(x, t,u)|;
v =axING, 6wl

i

i-1
3) G hE exp| —h 2 Eh 2 [N, (u ) —
e+k; & : e+k e+k ok

s=j+ s=1 m=j+1

mmmu+h§: Efmwg N ottt (| <

s=j+1 m=s+1
2C,ToKyrbd,h
< = Ikl o = a6 0,

i-1 i

e\ D 2 >
+ k; 4 exp o £+ kg e+ _us mstlem +
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€, ToMh ~C Gy 1
S wh S K| < 2 " x
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where M = m[()lle(x, t)|, lu(x)| < 7;

i-1 i j-1 i
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7 e+1kl-exp _h25+sks "2" 2 Ne (el < =g3,= ” e,
s=1 Jj=1 s=j+1
C i G i—-1
) e —thSks ) D [S,(ug,) N, (1) | <
s=1 j=1 s=j+1
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On the basis of estimates 1) -8) for the error vector n?, ; from (5) we obtain
Inki| < q||77§‘,i||ch + leHew;| + |R;], (6)
Missing the cumbersome calculations, note that the next estimate for R; holds true as in [2]:
”Rl”Ch S Nzh/g + N3h, 0 < Nz, N3 = const.

Since according to [3]:
||8H£l[ul-]||ch < N;&,0 < N; = const,
then we get estimate by the grid norm from (6)
||’7?,i||ch < (1 —q) Y(Nye + Nyh/e + N3h).

Taking into account that € = O(h%*), we arrive at the estimate of the theorem, which was to be
proved.

Equation (4) is a system of nonlinear, therefore we obtain the following system of equations with
respect to U, ;

i

Y T Y R T Y-

— — X

£ exp 4 etk |e + exp e+ k,
j=1 s=j+1 s=1

i-1 -1
h 2 Ki,sue,s 2 Nl s(ue S us i
s=1 s=1

DX CPIE
— — X
e+k; < exp e+tks etk

j=1 1

J
2 (ues) Mls(ues —h 2 Mls(ugs) ClhEuesx
s=1

-1

s= ]+1
x h 2 Kpstiem — Cih 2 U h 2 Ko stem — Clhz:hx
m=j+1 s= ]+1 m=s+1
i-1 i-1

X 2 Nm,s(ue,s) Uem — ClhE h 2 Nm,s(ue,s)ue,m + f] - fl +

m=j+1 s=j m=s+1
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i-1 i—1 i—1
exp _h2€+k hEMl-lj(u&j)+C1h2u&jh 2 Ksljugls+
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j=1 s=j+1

Estimate the expression

Ui_qy(uy,...,u;—1) =1exp —hE T +h26xp —h 2 e+k

s=j+1
Gj
€+k EKlSuSS + hENlS(uSS
putting C; = Cyh?,0 < Cy = const.
Then
Mr + My)C Mr + My)C
Doty )| S MCah g p LT+ M)k
ed, dq
-1 i i
omanp 5o 3, L om( s 3
= Ssu -
2 p 73 exp My
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If
ed,
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then |U;_1(uy,...,u;_1)| < 1.1If condition (8) is satisfied, the system (7) can be rewritten in the form

i-1 i
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2
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S]+
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i—1 i—1
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i-1
exp —hE T EMLJ(u£J)+C1h2 ih 2 K jugs +
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+C1h2 2 Sj(ugj)ugs+eu0h+fl ,i=1..n, S

y=1 s=j#1

It is not difficult to see that (9) is a recursive formula.

— |6 ——
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Results

This equation is reduced to the Volterra integral equation of the third kind and a numerical method is
developed on the basis of that regularized equation. The convergence of the numerical solution to the
exact solution of the Volterra integral equation of the first kind is proved, an estimate of the permissible
error and a recursive formula of the computational process are obtained.
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METOA YHCJIEHHOT'O PEINIEHUA HEJUHENHBIX
HWHTEI'PAJBHBIX YPABHEHUU BOJbBTEPPA IIEPBOI'O POJIA

Annoramus. [Ipu paccmorpeHmu cucteM Au((CPCHUHATBHBIX YPABHCHHH C BEChMA OOIMMME KPACBBIMH
VCAOBHAMHE, TOYHBIC METOBI PCIICHUA HATAIKHBAFOTCA HA OOJBINHC TPYIHOCTH, KOTOPBIC CTAHOBATCH HEMPCOIO0-
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JUMBIMH TIPH PACCMOTPEHHMH HEIMHEHHBIX 3a7a4. B 3THX ciy4asx mpuxoamTcs oOpamaTthCs K TEM WIH HHBIM
YHCICHHBIM METOJAM PEIICHUA. BaXXHO OTMETHTH, YTO HCHOJB30BAHUE YHCICHHBIX METOAOB 3a4ACTYIO MO3BOJACT
OTKa3aTbCAd OT YNPOIUCHHOH TPAKTOBKM MAaTeMAaTHYECKOM MOJAENM Ipolecca. B pabore M3y4aroTCs BOIPOCHI
YHCICHHOTO PEHICHWS HEIMHCHHBIX MHTCTPATBHBIX ypaBHEHHUI Boapreppa mepsoro poaa ¢ auepeHIHpY eMbIM
AOpOM, KOTOPOE BBIPOKAACTCA B HAYAIBHOH TOYKEC AMArOHamu. PaccmarpueacMoe YPABHCHHE CBOJUTCA K
HHTErpaJbHOMY YPAaBHEHHIO BosbTeppa TpeThero poja M Ha OCHOBE PEryLIPU30BAHHOIO YpaBHEHHA pa3paboTaH
YHCICHHBI MeToA. JIokazaHa CXOAMMOCTh YUCICHHOTO PEIICHHUA K TOYHOMY PEIICHHIO HHTETPATBHOTO YPABHCHHA
Bomsreppa mnepBoro poJa, MNOJNYYECHBI OLCHKA [JOIYCKACMOM MOIPEHNIHOCTH M pPeKypcuBHad (Qopmyna
BBIYHCIAMTEIBHOTO MPOLIECCA.

KmouyeBble c/10Ba: HEIMHCHHOE HHTEIPANbHOS YPABHCHHE, CHUCTEMY HEIMHEHHBIX alreOpanyuecKux
YPaBHEHUH, BEKTOpA MOTPEITHOCTH, YpaBHCHHE BomsTeppa, MaIblil mapaMeTp, YHCICHHBIA METOL.
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BIPIHIII TYPAETT CBI3BIKTHI EMEC HHTETPAJIIBI BOJTBTEPPA
TEHAEYJEPIH CAHJABIK HIENTY 9ICI

Annoramus., JupepeHunaIIbIK TCHACYICP KYHCCIH OTC KAMIBI IMICKAPANBIK IMAPTTAPMCH KAPACTHIPFAH
KE3J€, CBI3BIKTHI €MEC MpoOIeManapAbl KAPAacThIPY KE3IHAC INCIIIIMEHTIH KHBIHABIKTAPFA AHHAIIBIPYABIH I97
omictepi. MyHmal skarmaiimapma Oenrimi Oip CaHOBIK omictepre >KYriHy Kepek. CaHABIK OmiCTepai KOJJaHY,
MPOIIECTIH MATEMATHKANBIK MOJCTIH OHAWIATBUFAH TYCIHAIpYZEH Oac TapTyFa MYMKIHZIK Oeperi. AIFamrkbl
TYPZAETi CBI3BIKTBI €MeC BoxbTeppa HMHTETpamAbIK TEHICYJICPIH AHATOHANBABI OAaCTAmKbl HYKTCCIHIAC HOMTre
kexriperin aupdepeHnnanapl SAPO CAHABIK INCIIYIIH CAHABIK MOCEICICpl KapacThIphLIagsl. KapacThIphuibi
OTBHIpFaH TeHACY BoibTeppa MHTErpamAbIK TEHACYIH YIIIHINI TYpre ACHIH a3aHTaIbl JKOHE PETTCITCH TEHICYIIH
HCTi3iHAC CAHABIK omic o3ipacueni. CaHaslk memiMHIH OipiHmi Typaeri Bompreppa MHTErpaTABIK TCHACYIHIH IO
ICIOIMIHG JOJICTACHAI, PYKCAT CTLITCH KATCHIKTI Oarajay >KOHC CCCHTCY YACPICIHIH PEKYPCHBTI (POPMYIacsl
AJBIHABL.

Tyiiiagi cesaep: CBIBBIKTHI €MEC HHTCTPANIABIK TCHICY, CHI3BIKTHIK ANTCOPAIBbIK TCHACYJICP KYHECI, KAaTeik
BEKTOPHL, BoypTeppa TCHACY, Killi mapaMeTp, CaHIBIK dIIC.
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