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STEFAN PROBLEM IN ELLIPSOIDAL COORDINATES

Abstract. This paper presents the quasi-stationary Stefan problem in symmetric electrical contacts. The method
of the solution can be obtained from the suggestion that the identity of equipotential and isothermal surfaces in
contacts, which is correct for stationary ficlds in lincar case, keeps safe for non-lincar case as well. The idea
is,transform the system of problem which is given in cylindrical coordinates into ellipsoidal coordinates. The
analytical solution of stationary Stefan problem is found. Based on that decision was constructed the temperature
profile to the approximate solution of heat problem with Joule heating in ellipsoidal coordinates.
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Introduction

Stationary temperature and eclectromagnetic fields in symmetric electrical contacts have been
described in [1]. Working with the scale of a mile second range, we think that every time the stationary
state manages to instantly achieve stationary. And therefore this solution is suitable for constructing a
temperature profile of the quasi-stationary problem.

Quasi-stationary nonlinear mathematical model of melting in ellipsoidal coordinates

The system of equations for the temperature 7,(7, z) and electrical potential @,(7,z) can be written
in the form

1
div(A, gradT,)+— grad*®, = 0
1
1
div(— grad®,) = 0
1
1
div(4, gradT,) +— grad°®, =0
2
1
div(— grad®,) =0
P
where @, A, p, are electrical potential, heat conductance and electrical resistivity respectively.
In cylindrical coordinates these equations can be written as

2 2 2 2
pl_% E + E +,01ﬂv1-A7;+ % + % =0 (D)
dl |\ or Oz or Oz
Lag _%%[E%+E%J:o 2
o) dl p/\ or or 0z oz
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The index 7 =1 relates to the melted zone occupying the domain D,(0 <z <o, 7, <r<r (f), and

i = 2 corresponds to the solid zone in the domain 1, (0 <z <o, r () <r <o).
It has to be mentioned that this problem is essentially non-linear due to temperature dependence of
thermal conductivity 4 = A(7}) and electrical conductivity o, = p,(1}) . The method of the solution can

be obtained from the suggestion that the identity of equipotential and isothermal surfaces in contacts,
which is correct for stationary fields in linear case, keeps safe for non-linear case as well. In linear case

these surfaces are ellipsoids of revolution.
Equations (1) and (2) can be transformed into ellipsoidal coordinates and using well known relations
among cylindrical and elliptical coordinates, if we suggest similarly like above that

D=5, 1,=1(S), 3)

fz\/s+\/s2+4r0222 ,  s=ritz’-r’

then the equations (1) and (2) should be replaced by the equation

where

2 2
di (dT, d’T, dT. 2 do,
P = | TPA T PA— 3 7 T -] =0 S
dT, \ d& dé dé r +¢ d&
d’®, 26 dO, 1dp dT,do,
2 Y2 2 N ' =0 ®)
A& A& dE p dT, dE dé
D:0<r<w,0<z<w,z=0U0<r<r ,0<f<w, 0<n<r, (6)
The boundary conditions are
dT, oD
=0(=0 —L=0 7 @ =10 8 ! =0 9
2=0(=0) 7 @ ol ® =0
L=1,=T, (10) o=0 ()
z=o(t)(E=¢ (1) d dr, 1 do 1 do
2y -2 )
dé dé podé  p, dS
U
z=oworr=w(f=0w) 7,=0 (14) D, = 20 (15)
while the solution for electric potentials
: Ip (T : I’ (T
B @=20_ - L0 (16)
2r(r; +&7) 2r(; +&7)
Putting (16) into (4) we get
2 2 2
Ldﬂi‘ dT, +d 1;l.+dTi‘ 22§ - 2] 2/31- _= (17
A, dT, \ d& dé dé 1 +¢& An (r;+&7)
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Let us introduce the new independent variable ¢ using formula and consider the case when thermal

dA

conductivity doesn’t depend on temperature, ﬁ =0

L = arctané (13)
%
Taking into account that p, = p,,(1+ (1, —T)), p, = P (1 + 1))
I’ Lol
And using[2 o’ =—100
gl2] sy}
then the equation (17) for melted zone can be reduced to the form
d’T o}
—21+_1[1+0510(T1_Tm)]20 (19)
g™ oy,
The general solution of this equation is
A B . 1
I, =—coso{ +—sinwd +71, —— (20)
alO alO alO

and A,, B, are arbitrary constants, which can be found from the boundary conditions (7) and (8)
From (7) and (10)
B =0

Finally,
1
r =—£%+%T _1]

a, \ cosaol, "
The equation (17) for solid zone can be reduced to the form

2 2
Z;;Z + 22 140, T,]=0 Q1)
aZO

the general solution can be represented

1 cosm,{ B sino,d

T *. T
cosm, — sinw, —
2 2

1 2)

From (14) and (10) can be found 4,, B, and temperature 7, will be in the form

T, = 1 {(1+(xonm)sina)z(%—é’)—sina)z(Cm—C)—Sinwz(%—gm)}

) 7
o, sin a)z(z—é’m)




H3zeecmua Hayuonanvroti akademuu Hayx Pecnybnuxu Kasaxcman

Noting first that
| _di ¢l __osined,
dg E=8, (1) dg dg E=£(0) a,, cos g, ”02 +§,i(t)
o, (1+0{20Tm)cos[z—(m}—l
a1, _dl, d¢ 2 r
Al dE - T2 2
dClepy 9C ACley a,, sino, [E_ c J 1y +6,(0)
2 m
from (12),
T
o, (1+ea,. T Ycosm,| —— -1
Ao, sinol _22 {( o) 2[2 C’”J }
o O3 a)lé/m Ty sin @, [%_CWJ
finally we get

1
- :_arctanw{(Haonm)cota)z (%—g’mj—coseca)z (%—gm ﬂ

o, ﬂla)lazo

Approximate solution of heat problem in ellipsoidal coordinates

Considering the problem from the class of Stefan type problem, in first stage of heating electrical
contact, where contact material is solid and temperature attains softening point. In this case we consider
the heat equation

00, alz 4 8201 2 1
— =—-CO0S —+0; |6, +— || 0 2 23
o e ©) Sl Qv | 0< </ @3)
subjected to boundary conditions
¢=0:
00,(0,t
00, o0
¢
{=nf2:
O0(x[2,t)=0 (25)
and initial condition
t=0:
0,(¢.0)=0 (26)
where

o = ! Lo
b2\ o

For the temperature distribution @, (¢, 1), let us assume that the temperature profile as given in the

form

— ) ——
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0,(¢.t) = A (H)cos(w, &)+ B, (t)sin(w,)+C,(1)in 0 S% 27

where the coefficients are in general functions of time.
Using conditions (24) and (25) we get
B (t)=0
r (28)
A (t)cos(a, E) +C,(1)=0

Integration equation (23) with respect to the space variable form ¢ = Oto ¢ = 7/ 2, noting first that

72 2 72
| cos* (C)B;l + o (el +aiﬂd§ = cos* (5)2—?

+46, cos’()sin(@)| +

0

3]

+ T [l2cos2 &)+ (a)l2 — 16) cos’ (5)]@“15

+

16¢,

then we have
2 72

2 72
;_ I %dé“ 23176[—211+ f [ 12c08*(¢) +(@] ~16)cos' (€) P

When the integral on the left-hand side is performed using Leibniz’s integral formula, we obtain

r d
al dt

a2 2 a2
{ | eldg} 317221 + [ [12008°(0) + (@] ~16) cos*(£) B¢ (29)

1

(29) is called the energy integral equation for the problem considered here.

Substituting (27) and (28) the above into the energy integral equation (29) we obtain the following
ordinary for C,(f)

[z tan(w 7/2) \dC (1) _ 370! 1. @
a2 o, dt 16« 1

1 1 0(1

C(0)=0

A (t)=—C,(t)sec [a)l %}

The solution of equation

€)= exp[ﬂ % _ tan(o, 77/2) }1 3nw’a; bl (0{1)} 1

2
o, 16a,1; o,

and

A= i_ exp((% tan(w, 72'/2)} 372'&)126112 Zln(“l)} sec[a)l %}

2
a, @, l6a,r;
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Finally temperature profile

-1
7 tan(o,7/2) | 37wla

—1—In(a,) sec(a)1 %j cos(@,8) +

B,(£.1) =| ——exp

o, o, 16a,,
-1
2)) 3nwla) 1
+exp z _tan(e7/2) i a; t—In(e)) |—-—
, L6 1, o,
Conclusion

The problem (23)-(26) is solved by integral method. All coefficients of temperature profile is found.
This method is useful to apply to solving the phase-change problem with moving boundary.
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IJUVIMIICOUATTIK KOOPANHATTAPIAYTBI CTE®AH ECEBI

Annoramus. by Makamajga CUMMETPISUIBIK 3JIeKTpIiK OaifmanpicTa KBaszucTanuoHapiblk Credan mMaceneci Oepi-
reH. EpITiHI 9/1ici CHI3HIKTHIK sKarfalijla CTaIlMOHAPIBIK opicTepre AYPHIC OOJATHIH KOHTAKTLIEpJAe TeH HOTEHITHAIbI
KOHE U30TCPMISUTBIK OeTTep/IH HAeHTH(UKAIFSICH, COHIA-aKCHI3BIKTL eMec Xaraalifa la Kayilci3 00Ty bH YCHHBICTICH
anyra Goiampl. by mied MUIMHAPIIK KOOPAWHATTApJa SJUTHIICOMATIK KoopAuHaTTapra OepuireH mpoliieMa xyheciH
e3repTy Oonbin TaObTagpl. CTedaHHBIH CTAITMOHAPIHIK MOCENeCiHiH aHATUTHUKATIHK menmMi TaGeuiasl. Ochl IMenmiM
HETI31H/Ie SIUTAIICOUATIK KOOpARHATTapAa J[’KOYII JKEUIyMEH JKbUTY IPOOIeMAaCchH Ky BIKTAIL METTy YIMH TEMIIEPaTy PaJbIK
IpoUITb KYPHULIBL.
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3AJJAYA CTED®AHA B 3JUVIMIICOUJAJIBHBIX KOOP/IMHATAX

A6crpaktHbie. B Hacrosmeit paGoTe mpejcTaBleHa KBasucTal[MoHapHas 3afada CredaHa B CHMMETPHYHBIX
SIIEKTPUYECKHX KOHTakTaX. MeToJ pelleHHS MokeT OBITh IONYyYeH U3 MPeANONOXKeHMS, YTO HJASHTHIHOCTB
SKBUIIOTEHIIMANIBHBIX U M30TEPMHUYECKUX HOBEPXHOCTEH B KOHTaKTaX, KOTOpas IIPaBAIbHA UL CTAlIMOHAPHOIO IO B
IuHeMHOM cllydae Takke W U HeluHeitHoro ciydasd. Mpes cocToWT B TOM, WTOOH IIpeoOpa3oBaTh CHCTEMY 3ajad,
3aJaHHYIO B IIIHMHJIPHYECKUX KOOPAUHATAX, B 3JUIMIICOMJAIbHBIE KOOpAUHATHL. [lolydeHo aHaIUTHYECKOE pElleHUe
craroHapHoit 3agaun Ctedana. Ha ocHoBaHNM 3TOTO pemieHus OBLT MOCTPOSH MPOQUIb TeMIIepaTy Pl MIPHOIIKeHHOMY
PeIIeHHIO TeIIoBoil 3ajaun ¢ JXkoyIeBbIM HATPEBOM B SILIAIICOUJAIBHBIX KOOpAUHATAX.

KnroueBnle ci1oBa: KBasucTaIlMOHAapHAs MOJIelb, MpobieMa CTedaHa, HHTeTpaIbHBIN METO .
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