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THE PROBLEM OF THE OSCILLATION
OF THE ELASTIC LAYER BOUNDED BY RIGID BOUHDARIES

Abstract: In the case of harmonic oscillations of a cylindrical shell, the phase velocity is expressed in terms of
the frequency of natural oscillations freely supported along the edges of the shell, and therefore, the study of waves
in plane and circular elements has the most direct relation to the problem of determining its own forms and
oscillation frequencies shells finite length. Below let us consider some problems of oscillation of an elastic layer
bounded by rigid boundaries under the influence of a normal or rotational shear stress. The solutions of the problems
under consideration are obtained by using integral transformations by the coordinate.

Key words: harmonic oscillations, cylindrical shells, phase velocity, frequency, eigenvibrations, Bessel
function, wave, anisotropic, layer.

First we consider the problem for a half-space under the assumption that the half-space z >0 is an
anisotropic medium with the axis of symmetry of the mechanical properties (axisz),  and the surface of

which at the moment ¢ = 0 impulse voltage applied&_, =—f (r,l )
Because of the symmetry of the mechanical properties of the medium relative to the axis z of the
unique nonzero component of the displacement vector U, (r, z,t ), only the voltage &, and &, the ones

determined by formulas
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The equation of motion reduces to one
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Substituting the expressions for &,, and &, from relations (1) into equation (2), we bring it to the

form:
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If the half-space is isotropic, then ¥ =1 and b = _|— .
yo,
The boundary conditions for U/, have the form:
Eo=—f(rt)atz=0, 120 4)
Uy,—>0atz—>w 3)
The initial conditions of the problem are zero, i.¢.
oU,
Uy=—2=0at t=0 6
0= (6)

The solution of equation (3) for the boundary (4) - (5) and the initial conditions (6) will be sought, by
applying the Laplace transform 7. Assuming that

o0

Ulr,z,p)= J‘Uo(r,z,t)e*’”dt, Rep >0 (7)

0

Obviously, for the function U(r, z, p) we obtain equation

AL (3 e
Moreover, U must satisfy the boundary conditions:
aU:_fO(r’p) atz=0, >0 )
oz Ce
Uy,—>0atz—>o (10)

Where

1ot p) = [tk et

The general solution of equation (8) is sought by the method of separation of variables (the Fourier
method) and has the form:

@ R £y
U(r,z,p):ja Ala,ple 7V P +Bla, ple’t P |J (ar)da. (11)

0

where A(a, p) and B(a, p) are determined from the boundary conditions (9) - (10) and from (10) it
follows that
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B(a, p) =0 (12)
Using the boundary condition (9), to determine A(a, p) we obtain the integral equation:

T(xA((x,p)w/(xz +§—2J1(ar)d(x = CLfO(r, p) (13)

£, p)= [ (e pVor)er 19

Suppose

Then
Ala, p)-= (e, p)

— (15)
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Substituting expression (12) and (15) into formula (11), for U (r,z, p), we obtain the following

expression:
ke, P
KV (16)
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J%(r,p)=%—(p) (17)
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Let us consider a special case, when

In the case (17), the function

Hlatp)-2A2)

o

and (16)
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where K|,/ 1 is the Bessel function of the imaginary argument. Using the representations of the functions
2 2

[1(5) and Kl(g), for U(r,z, p), we find that

2 2
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U(r,z,p):b%(p) e’ i (18)
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Turning expression (18) to p , for the sought quantity U, (r, z,t ), we obtain expression

b z L == 5
T j fl(l—f){H(f—%j—H[f—Z\/FH } dé (19)

Flr) =29

r

Uo(r,z,t):

Where

The resulting expression for U, (r, z,t ) consists of two terms, the first term corresponding to a plane
wave propagating in a half-space with a velocity b and parallel to the plane z =0, and the second term
to a diffracted wave having the form of a semi-cllipsoid of revolution (hemispheres at ¥ =1) and in
contact with a plane wave on the axis of rotation at z = byr .

In addition, it follows from (19) that U, (", z,1) decaysin r as 1/r.

If the acting function £ (r,¢) is arbitrary, then we represent it in the form of a Schlemmich series:

1) -2 30,0, (r) L2 o0

Where
. RCASR))
1 or
)==14/00,0)+U | ——F=4d¢& 1dU;
0= {100+
v
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For f (r,z‘)the form (20), the function fl(a, p) in formula (16) is equal to

Het.p)= e (pWie—)) @)

Where
a,(p)=[a,(pldr (23)
0
Therefore,
y " © e—%,zxﬁg—z
Ulr,z,p) === a,(p)| —=/\(er)da (24)
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Turning (24) to p and applying the convolution theorem, we obtain
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7/ o0
U
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T(r,z,&)= bTJl(ar)J{a /b i ——}da (26)
J 7

We generalize the problem for an anisotropic layer of thickness/. For z = A there can be two types
of boundary conditions:

1) T :—F(r,l) at z=nh
2) U,=0 atz=nh

a(t-EX (r,2,E)dE (25)

Y ——

where

If i (r, t) = 0, then condition (27) means that surface z = 4 is voltages -free.

First we consider the problem when the boundary condition (27) is given for z =4 .
The general solution of the problem still has the form (11), and

Aler, )= Blet, p)+ L= fet. p)

66
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Bla, p)=
2 sh ﬁ],a er—2
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where f,(a, p) is determined from equation (13), and £,(a, p) is determined from equation

Fylr. p)= [atifet, pV (ke o)

(29)

Suppose
Fy(r,p)=0,
1.€. fz(a,p):O and f(r,t):fl(r,t).
Then
zh| o p zh o P
1 % e 7V P i b
U(”',Z,p)_;C QO(p 7 X il s pz B p2 JI(O{I")dOC
Ao |
or
o © 7z+_2nh o p z—2(n+l)h a2+p_2
U(r,z,p):yclv ZI %(p)z xje 7 VP 4 7 VF J(or)da  (31)
66 n=0 o

Calculating the quadratures by « in (31) and then reversing by p , for U, (r,z,l ) we obtain the

— 5 ——
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expression:
"1 z+2nh
[ AG- e é—l—\/r2+[ﬂ] d¢t+
0 b i
§ > ff(r—é)H PN A1 2V NP
ryCe oo |37 yb ]
_jfl(z_g)H g—;—\/r2+£2_2(”+1)h] dé (32)
0 /4
where

{z+2nh} {—z+2(n+l)h}
nl — b n2 = | ———————
bt ybt

[f ] is the integer part of the number &.

Formula (32) contains all flat and diffracted incident and reflected waves.
Similarly, the problem for the layer under boundary condition (28) is solved and we have

Uiz o z(—l){jfl(r—(:)f{ g2t lyg

66n0

4
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(33)
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"KopkpIT ATa aThIH/aFE! KEI3BITOpa MeMIEKeTTIK YHIBEPCHTET,
«bonamak» yruBepcuteti, Kpi3puropia

KATAH IEKAPAJTAPMEH ITEKTEJT EH CEPIIIMAI KABAT TEPBEJIICI JKAIJIBI ECEII

Annorarus. [[wmwmHmiprik  KaGBIKIMIATApABIH, TapMOHUKATBIK TepOemici >KaFfaiblHaa (Ga3alblk SKBUTIAMIBIK COI
KaGBIKITIaTap IbIH MeTiHe epKiH GeKITUITeH o31H K KUK TeHeY1 apKbUThl @pHEKTENE/, COHIBIKTAH YKalIlaK >KaHe alfHaIMalbl
SIEMEHTTePAIH, TepOeliciH 3epTTey TYIKUTKTI Y3BIHABIKTAFBl ©31HAIK IMMTHAepT MeH TepOerlic JKUUTre TiKeled KaThICTHL
Bepinren TeMeH/IEr ecerTe KaTbIIThl HeMece alHaIMAabl Kepily KepHeyYl skarJalbIHa, KaTaH merapaja MeKTeNnreH ceprimi
KabaT Tepbertic TeHeyIepi KapacThIphUIa bl KapacThIphIIATHIH €CEITI MIeIy MICETIeIep;IiH MenmiMaepi KoopmHaT GOMbIHITIA
MHTETPAIBIK TYPICHAIPY 9IiCTEPIH KOJIIAHY apKbLIbI aIbIH/IBL.

Tyiiin: rapMOHUKANBIK TepOeric, IMHAPIIK KabhKmatap, $azarblk KbUIaMIbIK, KUAUTIK, 631HIK Tepberic, beccemn
(YHKIMSICBI, TOIKBIH, aHU30TPOIITHL, KATIIAp
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'KBI3pUI0PIMHCKHIT TOCY JapCTBEHHbIH YHUBEpCHTET M. KOPKBIT ATa;
Yausepcurer «bonariaky I Kei3pumopaa

3AJAYA O KOJIEBAHUMU YITPYT'OI'O CJ105A O’ PAHMYEHHBIE )KECTKUMHW I'PAHUTIAMUA

AnHoTanust B ciyuae rapMOHMYECKHX KoJeOaHM ITMIHUHAPUYECKOH 000I0UKU (azoBas CKOPOCTh BBIpakKaeTcs uepes
4acTOTy COOCTBEHHBIX KoJIeOaHMM CBOOOJHO OIEPTOH IO KpasM OGOTIOUKH, W IO3TOMY, HCCIEIOBAHME BOJNH B IUIOCKUX U
KPYTOBBIX DI€MEHTax MMeeT caMoe IIPsIMOe OTHOINIEHHE K IpollieMe oIpejielieHus] cOOCTBEHHBIX GopM U HacToT KoleOaHuit
00010UeK KOHEUHOH UHBL. Hibke paccMaTpUBAaIOTCS HEKOTOPHIE 3a/aui KOoJIeOaHUs! YIIPYTOro CJI0sl OIPaHUYEHBIE KECTKUMHU
TpaHWIIAMM TIPU  BO3JICHCTBMM HA HETO HOPMAIbHOTO WM BpAIaTeNbHOIO KacaTelbHOIO HallpsDKEHMS. PerteHust
paccMaTpHBaeMBbIX 3a/1a4 MOy YeHBI ¢ HCTIONb30BaHUEM HHTET PAlIbHBIX IIPeo0pa30BaHMUEt 110 KOOP/MHATE.

KitoueBble ciioBa: rapMoOHMYecKas: KoneGaHus, IRUIHH/IPUIEcKHe 000I0UKY, da3oBasi CKOPOCTh , 4acToTa, cOOCTBEHHAs
konebaHus, GyHKIMS beccens, BOITHA, aHU30TPOITHBIH, CIOM.
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