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DIRICHLET PROBLEM IN A CYLINDRICAL AREA FOR ONE CLASS
OF MULTIDIMENSIONAL ELLIPTIC-PARABOLIC EQUATIONS

Abstract. Boundary-value problems for degenerate elliptic-parabolic equations on the plane are studied quite
well ([1]). The correctness of the Dirichlet problem for degenerate multidimensional elliptic-parabolic equations with
degeneration of type and order was established in [3]. In the work for multidimensional elliptic-parabolic equations
with degeneration of type and order, the solvability is shown and an explicit form of the classical solution of the
Dirichlet problem is obtained.
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Problem statement and result
Let Q_, — the cylindrical arca of the Euclidean space of £, points (X;,...,X,,f) bounded by a

cylinder I'={(x,7):|x[=1}, planes # = >0 and 1= <0,where |x|— is the length of a vector
X=X, X, ).

Denote by €2, and Q yparts Q_, — of the area and I, ,I';—through parts of the surface I, lying in
the half-spaces >0 and 1 <0, ¢, —the upper and & , — lower base area Q ;.

Let S— further the common part of the borders of the arcas () and Q ,Tepresenting the
{t=0,04x|<1} setinFE, .

In the area QO ,, we consider degenerate multidimensional hyperbolic-parabolic equations

P(OA u—p,(Hu, + iai (x,0u_ +b(x,0)u, +c(x,)yu=0,1>0,
O — i=1 !
gOAu—u, +>d (x,0)u,_ +e(x,0)u,t <0,

’ (1)

where p,(1)>0 at t>0,p(0)=0,p () eC([0,a])g (t)>0 at £ <0, and may vanish when =0,

g(t) € C[B,0]), a A, — Laplace operator with variables x4, ..., xp,, m = 2.

In the future, it is convenient for us to move from the Cartesian coordinates x4, ..., X;u.t to spherical
7,04,.,0m_1,6,7200<586,,_ <2r 056, <mi=12,...,m—2, 0=(004,..,0,_1)

Problem 1 (Dirichlet). Find a solution to the equation (1) in the arca of Q_, at7 0, from the class

C! (ﬁaﬁ) ~NC*(Q, uQ 1)» satistying boundary conditions
ul, =o(r.0), ul. =y, (L.0), (2)
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ul, =y, (.0), ul,=,(1.6).

whercin ,(1,8) = ,(c5,0),1,(0,0) = ,(0,0),07,( 8,6) = 9,1, ).
{Ynkm (9)}- system of linearly independent spherical functions of order n,
Sobolev space.

3

Let
1<k<k,(m=-2)nlk =(n+m-3)!2n+m-2),W)(S),[ =0,1,...-

Takes place ([4]).
Lemma 1. Let f(#,0)eW(S).1f [ = m—1, that row

ok
F(r.0)=22 1Y}, (0), )
n=0 k=1
as well as series derived from it by order differentiation p < [ —m+1, converge absolutely and evenly.

Lemma 2. In order to f(7,0) € W/(.S), it is necessary and sufficient that the coefficients of the

series (4) satisfy the inequalities.

/() Scl,iin” 1£5(r) <e,, ¢,¢, =const .

n=1 k=1
Through d*(r0), di(r, 1), & (r,1), d(r,0), o, @5 (1), @5 (r). (0, (1), denote the
d(r.0.0p(0), d > p,
s

coefficients of the series (4), respectively functions

e(r) 9) t)p) d(r) 9) t)p) p(9)9 i = ]‘) & m? ¢1(r9 9)) ¢2(r9 9)) Wl(tﬁ 9)) Wz(t) 9)) a'nd
p(0)e C~(H), H-unit sphere in [ .
ai(r: gat) , b(r: gat) , c(r: gat) = VVZZ(QQ) c C(Qa))ali(r’ Q,t),
FAOREY AQ R A

o(r,0,0)eWj(Q,),i=1,...mIl2m+1,c(r,0,0)<0¥(r,0,0)Q ,e(r,0,1) €Q,.

Then fair

Theorem.

then

3m
It Q0.0 WIS) Y (1.O) e (T )y(t,0) WA )1 >,

problem 1 is solvable.
Proof of the theorem. First, let us rock the solvability of problem (1), (3). In spherical coordinates of

equation (1) in the area €2 ; has the appearance

Lu= g0, + 7= 0~ L su) -, + 3d (r.0,0u, +e(r,0,0u =0, 5)
s -1 '
=l 1 o . 0 . .
O=— sin™- .8, =Lg =(sin@...sin@_ ), j>1.
210 08, O og 8 =k = )
O consists of own numbers

It is known [4] that the spectrum of the operator
A =n(n+m—2),n=0,1,... each of which corresponds X, orthonormal functions Ynkm 0).

The desired solution to problem 1 in the field Q » we will look in the form
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u(r,0,0) =3 ST (r. Y (0), ©)

n=0 k=1
where #*(r,1) - functions to be defined.
Substituting (6) B (5), then multiplying the resulting expression by ,0(9) #0, and integrating over

a single sphere H, for %" will get [5-7]

g pii,, + pii,, + (— g+ Zd 178

«w Kk
S (e () prat, + pia n,,+<—g<r)p +Zd-’;)ﬁ,;; )

n=1 k=1

Her — 2, " g<r>+z< ds , —nd)Jat} = 0.

Now consider the infinite system of dlfferentlal equations
g ot + i, +—g(f)plu1 =0, ®)

1
2P, — Pt + M g (D kuﬁ—ﬂ 2Pl =

1077 0r

=—%{Zﬁ%ﬂ+@@3,n=Lk=L@, (9)

g P, — pars + L g (0 prars - f— 2 piTEs =
1 Kk, m

= > (>d at,, wleh, + 2 (dh, — (=D DIt

k=1k. n=2,3,... (10)

7

Summing up the equation (8) from 1 before k1 , and the equation (9)- from 1 before kn, and then
adding the resulting expressions together with (7), come to the equation (6).

It follows that if {ﬁnk }:k = Lkn,n = O:L---- system solution (7)-(9), then it is a solution to the
equation (6).
It is easy to see that cach equation of system (7) - (9) can be represented as

g, + A o)t = ), (1)

where fnk (7” 5L ) are determined from the previous equations of this system, while fol (’” L ) =0.
Further, from the boundary condition (3), by virtue of (6), we will have

i (r, ) = s, (r), T (LO=y4, (), k=Lk,,n=0L,.. (12
In (11), (12) replacing 'gnk(r:t):ﬁk(r t)_l//;(t): will get
m-1- A
g S, 719 - 9k) 3k = fE(r.0), (13)
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Gk(r, )= (r), 9*(1,1)=0, k=1k_ n=0,1,... (14)
_ Aot _
£00= 0+, + 22Dy o ()= () -t (B)

r
(A-m)

Replacing the variable v (r,f)=r 2 (r,1) sagaay (13), (14) we will lead to the following
problem

L =08, + 2.9~ 9= 110, 0s)
9 B)= ). 90,00, 8:10)=0, a6)
7ML = s

. (1)

The solution of the problem (15), (16) is sought in the form
S (r,t) =8 (r,0)+F (r,1), (17)
where ¥ (7,1) the solution of the problem

LY = fr(r.1), (18)
8:(r.)=0, 8:(1.0) =0, (19)
where 9 (7,1) the solution of the problem
L9 =0, (20)
&,(r, ) =@5,(r)0, 8, (L1) =0, 21)
The solution to the above problems, we consider in the form
()= R(NT.(0), 22)
at the same time let .
JHr0 =Y a OR (), ()= YR (1), @
Substituting (22) into (18), (19), taksi:rig into account (23), we ob;n
R, + j’;’ R+u,R=0,0<r<l], (24)
R(1)=0,|R (0)| <o, (25)
I, =, g (1) =-a.(t), f<t <O, (26)
7.(8)=0. (27)

—— ) ——
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A limited solution to problem (24), (25) is (|8])

R(r)=Nrd (1), (28)
n+(m-2
where V= ¥, M, - zeros of the Bessel function of the first kind J . (Z) , 1= ,uin.

2
The solution to problem (26), (27) is

I ()= (eXp(—ﬂinjg(é)dé))fg(é)(exwinjg(é)dé)dé)- (29)

Substituting (28) into (23) we get

f%fn" (r,1)= ia,’; (), (), r’%@’; (r)= ib,ii-fv (u,r),0<r<l. (30)
s=1 s=1
Rows (30) - Fourier-Bessel series expansions ([9]), if
as () =20J, (u 2 NEFHEDS (1, &)dé. (31)
be =2, (I [NER(E) (w,,£)de, (32)

where U, 8= L,2,... - positive zeros of the Bessel function J,(z), located

in ascending order of magnitude.
Of (22), (28), (29) get the solution to the problem (18), (19)

3 (r0) =S NPT (0, (1,7, 3)
s=1

where a* (1) determined from (31).
Next, substituting (22) 8 (20), (21), taking into account (23), will have

T, —p2,807 =0, B<t<0,7(B)=0bf,
which solution is
kil
T, () =B} exp(12, | g(£)dE. (34)
From (28), (34) we get t

© B
9 (r,0) =Y bir(expuz, [ £(E)dE)T (w1, (35)

where b* are from (32).

Therefore, first solving the problem (8), (12) (n=0), and then (9) ,(12) (n=1) etc. let's find everything
19: (I”,l) of (17), where 195‘}1 (I”,t) are determined from (33),(35).

So, in the area Da , takes place
[ p(0)LudH =0. (36)
H

Let f(r,0,1)=R(r)p(0)[(t), and R(ryeV,,V,—  tight in L,((0,1)),
pO)eC(H)— tigt in s L(H), T)eV,V,— tigt in L((5,0)). Then
f(r0,0eV. V=V, ®HQ®V, —tightin L,(€2,)[10].
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From here and from (36), it follows that
[ f(r6.0)Lud, =0
Qp
and

Lu=0, ¥(r,0,1)eQ,.
Thus, by solving the problem (1), (3) in the field Q 7 1s the function

o K (1-m)
u(r,0,0)= > > Ays, (0 +r 2 [95(r,0)+ 85 (O}, (6), @)
n=0 k=1
where I (r,1),F (r,t) are from (33), (35).
Given the formula (]9]):

2,];(2) = JH(Z) — JM(Z), ratings [11,4]

2 T T 1
J =, ]—cos(z——=v——)+0(— >0

0 L R —
<cnm2, —lijm(H) <cn? : l,] =1lm-1,/=0,1,..., (38)
86!
as well as lemmas, restrictions on the coefficients of equation (1) and on given functions
o(r,0),p,(r,0), w,(1,0),,(1,0) can be shown that received solution (37) belongs to the class

C(Q,) NCHQ,).

k

n

o Kk
u(r,0,0)=1(r,0)= Z;;T NV ER()] (39)

w  (2-m) B 4 I
o (r) = 0+ X = [ (Xexp, [ (S E + b explur, [ e OdEV (s r).

3m
From (30) - (33), (35), and also from the lemmas, it follows that T(I”,Q) S VVZZ (S), /> 7

Thus, taking into account the boundary conditions (2) and (39), we arrive at Q ; to the Dirichlet
problem for an elliptic equation.

Lu=pOAu+ p,(Hu, + iai (r.0,0u, +b(r,0,0u, +c(r,0,0u=0, (40
i=1

with data

u

5, =T(r.0), u

L=y (,0), u|, =@ (r,0), (41)

having a solution ([12]).

Hence the solvability of the problem 1 is established.
The uniqueness of the solution to problem 1. First, we consider problem (1), (3) in the arca Q 7

and prove its uniqueness of the solution. To do this, we first construct the solution of the first boundary
value problem for the equation

—— g4 ——
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L9=g(HAS+8 - dS. +d9=0, )
P
with data

©_ ky
9], =205 STV @), 8], =0, @)

n=0 k=1
where d(x,t)=e— idm , TH(r)eG,G - many functions 7(#) from the class

=)

C([0,1]) mC*(0,1)). Lots of G tight everywhere in £,((0,1)) [10]. The solution to the problem (5
*), (42) will be sought in the form (6), where the functions 19;‘ (I”,t) will be defined below. Then,

similarly to item 2. functions gnk (I”,l ) satisfy the system of equations (8)-(10), where dl’n‘ :d, ’; replaced
respectively by —d*,—d*, a é* on aN’f Ji=1...m k=Lk,6 n=0,1,...

in? in?

Further, from the boundary condition (42), by virtue of (6), we obtain
9x(r,0)=7*(r), 3°(1,1)=0, k=1k ,n=0,1,.... (43)

As previously noted, each equation of system (8) - (10) is represented as (11). Problem (11), (43) we
will result in the following problem.

LY = g(t)(9* + A )+ 9 = fr(r1), (15)
’,«2
I (r,0)=7"(r), 9(1,1)=0, (44)

(1) ~ (1) [GY)
Fi(ry=r 2 9i(r,0), fir.n)=r > fHr1), T;(r)=r > TX(r).
The solution to problem (15), (44) will be sought in the form (17), where 192‘ (1, t ) - solution of the
problem for equation (18) with the data 195; (I”, t )

F(r,0)=0, g (1,1)=0, (45)
a - 195; (I”, t ) solution of the problem for equation (20) with the condition
9. (r,0)=0, 9 (1,0)=0, -

The solution of problems (18), (45) and (20), (46) respectively I have the form
o t ' ¢
()= 2 Nr(exp(+12, [ (AN [ @ (EXexp(ue, | «E)AENT (1,1,
5= 0 0 0

where
=2 1 P2 n+ (I’I/l — 2)
7, =207, (u P NET (O (u,E)dE, v= e
0
Thus, solving the problem (5 *), (42) in the form of a series

(1-m)

u(r0.0=33 1" 19 (r1)+ 85 (DI (O,

n=0 k=1

built, which by virtue of estimates (38) belongs to the class (Q ﬁ,) NC(Q ﬂ).
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As a result of integration by area Q ; identity [13]
SLu—uli8 =-9P(u)+uP(8) - u9Q,

where
P(u)= g(t)i u, COS(N*+,x,), Q=cos(N+,1)— idi cos(N*,x,),
i=1 i=1

but N - internal normal to the border 02 s » according to the Green formula we get
[z(r,0)u(r,0,0)ds =0. 47)
S

Since the linear span of a system of functions {Z_'n k (F)YH km (6)} tight L,(S) (110]), hen from (47)
we conclude that #(r,8,0)=0, V(r,0) € S.. So on the principle of extremum for a parabolic
equation (5) [14] u=08 Q .

Next, from the Hopf principle ([15]) # =0 B Q Pr

The theorem is proven completely.

VK 517.956
MPHTH 27.31.15
C.A. Anpamer, M.H. MaiikoroB

! AGaii areinmarsl Kazax ¥irreik Iemarorukansik YHuBepcuTeTi, Anvarel, Kazakcran
2 AGait areimarsl Kazak Y oarreik Iegarorukansik Yausepcureri, Amvarsl, Kazakcran

KOI-6JIIIEMAI 3JIUINTHKO-TAPABOJAJIBIK TEHAEYJIEPTHIH
BIP KJIACbI BOUBIHINA IMAJIHHAPJIIK OBJBICBIHJA JTUPUXJIE ECEBI

Annotanmust. JKa3bIKTBIKTAFbl 3IUMNTHKO-MAPAOOIHKANBIK TEHACYJICP VIIIH INETTIK ECENTep OTe >KAKCHI
seprreareH ([1]). Jdupmxiae eceOiHiH KOPPEKTLMri Typi MCH PETTI NI TYPATHIH KOM OIMICMIl 3JUTHIITHKO-
mapadonanbK TCHACYICp YIIH opHaThIFaH [3]. Kem-emmemal 3/mummTHKO-apaboIaiblK TEHACYICD YIUiH JKyMBbIC
iCTEY TYpi MCH PETTI O3TCPTYMCH PYKCAT CTIMTCH >koHE Jlupmxie ¢ceOiH KIACCHKANBIK MICIOYOiH aHKbH TYpi
ATBIHFAH.

Tyiiin ce3jep: MEIIIMILTN, apamac ecem, KO OImeMIl 3JUIHNTHKO-TAapaboNaielk TeHACYNEp, beccensb
(OYHKIUACHL.

VK 517.956
MPHTH 27.31.15
C.A. Anpamer, M.H. MaiikoroB

Kazaxcxmit HanmonamsHeii [Tegarorudaeckuti Yausepcuter nMeHH Adas, Anmater, Kazaxcran

3AJIAYA JUPUXJIE B AIAHAPHUYECKOM OBJIACTH 1 OJHOI'O KJIACCA MHOTI'OMEPHBIX
IJNIUANTHKO-DAPABOJIUYECKHX YPABHEHUHU

Annoranua. Kpacssie 3a1a4u A7 BRIPOKIAROIIMXCS SILIMITHKO-NAPAO0THICCKHX YPABHCHUH HA TIOCKOCTH
JocrarouHo xopowmo u3yueHs! ([1]). KoppekrHocTs 3agaun Jupuxie A1 BIPOKICHHBIX MHOTOMEPHBIX 3JLTHIITHKO -
mapabOIMYECKUX YPAaBHCHHH C BBIPOXKACHHEM THIIA W Topsaka Obima ycraHoBieHa B [3]. B pabore ama
MHOTOMEPHBIX 3JUIHNTHKO-TIAPAOOTHICCKUX YPABHCHUI C BRIPOKICHHEM THUIIA W TOPSIKA IMOKA3aHA PAa3peIIIMOCTb
1 TIOJIVCH SIBHBIH B/ KJIIACCHYECKOTO PEeIICHUI 3anaun [lupuxie.

KiroueBbie cioBa: pa3pemmMMoCTh, CMCINAHHAS 337a49a, MHOTOMEPHBIC JILTHITHKO-NAPaOOIHICCKUC
ypasHeHus, (pyHkms becces.

— 9§ ——
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