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TELEPARALLEL DARK ENERGY MODEL WITH FERMIONIC
FIELD FOR BIANCHI TYPE I SPACETIME

Abstract. The search for constituents that can explain the periods of accelerating expansion of the Universe is a
fundamental topic in cosmology. In the present work, we consider a model with a fermionic field that is non-
minimally coupled to gravity in the framework of teleparallel gravity for Bianchi type I spacetime. Here we
determined form the point-like Lagrangian and obtained the corresponding field equations. In order to determine
forms of the coupling and potential function of fermionic field for the considered model, we use Noether symmetry
approach. In modern cosmology, we often used this approach to determine the unknown function and obtain exact
cosmological solutions for considered model. For our model, we obtained of the coupling and fermionic field
functions as /7= Fy"WandV =Vi/. Then, we put these solutions to the ficld equations, we got the equation

depend only on the functions A, B and C. After some mathematical calculations, we found exact solutions for these

functions as de Sitter solutions. Finally, we determined the equation of state parameter is equal to —1. In cosmology
this solution gives us dark energy model and which can describes the late-time epoch of the evolution our universe.
Thus, here the fermion fields play the role of dark energy.
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Introduction

In modern cosmology, teleparallel gravity is used to describe the evolution of the universe. For the
first time teleparallel theory of gravity (theory of gravity with teleparallelism) was proposed by Einstein.
Due to the specific nature of parallel transfers, any calibration theory, including these transformations, will
differ in many respects from conventional internal calibration models, and the most significant is the
presence of a field tetrad.

On the other hand, ficld tetrads can be used to determine the lincar connectivity of Weizenbock,
which is a connectivity defined by torsion but not by the curvature of space. The tetrad field can also be
naturally used to introduce a Riemann metric in terms of which the Levi-Civita connectivity can be
constructed.

It is important to note that torsion and curvature are connectivity properties and different
connectedness can be defined on the same space. Thus, the presence of a nontrivial tetrad field in gauge
theory induces both a tele-parallel and a Riemannian structure in space-time. The first obligation of
Weizenbock connectivity, the second connectivity Levi-Civita. Due to the universality of the gravitational
interaction, it is possible to link these geometric structures in the theory of gravity Previously, it was
considered in [1,2].Cosmological solutions were obtained within the framework of the theory of the tele-
parallel of gravity and the Friedman-Robertson-Walker(FRW) metric. The anisotropic model of the
Universe for the Bianchi I metric in the framework of the theory of the teleparallel of gravity was
considered in the works [3.4].
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In modern cosmology, scalar and vector ficlds, as well as their modifications, such as k -essence, f -
essence, g —essence, are used as matter fields. Here we consider fermion fields in the framework of the
tele-parallel gravity theory for an anisotropic Bianchi type I. universe.Earlier, cosmological models with
fermion fields in the framework of GR for the FRW metric were considered in [5-8]. Also, within the
framework of the teleparallel of gravity, models for the FRWmetric were considered in [9].

The paper is organized as follows. In Section 2, we present action and equation of motion for this

model. The geometrical Noether point symmetries and their connections to the £ (LP) model is discussed

in section 3. Section 4 is analytical solutions for those F (LP) models which admit Noether point
symmetries.Finally, we draw our main conclusions in section 5.

Actionandequationofmotion
In this theory, the action is given in the following form

S= jd“xe{F(LP)ﬁé[;prﬂ(‘a_#—Qy)w—;7(§+Q#)rﬂw]—r/(tp)}, )

where e = det (eZ) , e;’ is a tetrad (vierbein) basis, 7 is a torsion scalar, and i and [/ = I/ ij ¥ denote the

spinor field and its adjoint, with the dagger representing complex conjugation. /(\V)and V(LP) are

generic functions, representing the coupling with gravity and the self-interaction potential of the fermionic

field, respectively. In our study, for simplicity, weassume that £ (LP) and V(LP) depend only on

functions of the bilinear ¥ = (/7. In the above action, furthermore, Q 18 the spin connection
1

Q g _Z o [F:d — e; 0 Heﬂl““l“i with F;Z denoting the standard Levi-Civita connection and

I'*= 65 y“ The I'* are Dirac matrices.
Together with the action (1), the FRW metric is considered

ds* = di* — (1) (dx’ +dy’ +d=*),

where Cl(l‘) 1s the scale factor of the Universe. Here and then the dot above the letter denotes the

derivative in time. This metric describes four-dimensional planar, homogeneous, and isotropic space-time.
In our model we will define field equations for action (1) and Bianchi metrics of type 1

ds® = di* — L)dx — B (O - C2(1)d2?, @

where

AB AC CB PP
J=g = ABC,T =2 ¥ =L (% — i),
°” (AB AC CBJ 7 =)

The Lagrange function for metric (3) can be written as
L =2FCAB +2FBAC +2FACB - éABC(@/Oz// —~§"w)+ ABCV, 3)

Next, we will use the Euler-Lagrange equations and the zero energy condition to determine the field
equations:

— 1) ——
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I(_ 0. =
where 0 = V' is the energy density and Pr= E(W)/ OW — WOW) — Vs the pressure of the fluid.

Thus, we obtained the field equations for the anisotropic Universe model in the framework of the
theory of body parallel to gravity, where fermionic fields were considered as matter fields. In the
following we will investigate various cosmological aspects of these equations.

TheNoethersymmetryapproach

To solve the systems of field equations (4)-(9) we use the Noether symmetry. This approach means
that the lic derivative of the point Lagrangian from the vector field X is zero

The field vector has the form

X= 05i+ﬁi
04 = OB

where

XL =0.

Vi-i-?]i-i-)(i-i-a’i-i-ﬁ—

oC Yoy, "oyl o4
7i+f7—
oC oy,

(10)
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g = 92,09, +Z Ot yr al/'/?-,
" am” 8% ’
3
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o4~ aB~ oC  Slow," oyl
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3
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0A 5] C = al//j ’ al/fj‘ !

By collecting all the terms of equation (12) with coefficients
A2 B2,C? AB, AC, BC, Ayr, By, Cyr, Ay, Byt ,Cyr', A, B,C and equating them to zero, we

obtain the following system of differential equations:

8’8 =0, (13)
aA aA

Ca—a 87 =0, (14)
oB oB
a—a + A— % _ =0, (15)
ac oC

P por. 49 F' @ .
+C +C +A4—+(C— ny +ery. )=0 16
04 aB aB 0A F;(gzﬂll//, g,Z,W,) 5 (16)

oo OB OB ,O0r  oF < )
+ B +C*=—+A4—+B—+B— enw +exy. )=0, 17

+Ca—a+B— aﬂ
oC

F ; _
OB 8B A@C+A?;(ginil/ji +giZiWi) 0, (18)

c99 O g o 8% 4O g pO% L 40P g (19)
oy, oy, oy, oy, o, oy,

— 4 ——
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C aﬁ,f +B 87/T =0, C a“,f +4 87/T =0, B a“,f +4 aﬁ,f =0, (0
oy, Oy oy, Oy oy, Oy
([ 0n, ! on ox;
=0, —Lyt 2Ly |=0
Z( aAWj Z(an, V|0
on; +_9%
T — =0, 21
Zol( radirail 1)
' ' ' 3. on. ; oy,
aBCy'!+ BACY +yABy' + ABCy, + ABCY | —Ly! - Ly, |= (22)
i=0 81//] 81//]
oy,
aBCy, + BACy , + yABy, + ABCH, ABCZ —y -5y, |=0, 23)
¢ 81// oy
(aBC + BAC + )/AB) + ABC — ” Z(s ny, + g;glz//l) =0. (24)
i=0
Next, we will look for the solution in the following form
a=N(A), B=N(A)- M(B), y = N(A4)- L(C), (25)
and
=N(A)-QW,), x, = N(A)- P(y)). (26)
From equation (22):
M= —EL. (27)
C
Equations (23) and (24), if I =C, M = —Bwill look like this:
AaN Aza—N—N 0, (28)
0A 0A
accordingly we get the following equation
A4
N(A)= 29
(A)= L (29)
To obtain a solution, we will consider the following form Q and P
— (1 A P= ! A" i
O=- SAT+EM W P AT &7 | (30)
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then
V=Vu, (31)

IF'=Fu. (32)

Substituting the last equation in the equation of motion (2), we find the value of 7 :
V.
1'=—--—L=const.
0

Exact cosmological solutions
Solutions will be sought in the form of de Sitter:

A=e", B=¢e" C=¢e"
we know that A = 21 = 22 = 23, then from the equation of motion (5) we can determine the values

A=F ﬁ , then energy density and pressur given as
0

A 2 Vi
=¥ |, p=-3H =——. 33
PP 20 (33)

The equation of state parameter will look like this:
=-1. (34)

a):

From equations (9) and (10) we obtain the following equation:

qw-é+§+£‘P=Q (35)
A B C
and integrationgives
= LPO
(4BCY"

Conclusion

In this paper, we considered a model with a fermion field that is not minimally related to gravity
within the framework of teleparallel gravity for Bianchi I type space-time. Here we defined the form of a
point Lagrangian and obtained the corresponding field equations. To determine the bond forms and the
potential function of the fermion field for the model under consideration, the Noether symmetry approach

was used. For our model, we obtained of the coupling and fermionic field functionsas /' = E)LP and

V= Vol// .Then, we put these solutions to the field equations, we got the equation depend only on the

functions A, B and C. After some mathematical calculations, we found the exact solutions for these

functions as de Sitter solutions. We also determined that the equation of the state parameter is equal —1.In
— 1§ ——
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cosmology, this solution gives us a model of dark energy, which can describe the late epoch of evolution
of our Universe. Thus, here the fermion fields play the role of dark energy.

ILP. Meip3axkyn, K.K.Ep:kanos, JI.K. Kem:xammn, K.P. Meip3akyios

Kamms! xone TeoprsutbIK (huzuka kadenpacst, JLH. I'ymunes arsmaarst
Eypasua yrrteik yausepcureti, Hyp-Cyaran, Kazakcran

BbAHKHUIKEHICTIK-YAKBITBIHAA ®EPMHOH/bI OPICI BAP KYHI'TPT JQHEPI'MAHBIH
TEJENAPAJLJIEJABb MOAEJII YINIH HETEP CHMMETPHUA 9ICI

AHHOTAIMA, OJCMHIH YACMCII YIFAIOBIHBIH TAOWFATHIH TYCIHAIPES Kypamael Oemikrepai i3aeyi
KOCMOJIOTHSIHBIH 1preJti TaKeIPBIOEI 00JIIN TaObLIa A6 KapacTEIPhLIBIN OTEIPFaH yMbIcTa bhstHKH | MeTpHKacH! yImiH
TEJICTIAPAIIICITb TPABUTAIINS ASICBIHIA TPABHTALMSIMEH MUHUMAIIBI EMEC OPEKETTECETIH (JEPMHOHIBI OPICTIH MOJICIIb1
3eprreneai. by sxympicTa 013 HYKTEIIK JIArpaH;KHAHHBIH TYPIH aHBIKTAABIK. KapacThIPBLIBIP OTHIPFAH MOJCIH YINiH
(hepMHOHIBI OPICTIH MOTCHIMAJBIHEIH >KOHE OalnaHBIC (PYHKIMACHIHBIH TYPIH aHBIKTayza Herep cHmMMeETpHsIChHI
omicin mafimananablk. Kasipri TaHma KOCMOJIOTHSNA aTalFaH ONICTI — 3CPTTCIIN OTBIPFAH MOACTH YIIH Oeirici3
()YHKIMSTHBI QHBIKTAYFA YKOHE HAKTHI KOCMOJOTHSUIBIK HICHIIMZICPII anyaa >Kdi KOMAaHAAbL O3IMI3IIH MOAETIMI3
YiIiH (epMHOHIBI OpicTiH OaknaHbic (yHKUMACHH anaplk. ComaH KeifiH aiblFaH MICHIIMACPAL OpiC TEHACYJICPiHEe
Koitbin, A, B »xone C (QyHKUMSUIApBIHA FAHA TOYENTI TCHACAY1 anaMbr3. MareMaTHKAIBIK E€CENTEYICPACH COH OChI
¢yuxumsamap yorH ge-CHTTSp TYPIHACTI HAKTHI MICHNMACPAl TanTelK, HoTmkeciHme ky# TeHOCYiHIH Mo — 1
CKCHIAITIH aHBIKTAAbIK. KocMomormsama Oy ImICImiM KYHTIPT 3HCPTHSHBIH MOACTIH Oepeni »oHC Oi3miH Omem
IBOJIFOLIICHIHBIH KelI JoyipiH cumarraid amagsl. COHBIMEH Oi3MiH >KYMBICBIMBI3IA AHBIKTAIFAHBI — (DepMHOHIBI
epiCTep KYHTIPT SHCPTHAHBIH POJTiH OHHAHIBL

Tyiiin ce3nep.Terenapamnensai KyHripT 3Heprist, besukm I Tunri mozmem, depmuoHzmsr epic, Herep
CHMMECTPHSA JiCI.

YK 524.834
ILP. Meip3axkyn, K.K.Ep:kanos, JI.K. Kem:xkammn, K.P. MbIp3aky/oB

Kadenpa obmeit u TeopeTnueckoit (hu3nkn, EBpasuiiCkuii HAITHOHATBHBIH YHIHBEPCHTCT
mvern JLH. T'ymunesa, Hyp-Cynran, Kazaxcran

MOJXO0/ HETEPOBOI CHMMETPHH B TEJENAPAJLIEJBHON MOJEJIN TEMHOM YHEPTHHA C
®OEPMHUOHHBIM IMOJIEM JAJIAA MIPOCTPAHCTBA-BPEMEHH THUIIA 1 BbJAHKH

Annotanusa, [TOUCK COCTABHBIX YACTCH, KOTOPBIC MOTYT OOBACHHTH ICPHOABI YCKOPSFOMICTOCS PACIIHPCHUS
Bcenmennolt saBgeTcsa (pyHIAMCHTATBHON TEMOH KOCMOIOTHH. B HacTosMImmeH padoTe pacCMaTrpHBACTCS MOACIE C
(pepMHOHHBIM NOJIEM, HC MHHHMAJIBHO CBS3AHHBIM C TPABHTAIMCH B PaMKaX TEJCMAPAUICIBHON TPABHTALUH I
mpocTpaHcTBa-ppeMeHn Tura busaku I. 371ech MBI ompenemum (OpMy TOUEUHOTO JArpaHKHAHA M IIOIY'IIIH
COOTBETCTBYIOIIME YpaBHEHHSI moi. i ompenencHusa (GopM CBA3HM M MOTCHUMANBHOW (PYyHKUMH (PepMHOHHOTO
TOJIST 171 PACCMATPHUBACMOM MOJIEIH HUCHOIB3yeTCs moaxoa cummerpud Herep. B coBpeMEHHONH KOCMOJIOTHH 4acTO
HCTIOJIb3YETCS 3TOT MOAXOZ A ONpPENCICHUS HEW3BECTHOH (DYHKIMH M ITOJYYCHHS TOUHBIX KOCMOJOTHUECKHX
PCIICHUH 1 paccMaTpuBacMoi Moaeu. [ HameH MOACTH MBI TIOTYyYHIH (DYHKIHH CBA3H H ()CPMHOHHOTO TOJIA.
3areM MBIIOACTABILL 3TH PEIICHHS B YPABHEHHS MO, MbI IIOJIyYAEM YPAaBHEHHUE, 3aBHCSIICE TOIBKO OT (DYHKIMH
A, B u C. TTocne HEKOTOPBIX MATEMATHYCCKUX BBIMHCICHUI MBI HAIIIM TOYHBIC PEIICHHUS UL 3TUX (YHKIMH Kak
pemeHus a¢ Currepa. HakoHen, MBI OMPEACITTH, YTO YPABHCHUC MapaMeTpa COCTOSHHUA paBHO -1. B xocMmomornm
3TO PEIICHHE JACT HAM MOJCIb TEMHOW SHEPTHM, KOTOPAas MO’KET OIMHMCATh IO3JHIOKD 3IO0XY 3BOJIOLMH HAIICH
Bceenennoii. Takum 00pazoM, 31ech (\epMHOHHBIC ITOJI HTPAFOT POIIb TEMHOH SHEPTHH.

KimoueBbie ci0Ba: TenemapauicabHAs TEMHAS HEPTHA, MOAcTb beaHku tuma I, gpepMuoHHOE mone, moaxoxn
cummerpun Hetep.
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