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ON SPECTRAL PROPERTIES OF A BOUNDARY VALUE PROBLEM
OF THE FIRST ORDER EQUATION WITH DEVIATING ARGUMENT

Abstract. In this paper, we study spectral properties of a boundary value problem of a first order differential
equation with constant coefficients and deviating argument; the deviation is present at the highest term of the
equation, and it cannot be transferred to the lower terms of the equation without an additional condition. By spectral
properties, we mean completeness and basic properties of a system of eigenfunctions and associated functions of a
boundary value problem, as well as Volterra properties.
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1. Introduction. The first works on the theory of differential equations with involution are found in
the scientific literature of the nineteenth century. This is the extensive work of Babbage [1] from 1816.
The work consists of several parts. Algebraic and transcendental equations with involution, integral and
differential equations containing an involution are considered. At present, mathematicians from many
countries are studying differential equations with involution. The reference devoted to the study of
differential equations with involution is quite extensive. An extensive bibliography contains monographs
by D. Przevorska-Rolevicz [2], J. Wiener [3]. Jack K. Hale Sjoerd M. Verduyn Lunel [4].

Partial differential equations with involution arise in mathematical models of population dynamics,
ecology and physiology. A series of papers by S. Busenberg [6], J. M. Cushing [ 7-8] and others, devoted to
mathematical modeling in population theory (biology), suggest the need for deep research on the
analytical theory of differential equations with involution. In the work of J. Wiener [3, p. 264], attempts
were made to apply the method of variable separation to partial differential equations with involution. In
this case, solution is sought as a series in eigenfunctions. Conditions on existence of unbounded solutions
of the considered problems are obtained, as well as the condition for a series to diverge in terms of
eigenfunctions. Among the studies of recent years we can note the work of W. Watkins [9-10], which deals
with solvability of one-dimensional differential equations with involution, and A.P. Khromov and his
followers [11-12], which consider questions of solvability of integral and partial differential equations
with involution.

Method of variable separation for solving partial differential equations is based on the spectral theory
of one-dimensional differential operators. Spectral theory of self-adjoint and non-self-adjoint ordinary
differential operators, which originated in depths of the equations of mathematical physics and began with
classical works of Sturm, Liouville, Steklov and others, has received a fairly complete development over
the past century. Spectral theory of self-adjoint ordinary differential operators is almost complete. In the
field of spectral theory of non-self-adjoint ordinary differential operators, substantial results on
completeness and basicity of eigenfunctions and associated functions are obtained by M.V. Keldysh [13],
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V.A. II'in [14-19], M. Otelbacv [20], A.A. Shkalikov [21], Radzievsky [22] and many other
mathematicians.

Theory of basicity of systems of eigenfunctions and associated functions of non-self-adjoint ordinary
differential operators, proposed by V. A. llyin, received rapid development. Review papers [23-24] give a
fairly complete picture of development of the basicity theory by V.A. II’in.

Compared with the spectral theory of ordinary differential operators, the spectral theory of one-
dimensional differential operators with involution is in its infancy. Apparently, the first works on the
spectral theory of one-dimensional differential operators with involution were carried out on initiative of
T.Sh. Kalmenov [25-29] in the past decade of this century. These studies were continued in the cycle of
works by M.A. Sadybekov and A.M. Sarsenby [30-35]. Over the past decade, interest of researchers to
differential equations with involutions has noticeably increased, as evidenced by the publications [36-52].
The bases theory is described in [54-55] in detail.

In this paper we continue the studies begun in [28], a brief summary of this paper was announced in
[53].

Formulation of the problem. We investigate the boundary value problem

Ly = ay'(x) + by (1 —x) = Ay(x),x € (0,1), (1.D)

ay(0) + py(1) =0, (12)
where a, b, a, §§ are arbitrary, previously known constants, and A is a spectral parameter, y(x) is a desired
function from the class *(0,1) n €[0,1].

Let operator P be defined by the following formula
Py(x) = ay(x) + by(1 — x),

(al — bS)v(x)

then
P lu(x) =

where Sv(x) = v(1 — x), [ is unit operator.

Indeed,
N (al — bS)v(x)
PP 1U(X) = ((11 + bS)W =

a’l — abS + baS — b?S?  (a® — b?)I
= a? — p2 T T2 p2 = 1.

Consequently, if a? — b? = 0, then the problem (1.1) - (1.2) takes the following form:

d
Ly =P——y(x) = f(x),x € (O.1),
ay(0) + py(1) = 0.

(Y0 =2ty |y = )

ay(0) + By(1) = 0;
y(0) + By(D) ay(0) + py(1) = 0.
It is a generalized spectral problem.

Let Qy(x) = ay(x) + by(1 — x), then
(al — bS)v(x)

) =g
Supposing Qy(x) = z(x), we have
I —bS — 1-—
y(x) — Q—lz(x) — ;12 — 'BZ Z(x) _ aZ(x)az fzﬁ(,z x),
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s az'(x)+ pz'(1—x) _ Qz'(x) _

Y(x) az_ﬁz _az_ﬁz;
Then our problem takes the following form:
Qz(x)  al—bS a?— B?

Y@= Q7 () =2 5,20 2,
Qz'(x) = Aa® — fHPT1Q 7" 2(x),

7'() = Aa? - BQIPTIQ1a(),
{ z(0) = 0. (1.3), (1.4)

az_’gz_

It is a generalized spectral Cauchy problem.

Remark 1.1. If (a?—B?)(a® — b?) # 0, then the problem (1.1)-(1.2) is equivalent to the
generalized spectral Cauchy problem (1.3)-(1.4).

2. Research Methods.
2.1. Solvability. If y,, (x) = sinnmx, then
Ya(l = x) = (=)™ 1y, (%), Yo (1 = %) = —y2m (%),
V2m-1(%) = Yam-1(1 — x);
moreover y,(0) = 0,y,(1) = 0.
) Yam(1 = %) + Ypm(x) = 0,=>y, (x) =y, (1 —x) = 0;
6) Yom-1(¥) = Yam-1(¥) = 0,=>y, () + 5, _,(x) = 0.
Lemma 2.1. If Ly, = 0, yo(x) # 0, then
(a®> = b>)(a+ ) =0.(2.1)
Proof. From the equation (1.1) we have
{ay'(x) +by(1—x)=0, s
by (x) + ay'(1-x) = 0;
a)ora®—b%=0,and y'(x) Z 0;
6)ora®—b%#0,and y'(x) = 0.

If a = b # 0, then the problem has the form

{y'(x) +y(1-x) =0,
ay(0) + By(1) = 0.

Functions yy,;,_1(x) = sin(2m — 1)mx, m = 1,2, ... arc solutions of this problem, therefore, in this
case the point 15 = 0 is an infinitely multiple eigenvalue of the boundary value problem (1.1)-(1.2).

If b = —a # 0, then the boundary value problem (1.1)-(1.2) takes the following form

{y'(x) —y(l-x=0,
ay(0) +By(1) = 0.

Solution of this problem is the following functions

Vom (%) = sin2mnx,m = 1,2, ...
therefore, also in this case the point Ay = 0 is infinitely multiple eigenvalue of the boundary value
problem (1.1) - (1.2).
Ifa? — b% # 0, then y'(x) = 0,y(x) = C — const; =>
a-C+p-C=0,(a+pB)-C=0,=>a+=0,

since C # 0.

Let (a? — b?)(a + B) = 0, then

a)ora+ f =0,ora+f #0,then a? — b? = 0.
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If « + § = 0, then the function y,(x) = C — const is an eigenfunction and 4y = 0 is an eigenvalue.

If a> —b? =0, then as we have already noted, in the case a = b the functions y,,_;(x) =
sin(2m — 1)mx, m = 1,2, ... are eigenfunctions, and A¢ = 0 is eigenvalue of the infinitely multiple. In the
case b = —a the functions y;,,(x) = sin2mnx are eigenfunctions, and Ay = 0 is infinitely multiple
cigenvalue.

Lemma 2.2. Operator L is invertible if and only if

(@®> —=bH)(a+p) # 0, (22)

where
Ly = ay'(x) + by'(1 — x), (1.D
ay(0) + By(1) = 0. (12)

Proof. If (a? —b?)(a+ B) =0, then in the case a® —bh? =0, 1, =0 is eigenvalue, thus the
operator L is not invertible, and in the case a? — b? # 0, Ay = 0 is a simple eigenvalue, therefore the
operator L is again non-invertible.

Inversely, if operator L is non-invertible, then there exists a function yy(x) # 0 such that Ly, = 0,
then due to Lemma 2.1, we have the equality (2.1).

2.2. About inverse operator.
Ly = ay'(x) + by’ (1 —x) = f(x),x € (0,1), (1.D

ay(0) + By(1) =0, |a| + 5] # 0. (1.2)

Let Tu(x) = au(x) + bu(l — x) = (al + bS)u(x),

where Su(x) = u(l — x), then
T lv(x) = Lbsv(x).
aZ—p2

Indeed,

(al —bS)v(x) _ (a®l —abS + baS — b*5?)
a2 — p2 - a? — b2

TT 'v(x) = (al + bS) v(x) = v(x).

The problem (1.1)-(1.2) takes the following form

d
Tay(x) = f(x),x € (0,1),
ay(0) + By(1) = 0.

Consequently,
y () =T"1f(x),=>
X

1
() = y(0) + f TUF@)dE, y(1) — y(x) = f T,

0 X
1

y() = y(1) - f T-1f(E)dt, =>

X
X

1
@+ Py = a f Tf(O)dt - B f T,

0




ISSN 1991-346X 5.2019

1

y(x) = L f(x) = ﬁ f T (t)dt — a% T-1f(t)dt =
0 X

1 1
aiﬁof H(x—t)T‘lf(t)dt—a’%ﬂf n(x — HT-1f(O)dt =

0
1

_fa@(x—t) —po(t —x)

p T 1f(D)dt =

0
B 1a6(t—x)—,86(t—x)_af(t)—bf(l—t)d B
_f a+p a? — b2 =

0

1
a
T Of [0 — €)= B8 — I (W)t -

1
b
~ = Of [0 — 6) = Bt — D (e =

1
a
T Of [a0(x - ©) = GO — DI (e -
1

b
@ —bz)(a+ﬁ)0f[a6(x_ 148 —po(l —t—x)]f(O)dt =

_ fla[ae(x — ) = pO(t — )] — blad(x — 1+ ) — BOL — t — )]
0

(a? = b?)(a+p)
1
f@de = [ K of©d,
where °
alab(x —t) — Ot —x)] —blab(x —1+1t) — BO(1 —t — x)]

R e= (@2 = b (a+ )

We have proved the following theorem.

Lemma 2.3. If
(@ -bH@+p)#0

then the inverse operator L™1 exists and has the form

1
(@) = L (x) = f K, Of(Odt,
0

where
alab(x —t) — Ot —x)] —blab(x —1+1t) — BO(1 —t — x)]

(a? = b?)(a + )

K(x, t) =

2.3. Criteria about Volterra property.
We consider the following boundary value problem

Ly =ay' (x) + by (1—x) = f(x),x € (0,1), (1.1)
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ay(0) + py(1) =0, (1.2)
in the space L?(0,1), where a, b, a, 8 are arbitrary complex constants, satisfying the condition
(lal + [bD(la] +|B1) # 0,b # 0 (2.1

f(x) is a continuous function on the segment [0,1], y(x) is a unknown, continuously differentiable
function.
Definition 2.1. If the boundary value problem
Ly =ay'(x) +by'(1 —x) — Ay(x) =0, (1.1)
ay(0) + py(1) =0, (12)
has only trivial solution at any complex A, then it is called Volterra.
Theorem 2.1. Boundary value problem (1.1) - (1.2) is Volterra if and only if
1) (@%—b?)(a? - p2) # 0. (22)
2) b(a®+ %) +2afa=0.(2.3)
Proof.
a) Necessity. Let boundary value problem (1.1) - (1.2) be Volterra, then (a? — b?)(a + B) # 0,
otherwise 4g = 0 is eigenvalue, which contradicts the Volterra property of the boundary value problem

(1.1) - (1.2). If the condition (a? — b?)(a + B) # 0 holds, then there exists inverse operator L™, which

has the form
1

@ = [ KGof©d,
where ’
alab(x —t) — Ot —x)] —blabB(x —1+1t) — BO(1 —t — x)]

K0 = @ =@+ p)

If the operator L does not any nonzero eigenvalues, then the operator L™1 also does not have nonzero
eigenvalues, consequently, kemel operator (L~1)? does not have nonzero eigenvalues. Then, by the
Lidsky theorem [59], we get

SpL™% = 0.

Now we calculate the left part of this formula
T

L2f(x) = f K2(x, Of (©)dt,
0

where
1

K%(x,t) = f K(x, K (&, t)dé.
0
It is known that (by the Gaal theorem) [60]
SpL™?% = f K?(x,x) dx,

0
thus

11
SpL™?% = K(x, K (&, t)dEdx.
/]

It remains to calculate this double integral:

K(x,§)K (&, 1) =7

— )4 ——
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_alabx =8 = pOE —x)] —blab(x -1+ -1 -&—x)] _ KI[1] - KI[2]
K(x,f) - -

(@ —b%)(a+ B) @ —bD)(@+p)
Koz = O =D = oG = D)~ bladG — 140 ~poU=x =] __KIB1-KI[2]
= (@ —b2)(@+p) @ -b)@+p)

K[1]-K[3] = —afb(x — &) — fab(§ —x) = —aB[0(x — &) + 6(§ —x)] = —ap;

K[1]-K[21=a?0(x—&)-0(x +&E—1) —af8(x — )01 —x— &) —
—Baf(E —x)0(x +&—1) + 205 —x) - 6(1 —x — &);

K[2]-K[3]=a?0(x+&—-1)-0( —x) —aff(x+&—1)0(x — &) —
—Bad(1 —x—&)O(E —x) + p20(1 —x — &) - 0(x — &);

K[2]-K[2] = a?6(x+ & — 1) + B?0(1 — x — &);
Consequently,
aK|[1] — bK][2] K x) = aK|[3] — bK][2]
(@®=b>)(a+p) (@®=b*)(a+pY

K(x,§) =

Ko §) K(Ex) == AL ([(12]_b[2)](6¥+a,3)[] i 21 _

=a’(—af) —abla?0(x — &) 0(x +&—1) —afO(x — &)1 —x — &) —
—pab(§ —x)0(x +&{ -1+ 20 —x)- 01 —x -] -
—bala?0(x+E—1)-0(E —x)—afO(x+&—1)0(x — &) —
—pab(l—x—HOE — )+ 201 —x—§)-0(x -] +

+b%[a?0(x +E— 1)+ B?0(1 —x — &)] / (a? — b*)(a + B)?;

We calculate the following integrals:

1) folfolﬂ(x—f)e(x+§—1)d§dx= xigiig,O, =>x>&>1—x
$ A
=1
Dy
> x
x=1
=f dédx = —;
D,
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2) [y [, 00— )8 —x— §)dédx = 1f;f?£0 =>1_§;§’>§,
$A
&E=1
2
> X
x=1
=f dfdle;
D, 4
5 e - e+ -nagar= | S ET 0= IR
$A
&E=1
D3
> X
x=1
=f dfdle;
Dy 4
) [} f, 0 —x)0(1 —x — &)dédx = |1f;f§2’0,
$A
£=1

[
Ll

— [ azax =%,
= fD4 sdx =3
5) fol fol[aze(x +&—1)+p%0(1 —x — §)]d &dx =?

X

11 1 1
E)fbfazéi(x+§—1)0!50!96=E)fdxl_fxazdf=E)f(1—1+x)azdx=

1
aZ

! 2
zf P
=qa xdx = a*—
2

0

2 ’

1

11 1
!!ﬁze(l—x—f)dxd§=ﬁzfdxbf

0
2
#(e-%)

—x 1
dé =B [ (1—x)dx =
/

. 1

=r(1-3)=7

0
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11
SpL™2 = K(x, K (& t)dEdx =
/]

Z o f2
a?(~ap) — %2 (a? — af — fa+ ) — 22 (a? — ap — pa + p?) + b2 LT L
- @ 52+ )2
_ —2afa’—ab(a—p)* +b*(@®+ %)
T 2@ p?
_ —2apBa® —aba® + 2aBab — abf® + b?a® + b2 B
- 2(a? — b?)?(a + B)? B
_ [a?(b? — ab) + B*(b? — ab) + 2afab — 2afa’]
2@ = b2+ B2
_ (b® —ab)(a@® + %) + 2af(ab — a?)
ST 2@
_b(b—a)(@*+ ) +2afalb—a)
B 2(a? — b?)?(a + B)? -
_(b—a)[b(a® + %)+ 2aBa]
- 2(a? — b2)?(a+ p)? -

Since b — a # 0, then b(a? + B2) + 2afa = 0, thus the necessity of the second condition is proved.

If f=—a, then b-2a?—2a?-a=2a%*(b—a) =0, since a # 0, therefore b —a =0, it is
impossible, thus § # —aor f + a # 0.

Similarly, if f = a, then b - 2a? + 2a?-a = 0,2a?(b +a) = 0, since @ # 0, then b + a = 0, it is
impossible, therefore § — @ # 0. Earlier we showed that (a? — b?)(a + ) # 0, due to the last condition,
we have (a® — b?)(a? — f?) # 0, t.e. we get the inequality (4.2).

0) Sufficiency.

Let (a? — b?)(a? — f?) # 0 and b(a? + ?) + 2afa = 0. From the equation (1.1) we have

d N
T—y(0) = Ay(x),y'(x) = AT Ly(x),

, al — bS
y' () =Ag—p7y(x).

Differentiating this equation, we obtain
. ay'+ by’ (1 —x) al +bS
,al +bS al—bS
P R — b2 :az_bzy(x)'

Lemma 2.4. If A # 0 is a eigenvalue of the boundary value problem

ay' (x)+by' (1 —x) = Ay(x),x € (0,1), (1.1)
ay(0) + py(1) =0, (1.2)
where b # 0, |a| + |B| # 0,a? — b? # 0, then the quantity
w=—t (2.4)
is eigenvalue of the Sturm - Liouville operator
y"'(x) = 1Py (x),x € (0,1), (2.3)
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{ ay(0) + By(1) =0,
alay’(0) + by' (D] + Blay’(1) + by’ (0)] = 0,
Corollary 2.1. If the Sturm - Liouville problem (2.5)~(2.6) does not have nonzero eigenvalues, then

the problem (1.1)-(1.2) also does not them.
Boundary value problem (2.5)-(2.6) does not eigenvalues if and only if

A24= 0, A14 + A32= 0, A13= 0,

(2.6)

where A;; are minors of the matrix

<a 0 5 0 )
0 aa+pBb 0 ab+ fa)
It 1s obvious that

Ayy=0,A,=a(ab + fa),Ay3=—B(aa+ $/b),A3= 0.

Moreover,
Ay + Azy= a(ab + Ba) + f(aa + Bb) =
= a?b + afa+ Baa + B?b = b(a? + f?) + 2afa = 0.

Consequently, the problem (4.5) - (4.6) is Volterra, i.¢. does not have eigenvalues on all complex
plane, thus the problem (1.1) - (1.2) also does not have nonzero eigenvalues.

Remark 2.1.
Other proof of sufficiency.
If @®> — % # 0 and a? — b? # 0, then our boundary value problem is equivalent to the generalized
Cauchy problem
z'(x) = A(a* = BHQPTIQ 7 z(x),
{ 2(0) = 0; 2.7), (2.8)
where
Pu(x) = au(x) + bu(l — x) = (al + bS)u(x),

Qu(x) = au(x) + pu(l — x) = (al + BS)u(x),

4 _al—=BpS . al—bS
=t T
_al—=bS al —BS aal —aBS —baS+bpS

P=tQ™! 2 — B2 @l — B2 (aZ-b2)(aZ—-p2)

_aal —(ap +ba)S+bBS  (aa+bB)l — (aff + ba)S.
@@ @)@ -p)

al — BS _ (aa + bB)I — (ap + ba)S
- @@
_a(aa+bp) + p(af + ba)l — a(af + ba)S — Blaa + bB)S
- (az _ bZ)(az _ 'BZ)Z -

Q-lP—lQ—l —

_ (a®a+apb+ B?a+aBb)l — (aaf + a’b + faa + f%h)S
- (a* = b*)(a® — p?)? B

[a(a? + B2) + 2apb]l — [b(a? + B?) + 2afalS
(a® —b?)(a® — p?)? '
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Consequently, Cauchy problem (2.7) - (2.8) takes the following form

[a(a? + B?) + 2apb]

@ =)@ -
z(0) = 0;

It is obvious that this Cauchy problem has only trivial solution at any value of 1.

Remark 2.2. This proof prompted us that a? — 82 # 0. The fact is that we did not check the
conditions

1) (@®=b*)(a+p)#0,

2) b(a?+ %) +2afa=0

on compatibility.

From the second condition when § = a, we have

b-2a?+2a?-a=0,2a%(b +a)=0.

If « =0, then § =0, which is not acceptable therefore b +a = 0, and this contradicts the first
condition, therefore B # a or § — a # 0. And the final look of the Volterra is

) (a® = b*)(a® - p*) # 0,

2) b(a?+ p?) + 2afa = 0.

z'(x) = A (x),

2.4. On basis property.

Lemma 2.5. If

a) (a® = b*)(a® - *) # 0,

6) function y(x, +1) is eigenfunction for the boundary value problem

ay' () + by'(1 - %) = £Ay(x), x € (O,1), (2.9)
ay(0) +By(1) =0, (2.10)
where |a| + |B] # 0, then it is eigenfunction for the Sturm - Liouville boundary value problem
y''(x) = pPy(x),x € (0,1), @2.11)
{ ay(0) + py(1) = 0, o1
(aa + bB)y'(0) + (ap + ba)y'(1) = 0, '
where
).2
[,LZ = g (213)
2
Inversely, if the quantity u? = # is eigenvalue of the Sturm - Liouville boundary value problem
y"'(x) = 1Py (x),x € (0,1), @.11)
{ ay(0) +By(1) = 0, o1
(aa + bB)y'(0) + (ap + ba)y'(1) =0, '

Then the function y(x) is eigenfunction for the boundary value problem
ay'(x) + by' (1 — x) = +Ay(x), (2.9)

ay(0) + py(1) =0, (2.10)
Proof. Suppose that (2.9) - (2.10) holds. Then, assuming

Tu(x) = au(x) + bu(l — x) = (al + bS)u(x),
Su(x) =u(l —x)




News of the National Academy of sciences of the Republic of Kazakhstan

we have
Ty'(x) = 2Ay(x),
I bS
Y () = AT 1y(x) = +A——y(x),
Y ay'(x) + by (1 —x) al + bS
Y0 = £ T ) =
¥} 2
consequently,

AZ
—y"' ) =y (.

Further, from the equation (2.9) due to the boundary condition (2.10), we obtain
alay'(0) + by (D] + Blay'(1) + by'(0)] = £A[ay(0) + By(1)] = 0.

Therefore, the second boundary condition has the form

(aa + bB)y'(0) + (ap + ba)y'(1) = 0.

Inversely, let function y(x, i) be a eigenfunction of the Sturm — Liouville boundary value problem

y"'(x) = 1Py (x),x € (0,1), @.11)
{ ay(0) + py(1) = 0, o
(aa + bR)y'(0) + (ap + ba)y'(1) =0, ’
where
2 A?
pe=— 2.13)

We find a eigenfunction, corresponding to the eigenvalue u?.
General solution of the equation (2.11) has the form

y(x, 1) = Ae'™* + Be X,

where A, B are arbitrary constants. Putting this expansion into the boundary condition (2.12), we
receive a system of homogeneous equations for unknowns A4, B.

ay(0) + By(1) = a(A + B) + B(Ae™ + Be™'M) =
= A(a + pe'*) + B(a + pe~*) = 0;
y'(x, 1) = iu(Ae™™ — Be~#¥),y'(0) = iu(A — B),
y'(1) = iu(Ae' — Be™*),
(aa + bB)iu(A — B) + (ap + ba)iu(Ae™ — Be™™) = 0,iu # 0;
(A~ B)(aa + bB) + (a + ba)(Ae't — Be™) =0,
Alaa + b + (aB + ba)e'] + B[—aa — b — (af + ba)e™*] = 0,

A(a + ,Bei”) ¥ B(a + ,Be‘i”) =0,
{A[aa +bB + (af + ba)e'| + B[—aa — bB — (af + ba)e™*] = 0.

— 30 ——
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We calculate determinant of this system of equations

a+ Bett a+ Be _
aa + bp + (af + ba)e* —aa— bp — (af + ba)e™*

= —(a + pe)[aa + bB + (af + ba)e ] —
—(a + ,Be‘i”)[aa + b+ (aff + ba)ei”] =0.(2.14)

AQw) =

Transforming this expression, we get
Alw) = —[a(aa +bB) + a(af + ba)e ™ + B(aa + bB)e* + B(af + ba) +
+a(aa + bB) + a(af + ba)e + B(aa + bB)e ™ + B(af + ba)] =
= —{2a(aa + bp) + 2B(aB + ba) + [a(aB + ba) + B(aa + bB)]e # +
+[a(aB + ba) + B(aa + bﬂ)]ei”} =
= —{2a%a + 2apb + 2f%a + 2afb +
+[a(af + ba) + f(aa + bﬂ)](ei“ + e'i“)} =
= —2[(a? + B¥a + 2apb + (afa + ba? + Baa + bB?) cosu] =

= —2{a(a? + B?) + 2apBb + [b(a? + B?) + 2apa] cos u}.
Remark 2.3. If

1) b(a?+ %) + 2aBa =0;
2) a(a?+ B?) +2apb #0

then A(p) # 0, i.e. the problem is Volterra.
In this case:
2)—1)=(6%+p)@—-b)+2afb—a)=(a—b)a— ) +#0,
)+ 1) =(a?+p%(a+b)+2apf(b+a)=(a+b)(a+p)?+0.

Therefore, (a? — b?)(a? — $?)? # 0, that coincides with the first condition of Volterra property, see

2.2).
Supposing b(62 + $?) + 2afa # 0, from the equation A(u) = 0 we have

a(a?+ B?) + 2apb
b(a? + B?) + 2apa’
a(a®+ B2) + 2apb
b(a? + B?) + 2afa
We investigate multiplicity of eigenvalues

A(n) = 2[b(a® + B?) + 2aBa] sinp.

If A(u) = 0, then siny = 0,cos . = +1. Thus
a(a?+ ) + 2apb
b(a? + B?) + 2afa

cosp =

u = tarccos|—

+2nmt,n=0,+%t1,+%2,..

= +1.

a) If
a(a? + B?) + 2aBb = b(a? + f?) + 2aPa , then
(a—b)(@?+ p?) + 2aBf(b —a) = (a — b)(a? + p? — 2ap) =
=(@-h)(a—-p)*=0;
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6) If
a(a?+ ) + 2aBb = —b(a? + p?) — 2afa,
(@ + B3 (a+b)+2aB(b+a)=(a+b)(a?+ p?+2ap) =
=(a+b)(a+p)?=0.
In oue case, (a? — b?)(a?® — B?) # 0, therefore A(u) # 0 and the Sturm - Liouville problem does not
have associated functions.
Supposing, . .
A= K(a + ,Be“”),B =] (—a - ,Bel”)K,
where K is arbitrary constant, we obtain (find) eigenfunctions of the Sturm — Liouville boundary value
problem o . .
y(x,u) = K(a + ﬁe‘”‘)e”‘x — K(a + ,Be‘”)e“”x.
Then
y' (1) = Klip(a + pe~#)e'™ + iu(a + pe)e~i¥],
vy —xu) = K[i,u(a + ,Be‘i”)ei”(l‘x) + i,u(a + ,Bei”)e‘iM(l‘x)] —
= K[i,u(aei” + ,B)e‘i”x + i,u(ae‘i” + ,B)ei”x];
ay'+by'(1—-x) = i,uK{[a(a + ,Be‘i”) + b(ae‘i” + ﬁ)]ei”" +
+[a(a + ,Bei”) £ b(aei” + ﬂ)]e‘i”"}.

Further, from the equality A(m) = 0 it follows that rows of this determinant (2.14) arc linear
dependent, therefore we have
aa + afe ™ + bae ™" + b =

= aa + bp + (aff + ba)e™# = —C(a + ,Be‘i”), (2.15)
aa + afe™ + bae* + bf =
=aa + bf + (aB + ba)e* = C(a + ,Bei”), (2.16)

Consequently,
ay' +by'(1 —x) = iuK - C[—(a + Be~#)e™™ + (a + pe't)e ] =
= iuk - C[(a + ,Be‘i”)ei”x — (a + ,Bei”)e‘i”x] =
=—ip-Cy(x,p) = —ﬁc‘y(ﬁc,u)- (2.17)
Calculate the constant C. If we sum up formulas (2.15) and (2.16), then we get
2(aa + bB) + (ap + ba)(ei” + e‘i”) = C(ei” - e‘i”) B, =>
aa + b + (aff + ba)cosy = C - Bisiny.
Subtracting the formula (2.15) from (2.16), we have
(aB +ba)(e* —e™ ) = C[2a + B(e™ + e~ )], =>

i(ap + ba)sinu = Cla + B cosul;
Consequently,
e i(afp +ba)sinpy  aa+bf + (af + ba) COS [

a+pfcosy i sin ’

In our situation
a(a?+ B?) + 2apb
b(a? + B?) + 2apa’

cospy =—
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Thus
ap(a® + %) + 2ap*h
b(a?+ B2) + 2afa
_ab(a® + %) +2a*Ba—af(a® + %) — 2af*h
B b(a? + B?) + 2afa B
_ (a®+ p»(ab —aP) + 2ap(aa— fb)
B b(a? + B?) + 2afa -
_ bla(a® + %) — 2aB?] + a[-B(a® + B?) + 2a*p]
B b(a? + B?) + 2afa
_ba(a® - B?) +ap(a® - %) (a®—p*)(ba+af)
B b(a? + B?) + 2afa "~ b(a? +B2)+2aBa’

a+pcosuy=a-—

et [a(a? + B2) + 2aBb]?  +Vb%Z—a?(a? - p%)
SIE=x _[b(a2+,82)+2a,8a]2 "~ b(a?+B2)+2afa’

o _ i+ ba)Vb% — a%(a? - p?) (6% - p2)(ba +ap) _
B b(a? + B?) + 2aBa "b(a? +f2) +2afa

= +iy/b? — a? = +/a? — b2,
Putting this expression into the formula (2.17), we have

ay'(x) + by'(1 —x) = +Ay(x, ),
which was required to prove.

Problem. Prove that the system of eigenfunctions of the Sturm - Liouville boundary value problem is
basis

—y"(x) = u*y(x),x € (0,1), @2.11)
{ ay(©) + fy(1) =0, o
(aa + bR)y'(0) + (ap + ba)y'(1) =0, ’

where (a? — %)(a? — b?) # 0, by the Kesselman - Mikhailov Test [57-58].
Solution. Boundary matrix of the boundary value problem (2.11) - (2.12) has the form

<a 0 5 0 )
0 aa+bB 0 af +ba)
We calculate minors of this matrix
Aj,=a(aa+ bp),A 3= 0,A1,= a(af + ba),
Ayz= —p(aa+ Bb),Ayy=0,A34= B(af + ba);
Hence,
Ay + Azy=a(af + ba) + B(aa + fb) =
= b(a? + ?) + 2afa + 0,
otherwise the problem is Volterra.

First we check the Birkhoff regularity condition [54]; for this, we rearrange rows of the boundary
matrix
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ag aq by by
0 aa+bB 0 af+ba
a 0 L 0
‘o €1 do dy

1) a1d1 =i b1C1 = 0,
2) aidy —bicq =0,]|a| + |bq| = |aa + bB| + |af + ba| > 0,

bico + a1dy = a(as + ba) + f(aa + Bb) = b(a? + B?) + 2afa # 0,
3) a; = by =c¢cy =dqy =0,a0dg — bgcg # 0.
It is obvious that in our case conditions 1) and 3) coincide, only condition 2) remains.
If |a,| + |by| = 0, then a; = 0 and b; = 0. Then we get

{aa+b,8=0,
af +ba = 0.

Since |a| + |b| # 0, then a? — ? = 0; similarly from the condition |a| + || # 0 we have that a® —
b? = 0, which is not possible by our condition. Consequently, our boundary value problems (2.12) are
regular by the second part of the Birkhoff condition [56].

The Kesselman condition [57] is
Ay + A%, — 0], — A4, # 0.
In our case,
A%, + A%,= a?(af + ba)? + B%(aa + Bb)?,
A2,= a?(aa + Bb)?,A3,= B?(af + ba)?,=>
2 + A3y — A2, — A3y= (a? — B2)(aB + ba)? + (B2 — a?(aa + Bb)?) =
= (a® = fH)[(af + ba)* — (aa + fb)?] =
= (a? — BA)[(af + ba — aa — Bb)(af + ba + aa + Bb)] =
= (a® = pA)[a(f —a) + b(a—Mll6(a+b) +a+b)] =
=(@® =) (a-p)b-a)a+b)(a+p)=
= (¢® = B*)(@® = B2 (B — a®) = (¢® — B?)*(b* —a®) # 0.
Consequently, the eigenfunctions of the Sturm — Liouville boundary value problem (2.11) - (2.12)
form a Riesz basis in the space L?(0,1).

Theorem 2.2.If
a) (a® — ) (a® — b?) # 0,
b) b(a? + B?) + 2afa # 0,
then eigenfunctions of the bpundary value probelm
ay'(x) + by (1 —x) = Ay(x),x € (0,1), (1.1)
ay(0) + By(1) =0, (12)
form a Riesz basis in the space L?(0,1).
Remark 2.5.
If a = 0, b = 1, then the boundary value problem (1.1)-(1.2) takes the form
y'(1—x)=y(x),x € (0,1),
—
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ay(0) + By(1) = 0.
Thus the conditions a) and b) of Theorem 2 2. are transformed as follows:
a)y a2 —B2+#0,
b)Y a?+p2#0
or (a? — B?)(a? + B?) # 0, or a* — B* # 0, that coincides with the results of [28].
3. Research Results
We consider in the space L2(0,1) the following boundary value problem
Ly =ay'(x)+ by’ (1 —x) = Ay(x),x € (0,1), (1.1)
ay(0) +By(1) = 0, (1.2)

where a, b, @, § are arbitrary, previously known constants, and A is a spectral parameter, y(x) is a desired
function from the class €1(0,1) N €[0,1], and we formulate the obtained results.

Theorem 3.1. The boundary value problem (1.1) - (1.2) is Volterra if and only if

1) (a? —bH)(a®>-p%) #0;(2.2)
2) b(a?+ %) +2afa =0.(2.3)

Theorem 3.2.If

a) (a* — p*)(a® = b*) # 0,
6) b(a?® + f?) + 2afa + 0;

then eigenfunctions of the boundary value problem
ay'(x) + by (1 —x) = Ay(x),x € (0,1), (1.1)
ay(0) + py(1) =0, (1.2)
form a Riesz basis in the space L?(0,1).

4. Discussion of Results.

Remark 4.1. If
{b(a2 + B2+ 2afa =0,
b2ap + (a? + B?a =0,

then (a? + B2)? — 4a?B? =0, iec.
(a? + f?)? — 4a®p? = (a® + p? — 2ap)(a® + B* + 2ap) = (a — p*(a + f)°
= (a? - p?»?=0.
Remark 4.2.
a) If ¢ = —/a? — b2., then from the formula (2.15) we have

aa +bB + (af + ba)e ™ =/ a? — b2 (a + ,Be‘i”),
aa + bp + (af + ba)e™* = B/a? — b2e ™ + ay/a? — b2,
(a,B + ba — B a? — bz) e” = aya?—b%—aa—bB,

6va® — b? — aa — b
ap + ba — pvaZ — b?

gt =
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and from the formula (2.16) we have
_ —ava?—b*—aa — bf -
af + ba + ﬂm '

el

consequently, e " - gt =1
0)IfC = Va2 — b2, then from the formula (2.15) we have
aa + bp + (af + ba)e # = —m (a + ,Be‘i”),
aa + bp + (aff + ba)e™# = —ﬁme‘i“ — am,
(a,B + ba + ﬁm) g = —am —aa — bp,

ava? — b? + aa + bB
aﬂ+ba+ﬂm'

e_i” —

5. Findings. Operator corresponding to this boundary value problem is not semi-bounded; therefore,
variational methods are not suitable to study such problems, and this is a distinctive feature of this
problem. In our opinion, such operators can be used to construct non-local transformation operators, and
apply them to study spectral properties of operator sheaves.

00X 517.929
AJlLINanpan6aes!, C.M.Illanenosa?, M.B.UBanosa®, A.A.Illanpan6aesa*

Xameikapamsix, Silkway yaueepeureTi, ITTenvkent k., Kazakcram,
1. EceHoB aThHAarsl Kacluii MeMJIekeTTiK TeXHOJIOTHAIAp MEH HEKAHHPHHT YHABEPCUTETI, AKTay K., KasakcTaH,
30nrycrik Kazakeran memumanansik akageMusicrl, ITTbvkent K., Kazakeram,
4 AHMAKTBIK 2lIeyMeTTiK-HHHOBAIMAIIBIK, YHIBepeHTeTi, [IIbMKenT K., KasakcTam;

APT'YMEHTI AYBITKBIF AH BIPTHIII PETTI JA®OEPEHITAAJIBIK TEHJAEY ATH ITEKAPAJIBIK
ECEBIHIH CIIEKTPOJIIIK KACAETTEPI TYPAJIbI

Annotamus. by enbexre ApryMeHT! ayBITKbIFaH OipiHIm peTTi uddepeHITHaIpK TeHIey AiH MeKapaiblk eceO1HIH
CIIEKTPAIJIK KacHeTTepl 3epTTel . bip alita ketepi, aybITKy TeHJEYMH YIKSH peTTi TYBIHIBUIAPEIHIA Ke3/ece Il )KaHe OHBI
KOCHIMITIA IMApTTapChl3 TOMEHIT PeTTi MyIIelepre ayblcThpyFa GomMaiiapl. CHIeKTpalii KacueTTep peTiHfe, 013 OHBIH
MCHIIIKTI BeKTOPIAphl MEH OJlapFa EHINUIEC BEKTOPJIAp CHCTEMACHIHBIH TOJBIMABUIBIFEL MeH Oa3WCTITIH TaHBIAMELS,
COHBIMEH Olpre OCHI KACHETTEp KAaTaphIHA OHBIH BOITEPIITTH JI€ KaTKBI3aMBI3.

Tyiiin cesxep: apryMeHTI aybITKBIFAH TEHJEY, TOJBIMJBUIBIK, OAQ3WMCTIK, BONTEPIIK, | aaiabiH (OpMyIacH,
Jlmpexuiiniy Teopemacst, [HtypMm —JIlnyBIuiaiH onepaTtopsl, PuccTiy Gasmci.

YK 517.929
AJlLIanpan6aes!, C.M.Illanenosa?, M.B.UBanosa®, A.A.lllanpan6aesa*

"Mesx tynapoaubiii yausepeurer Silkway, 1. ITTbmvkent, Kazaxcram;
’Kacnmiickuif rocy JapcTBeHHEIM YHHBEPCHTET TeXHOIOTHH 1 HEskuHIpHHTa MM. 111.EceHoBa, . AkTay, Kasaxcran;
Oxu0-Kazaxcranckas MeuruHeKas akajemus, I. [[lemvkent, Kazaxcramx;
‘PerHoHALHBIA COIMALHO-AHHOBAMOHHBIN YHUBepcHTeT, I. IIIbvKenT, Kasaxcran.

O CIIEKTPAJIbHBIX CBOMCTBAX KPAEBOM 3A TAYN YPABHEHUS ITEPBOT O ITOPSIJIKA
C OTKJIOBAIOIIUMCA APTYMEHTOM

AnnoTtannug. B fansoi paboTe M3yUeHH cleKTpallbHBIe cBoiicTBa kpaeBoit 3aaqn qudibepeHINaTbHOTO YpaBHEHHS
IepBOTO IOpsifka ¢ MOCTOSHHBIMH Ko3(pQUIMEHTAaMH W OTKIOHSIONMMCS apryMEHTOM, IPH 53TOM OTKIOHCHHE
IPUCYTCTBYET IIPH CTapIeM WIeHe YPaBHEeHNS, U eTO Hellb3d lepeOpachBaTh Oe3 JOMOIHATEIHHOTO YCIOBHS Ha MIlaIIie
WIeHH YpaBHeHHS. 1o/ cieKTpalbHEIMU CBOMCTBAMH MBI IMeeM B BHAY HOJNHOTY U Oa3HCHOCTH CHCTEMBI COOCTBEHHBIX U
IpHcoe TUHEHHBIX (QYHKIMIT kpaeBoi 3a1a4n, a Takke BOIBTEPPOBOCT.

KmroueBnie ciioBa: ypaBHEHHE ¢ OTKIOHSIOMMMCS apIyMEHTOM, MOJHOTA, Ga3HCHOCTH, BOIBTEPPOBOCTS, (opMyIa
l"aana, Teopema Jlumckoro, omepatop [ltypma - Jlnysrmunst, 6asuc Pucca.




ISSN 1991-346X 5.2019

Information about authors:

Shaldanbayev A.Sh. — doctor of physico-mathematical Sciences, associate Professor, head of the center for
mathematical modeling, «Silkway» International University, Shymkent; http://orcid.org/0000-0002-7577-8402;

Shalenova S.M. - Yessenov University; Aktau; https://orcid.org/0000-0002-1378-3310;

Ivanova M.B. - South Kazakhstan medical Academy, Shymkent; https://orcid.org/0000-0001-6548-0699:

Shaldanbayeva A.A. - "Regional Social-Innovative University", Shymkent; https://orcid.org/0000-0003-2667-3097

REFERENCES

[1] Babbage C. An essay towards the calculus of calculus of functions, Part II., Philos Trans. Roy. Soc. London.106. p :179-
256. London, 1816

[2] Przevorska- Rolewicz D. Equations with transformed argument an Algebraic approach. Warszawa. 1973. 354 p.

[3] Wiener J. Generalized solutions of functional differential equations, Singapore, World Sci. p:160-215, Singapore, 1993.

[4] Jack K. Hale Sjoerd M.,Verduyn Lunel, Introduction to Functional Differential Equations, Springer Science+Business
Media, LLC, 1993.

[5] Cabada A., Tojo F.A.F. Differential Equations with Involutions. N.Y.: Atlantis Press, 2015.

[6] Busenberg S. Stability and Hopf Bifurcation for a Population Delay Model with Diffusion Effects//Journal of Difterential
Equations. 1996. 124, Article No 0003.-p. 80-107

[7] Cushing J.M. Bifurcation of Periodic Oscillations Due to Delays in Single Species Growth Models// J. Math. Biology.-
1978. 6.p. 145-161

[8] Cushing J.M. Bifurcation of Periodic Solutions of Integro-difterential Systems with Applications to time Delay Models
in Population Dynamics//SIAM J. Appl. Math. December, 1977. Vol.33, No4.

[9] Watkins W., Modified Wiener equations. Int. J. Math. Math. Sci.Vol-27. p: 347-356. 2001.

[10] Watkins W.T., Asymptotic properties of differential equations with involutions. Int. J. Pure Appl. Math. Vol 44. p: 485-
492, 2008.

[11] Burlutskaya M.Sh., Khromov A.P., Justification of Fourier method in mixed problems with involution. // Izv. Sarat. un-
ty. New Ser. Maths. Mechanics. Informatics.-2011. vol.11, Ned. p. 3-12.

[12] Burlutskaya M.Sh., Khromov A.P., Fourier method in mixed problem for a first-order partial differential equation with
involution // Zh. Computed. Math and math. Ph. 2011. vol.51, Nel12. p. 2233-2246.

[13] Keldysh M.V., On completeness of eigenfunctions of some classes of non-self-adjoint linear operators // Success of
Math Sciences. 1967. vol. 26, No. 4 (160). p. 15-41.

[14] I’in V. A., Existence of a reduced system of eigen and associated functions for Xa non-self-adjoint ordinary difterential
operator // Number theory, mathematical analysis and their applications, Trudy Math. Inst. Steklov. 1976. 142. p. 148-155.

[15] I’in V.A. Necessary and sufficient conditions for basis property and equal convergence with trigonometric series of
spectral expansions, 1 // Differential Equations. 1980. vol. 16, Ne 5. p. 771-794.

[16] I’in V.A. Necessary and sufficient conditions for basis property and equal convergence with trigonometric series of
spectral expansions, 2 // Differential Equations. 1980. vol. 16, Ne 6. p. 980-1009.

[17] Il’in V.A. Necessary and sufficient conditions for basis property in L. and equal convergence with trigonometric series
of spectral expansions and expansions in exponential systems // DAN SSSR. 1983. vol. 273, No. 4. p. 784-793.

[18] II’in V.A. On unconditional basis property of systems of eigenfunctions and associated functions of a second-order
differential operator on a closed interval // DAN SSSR. 1983. vol. 273, No. 5. p. 1048-1053.

[19] I’in V.A. On relationship between type of boundary conditions and properties of basis property and equal convergence
with trigonometric series of expansions of a non-self-adjoint differential operator by root functions // Differential Equations. 1994.
V.30,Ne 9. p. 1516-1529.

[20] Otelbaev M. Estimates for S-numbers and completeness condition for a system of root vectors of a non-self-adjoint
Sturm-Liouville operator, Math. Notes, 1979, Vol. 25, No. 3, p. 409-418.

[21] Shkalikov A.A. Boundary value problems for ordinary differential equations with a parameter in boundary conditions //
Trudy Sem. by [.G.Petrovsky. 1983. Vol. 9. p. 190-229.

[22] Gomilko A.M., Radzievsky G.V. Basis properties of eigenfunctions of a regular boundary value problem for a vector
functional differential equation // Differential Equations. 1991. vol. 27, No.3. p. 385-395.

[23] I’in V.A., Kritskov L. V. Properties of spectral expansions corresponding to non-self-adjoint differential operators //
J. Math. Sci. (NY). 2003. 116, N 5. P. 3489-3550.

[24] I'in V.A., Kritskov L.V. Properties of spectral expansions corresponding to non-self-adjoint operators, Functional
analysis. Results of science and technology. Ser .: Rec.math. and its app. Them.view, M: VINITI, 2006, vol.96, p.5-105.

[25] Ibraimkulov A.M. On spectral properties of boundary value problem for an equation with deviating argument. News of
AS KazSSR, ser. of ph. math. 1988. Ne3. p.22-25.




News of the National Academy of sciences of the Republic of Kazakhstan

[26] Shaldanbayev A.Sh., Akhmetova S.T., On completeness of eigenvectors of the Cauchy problem. // Republican
scientific journal "Science and Education of the SK" No.27, 2002. p. 58-62.

[27] Akhmetova S.T., On Bitsadze-Samarskii Problem for the Wave Equation, Mathematical Journal, Almaty. 2003, Vol. 3.
No2 (8), p.15-18.

[28] Kalmenov T.Sh., Akhmetova S.T., Shaldanbayev A.Sh. To spectral theory of equations with deviating argument,
Mathematical Journal, Almaty.2004.vol. 4, No. 3. P. 41-48.

[29] Shaldanbaev A.Sh. Criteria for Volterra property of differential operator of the first order with deviating argument,
Bulletin of Karaganda University, “Mathematics™ series, Ne 3 (47) /2007, p.39-43.

[30] Sadybekov M.A., Sarsenbi A.M. Unconditional convergence of spectral expansions associated with a second-order
differential equation with deviating argument. // Bulletin of KazNU. 20006. No2 (49) . p.48-54.

[31] Sadybekov M.A., Sarsenbi A.M. Solution of main spectral problems of all boundary value problems for a single
differential equation of the first order with deviating argument. // Uzbek Mathematical Journal. 2007. Ne3. p.88-94.

[32] Sadybekov M.A., Sarsenbi A.M. On notion of regularity of boundary value problems for a second order differential
equation with deviating argument. // Mathematical journal. 2007. vol.7, Nel (23). p. 82-88

[33] Sadybekov M.A., Sarsenbi A.M. Criterion for basis property of a system of the eigenfunctions of a multiple
differentiation operator with involution. // Differential equations - 2012. vol.48, No. 8. p. 1126-1132

[34] Kopzhasarova A.A, Sarsenbi A.M. Basis Properties of Eigenfunctions of Second-Order Differential Operators with
Involution//Abstract and Applied Analysis. 2012. Volume 2012, Article ID 576843. 6 pages doi:10.1155/2012/576843.

[35] Kopzhassarova A. A., Lukashov A. L., Sarsenbi A. M. Spectral properties of non-self-adjoint perturbations for a
spectral problem with involution // Abstr. Appl. Anal. 2012. p. 1-5.

[36] Sarsenbi A.M., Tengaeva A.A. On basis properties of root functions of two generalized eigenvalue problems//
Differential Equations.-2012.- vol. 48, no. 2.- p. 306-308

[37] Imanbaeva A.B., Kopzhasarova A.A., Shaldanbaev A.Sh., Asymptotic expansion of solution of a singularly perturbed
Cauchy problem for a system of ordinary differential equations with constant coefficients.\\ “News of NAS RK. Physics and
Mathematics Series, 2017, No. 5, 112-127.

[38] Kopzhasarova A.A., Shaldanbaev A.Sh., Imanbaeva A.B. Solution of singularly perturbed Cauchy problem by the
similarity method. “News of NAS RK. Physics and Mathematics Series, 2017, no 5, p.127-134.

[39] Amir Sh. Shaldanbayev, Manat T. Shomanbayeva ,Solution of singularly perturbed Cauchy problem for ordinary
differential equation of second order with constant coefficients by Fourier method ,Citation: AIP Conference Proceedings 1880,
040017 (2017), doi: 10.1063/1.5000633 View online: http://dx.doi.org/10.1063/1.5000633 View Table of Contents:
http://aip.scitation.org/toc/apc/1880/1 Published by the American Institute of Physics.

[40] Akulbaev M.I., Beisebaeva A., Shaldanbaev A. Sh. On periodic solution of the Goursat problem for a wave equation of
a special form with variable coefficients (in English), News of NAS RK. Physical and mathematical Series. Ne 1. 2018, p.34-50.

[41] Shaldanbaeva A. A., Akylbayev M.I., Shaldanbaev A. Sh., Beisebaeva A.Zh., The spectral decomposition of cauchy
problem’s solution for laplace equation, News of the National Academy of Sciences of the Republic of Kazakhstan Physico-
mathematical Series, Issn 1991-346X. https://doi.org/10.32014/2018.2518-1726.10 Volume 5, Number 321 (2018), 75-87.

[42] Shaldanbayev A.Sh., Shaldanbayeva A.A., Shaldanbay B.A., On projectional orthogonal basis of a linear non-self -
adjoint operator, News of the national academy of sciences of the republic of Kazakhstan Physico-mathematical series7.Issn
1991-346X https://doi.org/10.32014/2019.2518-1726.15 Volume 2, Number 324 (2019), 79 — 89.

[43] Akylbayev M.I., Shaldanbayev A.Sh., Orazov 1., Beysebayeva A.. About single operator method of solution of a
singularly perturbed Cauchy problem for an ordinary differential equation n — order, News of the national academy of sciences of
the republic of Kazakhstan Physical-mathematical series, Issn 1991-346X https://doi.org/10.32014/2019.2518-1726.8,Volume 2,
Number 324 (2019), 17 - 36.

[44] Ashyralyev A., Sarsenbi A. M. Well-posedness of an elliptic equations with an involution // EIDE. 2015. 284. P. 1-8.

[45] Kritskov L. V., Sarsenbi A. M. Spectral properties of a nonlocal problem for the differential equation with involution //
Differ. Equ. 2015. 51,N 8. P. 984—990.

[46] Kurdyumov V. P. On Riesz bases of eigenfunction of 2-nd order differential operator with involution and integral
boundary conditions // Izv. Saratov Univ. (N.S.), Ser. Math. Mech. Inform. 2015. 15, N 4. P. 392-405.

[47] Kirane M., Al-Salti N. Inverse problems for a nonlocal wave equation with an involution perturbation // J. Nonlinear
Sci. Appl. 2016. 9. P. 1243-1251.

[48] Baranetskij Ya. O., Kolyasa L. 1., Boundary value problem for second order differentialoperator equation with
involution, Vestnik Nath.University, “Lvovskaya polytech”,“Phys.-math.science”, Ne 871, 2017, p. 20-26.

[49] Kritskov L. V., Sarsenbi A M., Equiconvergence property for spectral expansions related to perturbations of the operator
$-u"(-x)$ with initial data, Filomat, 2018,tom 32, Ne 3, p. 1069-1078.

[50] Kritskov L.V., Sadybekov M.A., Sarsenbi A.M., Nonlocal spectral problem for a second-order differential operator
with an involution // Bulletin of Karaganda University -MATHEMATICS, 2018 No 3 (91), p. 53-60.




ISSN 1991-346X 5.2019

[51] Kritskov L.V., Sadybekov M.A., Sarsenbi A.M., Properties in L, of root functions for a nonlocal problem with
involution, Turkish Journal of Mathematics, Scientific and Technical research Council of Turkey - TUBITAK/Turkiye Bilimsel
ve Teknik Arastirma Kurumu (Turkey), 2019, vol. 43, p. 393-401.

[52] Vladykina V.E., Shkalikov A.A., Spectral Properties of Ordinary Difterential Operators with Involution, Dokl. Akad.
Nauk, 2019, Vol. 484, No. 1, p. 12-17.

[53] Shaldanbaev A.Sh., Kulazhanov G.S. On spectral properties of one model operator with deviating argument //
International Conference VEKUA-100, Novosibirsk 2007.

[54] Bari N.K. Biorthogonal systems and bases in the Hilbert space, // Uch.zap. MGU. 1951. vol.4, Issue.148. p. 69-100.

[55] Gokhberg 1. T., Krein M.G. Introduction to the theory of linear non-self-adjoint operators in a Hilbert space, M: Nauka,
1965, 448 p.

[56] Naimark M.A. Linear Differential Operators. M .: Science, 1969. 528 p.

[57] Kesselman G.M. On unconditional convergence of expansions in eigen functions of some differential operators. // News
of univ. Math. 1964. Ne 2 (39). p. 82-93.

[58] Mikhailov V.P. On Riesz bases in L,(0,1). // DAN USSR. 1962. vol. 144, Ne 5. p. 981-984.

[59] Lidsky V.B. Non-self-adjoint operators having a trace. DAN USSR, 1959, vol.125. No.3, p. 485-488.

[60] Brislawn C., Kemels of trace class operators. // American Mathematical Society, V.104, Ne 4, 1988, p. 1181-1190.

[61] Zhapbasbayev, U. K., Ramazanova, G. 1., Kenzhaliev, O. B. (2015). Modelling of turbulentflow in a radial reactor with
fixed bed.Thermophysics and Aeromechanics, 22(2), 229-243. https://doi.org/10.1134/50869864315020092

[62] Kenzhaliev, B.K., Tashuta, G.N., Valutskaya, T.A. et al. Potentiometric Determination of Mercury with Iodide-Selective
Electrodes. Journal of Analytical Chemistry (2002) 57: 261. https://doi.org/10.1023/A:1014456602075

[63] Mamyrbayev O.Z., Shayakhmetova A. S., Seisenbekova P. B.). The methodology of creating an intellectual
environment of increasing the competence of students based on a bayesian approach//News of the National academy of sciences
of the Republic of Kazakhstan. Series physico-mathematical. 2019. Ne4 (326). P. 50-58. https://doi.org/10.32014/2019.2518-
1726.43

[64] Beisembetov, I.K., Nusupov, K.K., Beisenkhanov, N.B. et al. Synthesis of SiC thin films on Si substrates by ion-
beam sputtering. J. Synch. Investig. (2015) 9: 392. https://doi.org/10.1134/81027451015010267

[65] Kenzhaliyev, B. K. et al.Development of technology for chromite concentrate from the slurry tailings of
enrichment. News of the National Academy of Sciences of the Republic of Kazakhstan-series of Geology and Technical
Sciences.Volume 3, Number 429 (2018), 182-188.

[66] Mamyrbayev O.7., Kunanbayeva M. M., Sadybekov K. S.), Kalyzhanova A. U.), Mamyrbayeva A. Zh.). One of the
methods of segmentation of speech signal on syllables // Bulletin of the National academy of sciences of the Republic of
Kazakhstan. 2015. No2 (354). P. 286-290.

[67] Seitmuratov A., Tileubay S., Toxanova S., Ibragimova N., Doszhanov B., Aitimov M.Zh. The problem
of the oscillation of the elastic layer bounded by rigid bouhdaries (in English)5(321): 42 - 48//News of NAS
RK.  Series of physico-mathematical 2018. ISSN  2518-1726  (Online), ISSN  1991-346X  (Print)
https://doi.org/10.32014/2018.2518-1726.6

[68] Seitmuratov A., Zharmenova B., Dauitbayeva A., Bekmuratova A. K., Tulegenova E., Ussenova G. The problem of
the oscillation of the elastic layer bounded by rigid bouhdaries (in English) 1(323): 28 - 37//News of NAS
RK.  Series of physico-mathematical 2019. ISSN  518-1726  (Online), ISSN  1991-346X  (Print)
https://doi.org/10.32014/2019.2518-1726.4

[69] Seitmuratov A., Zhussipbek B., Sydykova G., Seithanova A., Aitimova U. Dynamic stability of
wave processes of a round rod (in English) 2(324): 90 - 98//News of NAS RK. Series of physico-mathematical . 2019.
ISSN 2518-1726 (Online), ISSN 1991-346X (Print) https:/doi.org/10.32014/2019.2518-1726.16




