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HIERARCY OF WDVV ASSOCIATIVITY EQUATIONS
FOR n=3 AND N =2 CASE WHEN V/, =0 WITH NEW SYSTEM a,,b,.c,

Abstract. We investigate solutions of Witten-Dijkgraaf-E. Verlinde-H. Verlinde (WDVV) equations. The article
discusses nonlinear equations of the third order for a function f = f(x,t)) of two independent variables x,t. The
equations of associativity reduce to the nonlinear equations of the third order for a function f = f(x,t)) when
prepotential F dependet of the metric 1. In this work we consider the WDVV equation for n = 3 case with an
antidiagonal metric 1. The solution of some cases of hierarchy equations of associativity illustrated. Lax pairs for the
system of three equations, that contains the equation of associativity are written to find the hierarchy of associativity
equation. Using the compatibility condition are found the relations between the matrices U, Vo, Vi. The elements of
matrix V, are found with the expression of z; and independent and dependent variables for the matrix V.. Also
solving elements of matrix V; expressed through vy; and independent and dependent variables for the matrix Vi. We
accepted that elements of matrix V are zero. In the physical setting the solutions of WDVV describe moduli space of
topological conformal field theories [1, 2]. Let us introduce new variables a, b, ¢. In the above variables the nonlinear
equations of the third order for a function f = f(x,t)) we rewritten as a new system of three equations. Expressed are
variables a; ,b; ,c; of three equations are written with the help of matrix elements z;; ,v;.

Key words: cquations of Witten-Dijkgraaf-E. Verlinde-H. Verlinde, the equations of associativity, nonlinear
equations of the third order, antidiagonal metric, the Lax pair, the compatibility condition, independent elements,
dependent variables, system with equations.

Introduction. The WDVYV equations, in general, have the following form [1, 2, 3]:

OF ra oF oOF rq oF .
e a7 : Vi, Jj, k 1,...
acorar avaror  arorar | acorer” T e{L...n},

where F’ is a prepotential, 1 is a metric. The coordinates ¢ can be linearly rearranged so that the
metric, 7], is antidiagonal [1], 1.e.

00 1
n=|0 1 0|
1 00

In this work we consider the WDVV equation for 7 = 3 case with an antidiagonal metric n(2]. In

this case, two types of dependence of the function /' on the fixed variable ¢ ! were found by Dubrovin [2,
3, 4] which are

FZ%(tl)zf+%tl(12)2+f(12,t3) (1)

— ) ——
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and
F =é(r1)3 +10°F° + f(,0).

For these cases the equations of associativity reduce to the following two nonlinear equations of the

third order for a function f = f(X,#)) of two independent variables (X =/ 2 JL=1 : ):
_ 42
fttt N f xxt f xxxfxtt 2

fxxxfm _fxxt Xt 1:
correspondingly.

The function F in equation (1) has the form from the law of multiplication in the three-dimensional
algebra A, with the basis 1 = 1, ez ,e3 [3]. Every basis is a complete uniformly minimal system [2].
In this work, we consider the solution (1). Let us introduce new variables @, b, ¢ as follows [2, 3]:

a— XxXx2 b:fxxﬁ c— xit:

In the above variables the equation (2) can be rewritten as a system of three equations as follows:

and

a, = b,
b, = c, 3)
¢, = (b*-ac),.
The Lax pair for the system (3) is given by [ 8]
¥ = A9,
v - v, @
where U is given by
01 0
U=|b a 1
c b O
and V" is given by
0 0 1
V= c b 0|
(b*—~ac) ¢ 0
The compatibility condition for the system (4) is given by
v, =7,
o] = o

In the following sections we work with the new system (3).

Methods. The solution to a hierarchy for NV =1 case corresponds to the system of equations (3).
Hierarchy for N = 2 case when Vi, #0 is given in the work [2]
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In this section we consider a hierarchy for N = 2 case when Vo =0 and the following system

a = gb, +e&l,
b = &go tell, )
¢ = g(b*—ac) +¢&G..

The Lax representation of the above system is same as before in the work [13].
In particular, for N = 2 case when Vo =0 we have

Y, = AUV,

— 2 —
¥ o= (AL + )Y =Y
The compatibility condition of (4) is given by

AU, -V, + AU, V]=0.

The compatibility condition of the Lax representation is given by the system

] = o, (©)
U = Ne (M
Ve = [UR] (8)
Statement of problem. We first consider the second equation of the system and let Vl to be given by
i N2 N
M= Ya Vo Vu
Yar Va2 Vs

From the above system it follows that };,,1),,)3,1,3,)33 are constants w.rt. X. Writing a

system with equations for &, bt ,C, only yields

a. = Vo
b, = Vi
. ©)
T Ve
G = Ve
Now we equate similar terms in the systems (5) and (9), i.e. we have a system
a, = Yp =&b +&F,
by = yy.=é&c +&H,
_ _ (10)
by = Yy =&c +&H,,
_ _ 2
¢, = W, =&(b"—ac), +,0.,.

Scheme of the method and reduction to equivalent problem. From the above system (10) we find
the following

— 7)) ——
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V,, = &b+egF,
Vy = &c+é&,H,
Vs, = e+ &H,
vy, = &b’ -ac)+eG.

Thus the matrix Vl has the form

Y M2 Y13
V= gc+e,H gb+e,F v, | (11)
Now we solve the equation (6). Denote V2 as follows:
Zn 42 43
Vz | % Zxn Za3 )

V4

31 Z32 Z33

Plugging U/, V, into (6) we obtain the following relations:

Zy3 T Zyps
Zy T Zys
Z3 T 4y
Hence, we are left with the equations
By = by 0T,
Z,, = z,+az,+bz,,
z,, = cz,+(b*—ac)z,

Thus the matrix V2 has the form

21 215 213
V,= bz, +cz, zy+az,+bz, z, |
2
cz,, +(b” —ac)z, bz, +cz, z,

Hence, only Z;,,Z;,,Z;3 are independent elements of V2 , and the other elements can be written in

terms of them.
Now let us find the elements of Vl in (11). To do so we use the equation (8). First we evaluate

w1l
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We have elementwise yields the following system:
11z, =gc+e,H-by, —cyy,
12: z,, =gb+&,F -y, —ay, —by,,
131 255, = Vs = V2o
21: bz, +bz,, +c.z,;+czp, =by, talec+e,H)+(g,(b” —ac)+&,G)—bleb+e,F)—cy,,,
22z, +a.z, taz,, +b.z; + bz, = by, —byy,
230 zp, =bysytay, v, —(eb+e,F),
310 ¢z, ez, + (b* - ac), z,; + (b* - ac)zy;, = cyy — Y,
32: bz, +bz, +c.z,+cz,, =cy, +bleb+e,F)—(g,(b” —ac)+e,G)—alec+e,H)—by,,,
330z, = oy by — (g0t 6,H).
Now let us express &,C + E,‘ZH, Elb + 6‘2F , V53 inthe element 11, 12, 13 of the above system.

ge+&HH = zp, +D,+E,;
eb+e =z, +y,+ay,+by;,
Yoz = Iz T V2

Now let us express &; (bz —ac)+ 6‘2G in the element 21 and substitute the values for £¢ + &,/
eb+&F, y,,

2 _ 2
&(b” —ac)+&,G=b.z, +bzy, + ¢,z +2¢z;, —az,, + bz, +(B" —ac)y; +ayy,
Now let us express V33 in the element 23 and substitute the values for &0+ 6,17, V,;

Vi3 =22, — 0z, + ¥y

Hence, dependent elements of Vl are given by:

g (0’ —ac)+&,G=b_z,+bz,, +c 25 +202, —az,, +bz, +(b° —ad)ys +cy,,
gc+&H =z, +by, + v,

gb+el' =z, +y,+an, +bys,

Y T Zi3e T V2o

Vi3 =221, — Az, + Y.

(12)

Now let us rewrite the element 22 by substituting the values for V,;. So we have
%1, + 208+ By 05, 5.5, =V
Now let us rewrite the element 31 by substituting the values for V5. So we have
2 2 —
€.z, + 3¢z, +(b" —ac), z,, + (b —2ac)z,,, =0

Now let us rewrite the element 32 by substituting the values for Elb +&,F, g (bz —ac)+ &G,
gc+ E,‘ZH, V33. So we have

— 74 ——
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2b z,+4bz, +2c z,+3c—ab)z, =0
Now let us rewrite the element 33 by substituting the values for V,5, £C+ 82H
2z, —bz,,=0

Also, the independent variables Z,,Z;,,Z;3 of the matrix V2 have to satisfy the following system of

equations:
Zy, +2bz, +az,+az, +bz, = 0,
2 2 _
¢ .z, +3cz, +(b"—ac) z,+(b" -2ac)z,;,, = 0, (13)
2b .z, +4bz, +2c .z, +(B3c—ab)z,, = O,

2z, —bz;, = 0.

From the above system (13) it follows that
13x_[ 4a.b—2ab, j . [ 4bb, —2ac, j (14)

3ac—a*b—10b* 3ac—a*h—10b*
P b* — 2ac  4a.b-2ab,
12 3¢ 3¢ 3ac—a’b—10b2

(15)
. b* —2ac  4bb, —2ac, (b*> —ac),
— . p— Z
3¢ 3ac—a’b—10b> 3¢ b
Results. Using necessary terms in the system (12) in (10), we obtain

a.z
a, = xTBx +a, Y, Tb. )i,

b.z
b= =S tbyn ten, (16)
¢, = b,z,+3b.z,, +c,z), —a.zy, + (b* —ac), Y + ¢V,

Weplug Z; (., 215,523, 10 (13), (15), (14) into (16) and obtain the following equation

4 - 2ba —aab, (2bab —aagc, j cdv i
! 3ac—a’h—10b* i 3ac—a’h-10b ERRCCARC O
o= 2bab, —ab2 2bb2—abc by te
! 3ac—a*h—10b* f ¥ 3ac—a’h—-100* [ H T s
bxc)C Sabeahp, —4b’a b +2ab’h; ~3a’ch! +2b°ca’ +12bcac, —6ach.c,
¢ = |by- 2 2 o (17)
¢ 3ac’ —a*he—10b%c

b.(b* —ac), 6Gabch: —4b°b: +2ab’b ¢, —3a’ch.c, +2b’cab, +12bch.c, —abcac, —6acc:
+ [8,= + TR 7 213
¢ 3ac" —a’bc-10b"c

2
+ (b —ac), s +eyn
Conclusion. The solution to a hierarchy for N = 2 case when system is given by (5) corresponds to

the system of equations (17).
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So, we considered of some cases of hierarchy of WDVV associativity equations. Lax pairs for the
system of three equations, that contained the equation of associativity written to find the hierarchy of
associativity equation. Using the compatibility condition are found the relations between the matrices U,
V2, V1. Thus, we obtained the elements of the matrices V2, V) for case N = 2 when V=0 and the above
system a;, b, ¢;. It was found, that only z11 ,z12 ,z13 are independent elements of V», and the other elements

can be written in terms of them. From the above system it follows that V,;, V|5, Vi3, V3, V33 are

constants w.rt. X . It is found, that y1, y12, y13 are independent elements of Vi, and the other elements can
be written in terms of them and zi1, zi2, z13. Expressed are variables a,bi,cc of three equations are written
with the help of matrix elements zj,yi;.
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BR05236277 "Investigation of some problems of astrophysics and cosmology in the framework of the
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Kadenpa obmeit u Teoperndeckot ¢pmsnkn Eppasuiickoro
HaITMOHAIBHOTO yHUBepcuTeTa mMenu JI.H.I'ymuiera, Actana, Kazaxcran

UEPAPXWS YPABHEHUI ACCOIMATHBHOCTH WDVV
I CIIYYAAn =3 UN=2TIIPU V=0 C HOBOU CUCTEMOM a,, b;, ¢

Annotamus. B naHHOM cTaThe mecneayioTes ypasHeHms Burrena-Jumxxrpada-E.Bepiunme-I" . Bepiunme (B/IBB).
B paboTe obcyxjatoTcss HelwHeliHBIe ypaBHeHHS TpeThero mopsaika m1a ¢yHkmmm f = f(x,t) JBYX He3aBHCHMBIX
HIepeMeHHBIX X,t. YpaBHEeHHS acCOIMATHBHOCTH CBOIATCS K HeJIMHEHHEIM ypaBHEHISIM TpeThero Mopsaka A1d GyHKmy f =
f(x,t), xorna noteHnuan ¢yukun F cBa3an ¢ metpukoi 1. B oot padote paceMaTpuBaeTes ypaBHeHne WDVV st cirydast
n =3 ¢ aHTHAMATOHAIBbHOM MeTprKoit 1. OnncaHo peleHre HeKOTOPHIX CIIyUaeB HepapXUH ypaBHEHHI acCOMAaTHBHOCTH.
JIns Haxosk IeHUs nepapxuH ypaBHEHHMI acCOIMATUBHOCTH OBLTH 3aIllcaHBl Maphl Jlakca AT CHCTeMBI U3 TpeX YpaBHECHUIH,
KOTOpasi COJePXUT VpaBHEHHs accolaTHBHOCTH. C TpHMeHEHWeM YCIIOBHS COBMECTHOCTH HaMeHBI COOTHOIICHHS
Mexkay MarpuramMu U, Vi, Vi. BBUTH BBMHCIICHEI 3TeMEHTEI MAaTPUIBI Vi, BEIpaXXEHHBIC Uepe3 Zj, He3aBUCHMEIC H
3aBHCHMEBIC IIepeMeHHBIe MaTpHUIBl V). Takke OBUTH HaiifleHBI SIeMEHTH MATpHUIBI Vi, BBIpaXCHHBIE depes Vi ,
He3aBUCHMBIE W 3aBHCHUMEIEC IIepeMeHHbIe MaTpHITHI V. DIeMeHTH MaTpuIkl Vo paBHE (. B dmsnrueckoM mpmioxeHUH
pellleHre ypaBHEHUS accolraTHBHocTH WDVV OIMCEIBA€T IPOCTPAHCTBO MOJyIeH TOIONOTHISCKHX KOH(POPMHBIX
Teopuii oyIs. BeeIeHEI HOBEIE IepeMeHHEIE a, b, ¢. B HOBBIX IepeMeHHBIX HellMHeHHbIe ypaBHEeHNS TPeTHEeTo MOpIaKa UL
¢y £ = f(x,t) 3ammcaHBl depe3 HOBYIO CHCTeMY TpEX ypaBHeHHit. BrIpakeHHEIe IepeMeHHEIE ai, by, ¢t CHCTEMEl U3
TpeX ypaBHEeHHH OBLTH 3alMCaHbl depe3 MaTPITHEIC SIIEMEHTH Zij, Vij.

KmoueBnle cioBa: ypaBHeHms: Burrtena-Jlmwkrpada-E.Bepnmuane-1" . Bepmunjge, ypaBHeHHSI acCOIUMATHBHOCTH,
HelMHefiHble ypaBHEHHS TPeThEro Iopsiika, aHTHAMATOHANBHAS MeTpHKa, maphel Jlakca, yCIOBHe COBMECTHOCTH,
He3aBUCHMBIE 3JIEMEHTHL, 3aBUCHMBIE TIepeMeHHbIe, CHCTEMA ¢ YPaBHCHISIMIA.
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JLH.I'ymmteB ateiaarsl Eypasus YITTHK VHABEPCUTETIHIH
KAITIIBI ’KOHEe TeOpISITHIK rsnka Kadeapackl, AcraHa, Kasakctan

n =3 JKOHE N =2 JKAFJIAMJIAPBI YIUTH EAT 3T I3IJITEH JKAHA KYWE a,, b, ¢, Vo= 0 BOJIFAHJIATBI
WDVV ACCOIIMATUBTLIIK TEHAEYIHIH HEPAPXUACDHI

Annoramus. bepimren Makamaga Burren — Jlmmxxrpad - E.Bepmunme - FBepm/IH/:[e (BJBB) TeH/:Leynepi
3epTTernei. byl ®KyMbIcTa X, t Toyelci3 alHpIMaTbIaphiHal TypaThil f = f(x,t) yHKImICH Y YH_IIHH_II peTTl CBI3BLIKTEI
eMec TeHjeyllep TalKblUIaHamel Toyenci3 X, t alfHpIMambUIapbiHaH TYypaThiH f = f(X,t) (’pyHKL[I/mcm YH_IIH VIIHIT PeTTi
CBI3LIKTHI eMec TeHjeylep I moTeHIWaibl 1) MeTpUKachiIMeH OalfmaHplcThl Ooiranjga kenTiputeni. CoHBIMEH Kartap
ACCOIMATHBTLNIK TeHJeylIep HepapXWICHIHBIH OipHelle MenmMIepl CHUmaTTalagbl. ACCOIMATHBTUIK TeHJCYISPIHIH
AepapXmIChH Taly MakcaThIHIa acCOITMATHBTUIIK TeHJEYIepIHeH KYypalFaH TeHjaeylep kyiteci ymin Jlake skynrapst
xa3pUIabl. CoMKeCTIK IMapTHHBIH KOJJaHy apKbUIel U, Vi, Vi MaTpunamapel apaCHIH/IAFl KATHIHACTAP AHBIKTAIPL Zij
apKBUIBl OPHEKTENTeH V) MaTPHUITACHIHBIH 3JIEMEHTTepl MeH V, MaTpHUITACHHBIH TOyeIIl XKoHe Tayelci3 alfHBIMaIbUIaphl
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€CeNTeMH /. Vij apKBUIBI OpHEKTeNTeH V| MaTpPHUITACHIHBIH SIEMEHTTepl MEH V| MATPHUIIACHIHBIH TOVeIl XKaHe Tayelcis
adtapIMansIaphl TaGeUIAEL. COHBIMEH KaTap Vo MAaTPHITACHIHBIH DSJIEMEHTTepl HeNre TeH Jel alublHabl. (DOU3nKaibk
KonauplTyga WDVV  accolmaTWBTUIK TEHJEYiHIH IMelliMi OpicTiH TOIOIOTTSUIBIK KOH(POPMIBIK TEOPUSICHIHBIH
MOJIyJIbJIepiHIH KeHICTIrH cunatTaliapl. Xana altapiMansuiap enrizinred. JKana aftapivansiiapia £ = f(x,t) ¢yHKIISICH
VIIH YIMTHII PEeTTi CHI3BIKTHL eMec TeHJeyIep skaHa Kyke apKbUIbl skasbUIFaH. TeHjeyiep skyHeciHeH TYpaTHIH ai, br, ¢t
alfHBIMAITBIIAPH Zij, Vij MATPHTIATIBIK €JIEMEHTTEP1 apKbUTHl OPHEKTEIII %Ka3bULIbL.

Tyiiin ce3nep: Burren-/lmmkrpad-E.Bepnunne-I'.Bepnunae Tenaeyiepi, acCoNUaTUBTLNK TEHJEY1, YITIHIT PETTL
CBI3LIKTHI eMec TeHIEeYIIep, aHTHIHaroHalb MeTprKa, Jlake sKyITapsl, YIIeciM IUTIK MapTHL, TOyelci3 dIeMeHTTep, ToyelIl
altHBRIMaTBIIAp, TEHIEYIIep Kylect.
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