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ABSOLUTE STABILITY OF A PROGRAM MANIFOLD OF
NON-AUTONOMOUS BASIC CONTROL SYSTEMS

Abstract. In this paper the inverse dynamics problemisstudied: for a given manifold restore a force field, which
lies in the tangent subspace to manifold. One of the general inverse problems of dynamics is solved: the
corresponding system of differential equations is but as well as the stability is considered. This inverse problem is
very important for a variety of mathematical models mechanics. Absolutestability of a program manifold of non-
autonomous basic control systems with stationary nonlinearity is investigated. Theproblem of stability of the basic
control systems is considered in the neighborhood of a program manifold. Nonlinearitysatisfies to conditions of local
quadratic relations. The sufficient conditions of the absolute stability of the program manifold have been obtained
relatively to a given vector-function by means of construction of Lyapunov function, in the form "quadratic form
plus an integral from nonlinearity". The obtained results are used to solve the problem of the synthesis of high-speed
regulators.

Key words. Absolute stability, basic control systems, program manifold, Lyapunov function, local quadratic
relation. high-speed regulators.

Introduction. The problem of constructing for systems of ordinary differential equations on a given
integral curve was formulated by Yerugin in [1] and there was proposed a method for its solving. Later,
this problem was developed by Galiullin, Mukhametzyanov, Mukharlyamov and others [2-19] to the
problem of the construction of systems of differential equations by a given integral manifold, to solving of
various inverse problems of dynamics, and to constructing of systems of program motion.The integral
manifold is defined as the intersection of hypersurfaces.It should be noted that the construction of stable
systems developed into an independent theory. A detailed survey of these works can be found in [2, 7,
16]. The works [2-5] are devoted to the construction of automatic control systems on the basis of a given

manifold. In these works, control systems were constructed for a scalar nonlinear function ((0’), and

sufficient conditions for absolute stability were established. The problem of the construction of automatic
control systems for a vector nonlinear function with locally quadratic relations was solved in [6, 7].In [10,
12, 13], inverse problems of dynamics are considered in the presence of random perturbations, namely in
the class of stochastic differential Ito equations. In [20 - 22], conditions for reducibility to a canonical
form and conditions for the stability of a Cauchy problem were established, and the problem of the
existence of periodic solutions of equations unresolved with respect to the higher derivative was
investigated. Sufficient conditions for the asymptotic stability of the program manifold of degencrate
automatic control systems were obtained in[8]. The problem of the exponential stability of the trivial
solution was investigated in [23]. In [24, 25], exponential-stability conditions were established for
automatic control systems of a certain class. The problem of the synthesis of asymptotically stable
systems possessing a given property was posed in[26], where a method for the synthesis of feedback laws
was also given. Questions of the stability of the trivial solution of systems with variable coefficients were
considered in the works [26, 27].
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In the present paper,we investigate the stability of a program manifold with respect to the given
vector-function of non-autonomous basic control systems with stationary nonlinearity .

Statement of the problem.Note,what the general statement of the problem is as follows:

To construct a material system describing by ordinary differential equations

where x € R” is the state vector of the object; U € R’ - control vector; | € R” is a continuous
]

vector-function, on a given (# — ') -dimensional program manifold Q(t ) =w(t,x)=0,w € R’

The method of solving this problem consists in finding a set of right parts of the desired systems
satisfying the equality on the manifold.

Definition 1.4 sef Q(l ) is called an integral manifold of equation (1) if, from that
a(ty,xq) € Qty) pllows o(t,x(1,1y,xy)) € 1) forall t 2 1.
The concepts of an integral manifold and a program manifold have the same meaning, for
convenience, we will use the term program manifold.
Taking into account the necessary and sufficient conditions for the manifold Q(l ) to be integral for
the system (1), we get:
. _Ow OJdw
a)=—+—f(t,x,u)=F(t,a),u). Q)
o Ox
Here F € R® is the Erugin vector-function [1] satisfying the condition (t,0,u)=0.

We will introduce for consideration a class & of continuously-differentiable at times  and bounded
on a norm matrices.
Suppose that the right-hand side of the system (1) can be represented in the form

i=f(t.x)-BO)E, &=¢lo), o=P o, tel=]0,x), 3)
where x € R” is a state vector of the object, f e R" is a vector-function, satisfying to conditions of

existence of a solution X(#) =0, B e E™, PeE™  are matrices, ® € R* (s £n) is a vector,

f € R" is the control vector-function of the deviation from the given program, satisfying to conditions
of local quadratic connection

P(0)=0A¢" (0)0(t)c - K (Np(6)>0, Vo=0,

K0 =229 <y,

[0 =diag|6,.,....0,1e 2", K(1)=diag|ky(t).....k. (1), [K(@)=K"()>0]e=E"",

[K,()=K]()>0 i=12]e="".
Note that the following estimate
Prlof? <o’ <22Jof” 5
1) V]

can be obtained from the condition (4), where ﬂl,l/l; ﬂz,l/z arc the smallest, largest cigenvalues of
matrices POPT , oK 1.

—— 38 ——
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The given program Q(t ) is exactly realized only if the initial values of the state vector satisfy the

condition a)(t 0 ,XO) = (). However, this condition cannot be exactly satisfied, because of always there
exist initial and permanent acting perturbations. Therefore, the conditions of the stability of the program
manifold Q(l ) with respect to the vector function @@ should be additionally required in the construction

of systems of program motion.
On the basis of relation (2) and our assumption, choosing the Yerugin function as

= —A(t )a), AeE*"" we obtain the following system with respect to vector-function @ |2, 3]:
O=-ANo-HOBNE, &=¢lo), o=P (Do, tel=[0,0), ©
where H = 8_&) is the Jacobi matrix, nonlinearity ¢(c) satisfies also to generalized conditions (4), (5).

Definition 2.4 program manifold Q(l ) is called absolutely stable with respect to vector-function
@ if'it is asymptotically stable in whole for solution of equations (6) for all a)(t 0> XO) and the function
(D(O' ) satisfying conditions (4), (3).

Statement of the problem.7o gef the condition of absolute stability of a program manifold Q(l ) of

the non-autonomous basic control systems in relation fo the given vector-function Q.
Sufficient conditions of the program manifold’s absolute stability. First, we consider a linear system
of differential equations with respect to a vector function @

=-Aw, tel=|0,) )
For this system, we have

Theorem1 [27].Suppose that there exists L(t) = r (t)>0 and — v |(7) =W.

Then for the asymptotic stability of a program manifold Q(I ) it is necessary and sufficient that the
following relations hold

V=0 Lo >0,
W =o' Gt)o>0,
where V W have the following properties

Llo|* <V <)o, (8)

gl <w < glol. ©)
where I1,1y, g1,8> are positive constants.
In the space, X, we choose the region G(R) as follows
G(R)=(1,x):1 20 A |eo(t,x)| < R <0, (10)
Basic theorem. If there exists a real, continuous and differentiable function V(l s a)) in region (10)
that is definitely positive and admits a higher limit as a whole, such that

will be a definite-positive function for all values of @, then the program manifold Q(l ) is absolutely

stable.
Theorem 2. Suppose that there exist matrices
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Lity=L"()>0eE", B=diag(B,,....5.)>0

and non-linear function (D(O' ) satisfies the conditions (4), (5). Then, for the absolute stability of the

program manifold Q(l ) with respect to the vector function (U it is sufficient performing of the following
conditions

Lol <v <bof’, an

gl <V < gx(fof

where 11,15, g1,8> are positive constants.

ProofLet there exist L(t)= I (t)>0e 25 L= dl'ag( e ..,ﬂr)> 0, then for the
system (6) we can construct a Lyapunov function of the form

(12)

2

Vi, &) =o' Lo + jgoT B do>0. (13)
0

Taking into account the property (4), making the substitution
p(o)=ho (O0<[h=h"1<k) k=minK ().
t

we obtain the estimate

Le|” <V <L o], (14)
where

L =1V + 2@, LN =D+ 40,
Al < [o" ()8 do < W)l
0

Here [ (1),11,1 (2),12 are the smallest and largest eigenvalues of matrices

L,A, A=P)H(t)pP g () . The diagonal elements of the matrix A are divided by the number 2.
On the basis of property (5) the derivative of the function (13) takes the form

—V=0"Go+20" G+ E'G,E>0, (15)
where

G(t)=—L + AT ()L(t) + L() A(1);
Gy(1) = %AT (VPO + LVH(1)B() + %ﬁ P (o)

T
Gy(t)y=B P (DH()B(1).
Due to the fact that — J” > O the following estimates hold

aillof + 12 )< =" 0z <yl + e ) (16)

— ) ——
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where

@ G @G
£ G G,

q1-{, are the smallest and largest eigenvalues of matn'XQ .

Z: 2 2

Taking into account the estimates (5) from (16), we get

2 : 2
mOe|” <=V <ny(0)]e]”, (17)
Uil :C]1[1+&]; Up) :C]2[1+&]-
Vs Vi
On the basis of (11), (17), the inequalities are valid
{ {
-1 2 _ -1
15V, exp[— Ial(r)dr] <|leo|” <17 V; expl- jaz (r)dr], (18)
to to
where
{
1()_772()’ az(t):nl()
L(1) [,(1)
Assume that

a; =sup[-a(H]ra, = inf[—az (O
tel te

tel tel
from inequality (18) we obtain

-1 2 -1
by Vo explon (1 = 1)1 < || " <7V explory (1 = 1)].
Whence follows the next estimates which hold on the sphere R:
2
||a)” < R? expla, (f —15)]. (19)

Conditions of the synthesis of high-speed regulators. The obtained results we use to solve of the
problem of the syntewsis of high-speed regulators.

Let { = IS. Then from (19) we get
2 * 2
R expla,(ty —1p)]=¢€

or solving with respect to 7, S -1y

2
£

* -1
RZ

The control time o= " —f o on the basis of (20) is defined as follows
2

1. r
tp =a, 1nf11’1—2. 20
<1
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The solution of the problem of the synthesis of high-speed regulators follows from inequalitics
2
_ g
oy infIn=— <1,
2 A
here 7 is the specified time.
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HHCTATYT MATCMATHKA B MATCMATHYCCKOTO MOACHpOoBaHmd, AmvaTsl, Kazaxcran

ABCOJIIOTHAA YCTOMYHUBOCTh MPOITPAMMHOI'O MHOI'OOBPA3HA
HE ABTOHOMHBIX OCHOBHbBIX CUCTEM YIIPABJIEHUA

Annoramusi. B craree paccmarpmBacTcs OoOpaTrHas 3ajada JUHAMHMKH. JUIT 33JaHHOTO MHOTOOPAsus
BOOCTAHABIIMBACTCS IOJIC CHJI, KOTOPBIC PACIIOIOKCHBI HA MEPICHANKYLIPHON MOJYTIIOCKOCTH K MHOTOOOPA3HIO.
Pemaercst 60ee obmas 3amava AMHAMHKH: HCCICAYIOTCS YCTOWYMBOCTh CHCTEM COOTBETCTBYIOIMX aupdpepen-
[OUANBHBIX YPABHCHHH. ODTH OOpaTHBIC 3aJaYd OUCHb BAKHBI JUIT PA3IHMUHBIX MOJCICH MEXaHHMUCCKUX CHCTEM.
Hccneayercss abCOMOTHAS YCTOWYMBOCTH MPOTPAMMHOTO MHOTOOOpPAsHA HE ABTOHOMHBIX OCHOBHBIXCHCTCM
yYopaBJaCHUA CO CTAHOHAPHBIMHA HCIMHCHHOCTAMH. Y CTIOBHSI yCTOfI‘{HBOCTH OCHOBHBIX CHCTEM HCCICAOBAHBI
BOKPECTHOCTH 33/IAHHOTO IPOTPAMMHOTO MHOT000pasws. HemHEHHOCTH yAOBICTBOPSIOT YCIOBHSM JOKAIHHOH
KBAOPATHIHOH CBA3H. [IO0CTATOYHBIC YCIOBHSA AOCOMOTHOH YCTOMYHBOCTH MPOTPAMMHOTO MHOTOOOPA3HsA, OTHOCH-
TEJIFHO 3aJAHHOM BEKTOP-(DYHKIMH, ITOJIYYCHBI C TOMOIIBIO MOCTPOCHHS ()Y HKITHH JIIIyHOBa, «kaapaTHIHAsI popma
IIIFOC  HHTErpaax oOT HCJTMHCHHOCTIH . HOJ'Iy‘{eHHI)Ie PE3YyIbTAThl HCMOJB30BAHBI AIIAPCIICHUA3ZAOATUCHHTE3A
OBICTPOIECHCTBYIOLIIXPETY IATOPOB.

KmoueBnie cioBa. AOCOMFOTHAS YCTOHYMBOCTb, OCHOBHAS CHCTEMA YIIPABJICHHS, IPOTOPAMMHOEC MHOTO-
oOpazue, (yHKIHA JIIIyHOBA, TOKAIbHAS KBAIPATHIHAS CBSI3b, OBICTPOACHCTBYIOIIUE PETY I TOPEL.
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MaremaTuka k0HE MaTeMATHKAITBIK MOACTIACY HHCTUTYTHI, AJ'IMaTI)I, KaSaKCTaH

ABTOHOM/ bl EMEC HEI'BI'TI BACKAPY JKYUEJIEPTHIH
BATTAPJIAMAJIBIK KOIIBEMHECIHIH ABCOJIOT OPHBIKTHLIBIT bI

Annoranus. Makanana AMHAMHKAHBIH Kepi eceOl 3eprreneni: AFHH, OCpilreH kemOeHHe YIIiH, KemOeHHere
MIEPICHANKYJUIP SKa3bIKOIAZA >KaTaThIH KYHI 6pPICi TYPFBI3BLIAAGL JIMHAMHUKAHBIH SKAIIBI €ceOl INCIIiTei: SFHU
colikec mudpepeHIHAIIBIK TCHACYICP JKYHCCIHIH OPHBIKTBUTBIFBI 3¢pTTCHeai. By kepi ecenm MCXaHHUKAHBIH TYPII
MATEMATHKAIBIK MOJCIACPl YINIH 6Te MaHbI3Abl. CranoHap OCHCHI3BIKTHI ABTOHOMIBI €MEC HEri3ri Oackapy
JKy#enaepiHiH abCOFOT OPHBIKTBUIBIFBI 3epTTeneai. Herisri 6ackapy >KyHETepiHiH OPHBIKTBUTBIFBI OaF 1apIaMaIbIk
KONMOCHHCHIH MAHAWBIHAA KapPACTHIPUIAABL. BeHCHI3BIKTHIKTAD JOKAIIB KBAIPATTHIK OAiIaHBICTAPAbl KAHAFATTAH-
OeIpanpl.  barmapmaManblk KemOeHHEHIH OepiireH BEKTOpP-(QyHKIums OOMBbIHIIA aOCOMIOT OPHBIKTHIIBIFBIHBIH
JKETKUTIKTK HIAPTTaphl “KBAAPaTTHIK (popmMa KOCy OCHCHI3BIKTHIH MHTETPaN” TYpiHzeri JImyHOB (YyHKIMACHH KYpPY
APKBLIBI ATTBIHABL. AJTBIHFAH HOTIDKCIICP TC3 JKBUITAMABIKTHL PETTCTIITCPII CHHTE3ACY ¢CeOiHe KOMIAHBLIIBL.

Tyiiin ce3xep. AOCOMFOTTIK OTHBIKTBLIBIK, HETI3Ti O0acKapy sKylemepi, OarmapiaMaisik kemOcine, JIamyHOB
(DYHKIMSCHI, TOKAJIl KBAAPATTHIK OAMIaHbIC, >KOFAPHI KBIIJIAMIBIKTBI PETTETIL.
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