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TELEPARALLEL DARK ENERGY MODEL WITH FERMIONIC
FIELD FOR BIANCHI TYPE I SPACETIME

Abstract. The search for constituents that can explain the periods of accelerating expansion of the Universe is a
fundamental topic in cosmology. In the present work, we consider a model with a fermionic field that is non-
minimally coupled to gravity in the framework of teleparallel gravity for Bianchi type I spacetime. Here we
determined form the point-like Lagrangian and obtained the corresponding field equations. In order to determine
forms of the coupling and potential function of fermionic field for the considered model, we use Noether symmetry
approach. In modern cosmology, we often used this approach to determine the unknown function and obtain exact
cosmological solutions for considered model. For our model, we obtained of the coupling and fermionic field
functions as /' = F,Wand}” =V i . Then, we put these solutions to the field equations, we got the equation

depend only on the functions A, B and C. After some mathematical calculations, we found exact solutions for these

functions as de Sitter solutions. Finally, we determined the equation of state parameter is equal to — 1. In cosmology
this solution gives us dark energy model and which can describes the late-time epoch of the evolution our universe.
Thus, here the fermion fields play the role of dark energy.
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Introduction

In modern cosmology, teleparallel gravity is used to describe the evolution of the universe. For the
first time teleparallel theory of gravity (theory of gravity with teleparallelism) was proposed by Einstein.
Due to the specific nature of parallel transfers, any calibration theory, including these transformations, will
differ in many respects from conventional internal calibration models, and the most significant is the
presence of a field tetrad.

On the other hand, field tetrads can be used to determine the linear connectivity of Weizenbock,
which is a connectivity defined by torsion but not by the curvature of space. The tetrad field can also be
naturally used to introduce a Riemann metric in terms of which the Levi-Civita connectivity can be
constructed.

It is important to note that torsion and curvature are connectivity propertics and different
connectedness can be defined on the same space. Thus, the presence of a nontrivial tetrad field in gauge
theory induces both a tele-parallel and a Riemannian structure in space-time. The first obligation of
Weizenbock connectivity, the second connectivity Levi-Civita. Due to the universality of the gravitational
interaction, it is possible to link these geometric structures in the theory of gravity Previously, it was
considered in [1,2].Cosmological solutions were obtained within the framework of the theory of the tele-
parallel of gravity and the Friedman-Robertson-Walker(FRW) metric. The anisotropic model of the
Universe for the Bianchi I metric in the framework of the theory of the teleparallel of gravity was
considered in the works [3,4].
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In modern cosmology, scalar and vector ficlds, as well as their modifications, such as k -essence, f -
essence, g —essence, are used as matter fields. Here we consider fermion fields in the framework of the
tele-parallel gravity theory for an anisotropic Bianchi type I. universe.Earlier, cosmological models with
fermion fields in the framework of GR for the FRW metric were considered in [5-8]. Also, within the
framework of the teleparallel of gravity, models for the FRWmetric were considered in [9].

The paper is organized as follows. In Section 2, we present action and equation of motion for this

model. The geometrical Noether point symmetries and their connections to the [ (lP) model is

discussed in section 3. Section 4 is analytical solutions for those F'(F')models which admit Noether

point symmetries.Finally, we draw our main conclusions in section 3.

Actionandequationofmotion
In this theory, the action is given in the following form

ZJ‘d“xe{F(LP)T+é[¢rﬂ(€—9#)w—‘/7(8—,;+Qy)r#‘//}—V(LP)}a (D

where € = det (eZ) , ez is a tetrad (vierbein) basis, 7 is a torsion scalar, and and {/ = i/ d }/0 denote the

spinor ficld and its adjoint, with the dagger representing complex conjugation. /() and V(lP) are
generic functions, representing the coupling with gravity and the self-interaction potential of the fermionic
field, respectively. In our study, for simplicity, weassume that F'(F)and V' (V) depend only on

functions of the bilinear ¥ = (/i . In the above action, furthermore, Q,is the spin connection

1

Q i _Z g [FZM — eZa #eﬁ :| T with FVM denoting the standard Levi-Civita connection and

= 65}/’. The I'* are Dirac matrices.

Together with the action (1), the FRW metric is considered
ds* = di” —a* (t)(dx + dy’ +dz*),

where a(f) is the scale factor of the Universe. Here and then the dot above the letter denotes the

derivative in time. This metric describes four-dimensional planar, homogeneous, and isotropic space-time.
In our model we will define field equations for action (1) and Bianchi metrics of type 1

ds* = di* — A (0)dx* - BX(O)dy* — CX(0)d=>, @)

where

AB  AC CB

The Lagrange function for metric (3) can be written as

Y el ABCT__z[AB AC CB]Y:é(@/oV)_@/oW)‘

L=2FCAB+2FBAC +2FACE - %ABC(@/O{/) ~w)+ ABCY, )

Next, we will use the Euler-Lagrange equations and the zero energy condition to determine the field
equations:
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where O,

2

“4)

)

(6)
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®)

l(— 0. =
=}/ is the energy density and pPr= —(l//j/ol// - IM/OI//) — V" is the pressure of the fluid.

Thus, we obtained the field equations for the anisotropic Universe model in the framework of the
theory of body parallel to gravity, where fermionic ficlds were considered as matter fields. In the
following we will investigate various cosmological aspects of these equations.

TheNoethersymmetryapproach
To solve the systems of field equations (4)-(9) we use the Noether symmetry. This approach means

that the lie derivative of the point Lagrangian from the vector field X is zero

The field vector has the form

X =

where

XL=0.
o .0 @8
—_— = ) -
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By collecting all the terms of equation (12) with coefficients

AZ,BZ,CZ,AB,AC,BC,AI/),B{/),C(/),AI/)T,Bl/'/T,Cl/'/T,A,B,Cand equating them to zero, we

obtain the following system of differential equations:

C%'FB%: ] (13)
04 04
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i=0
Next, we will look for the solution in the following form
a=N(A), f=N(4)-M(B),y = N(4)- L(C), (25)
and
1, = N(A)-QW,), x, = N(A)- P(w). (26)
From equation (22):
M = —EL. 27
C
Equations (23) and (24), if 1. = C, M = —B will look like this:
Aa—N+A28—N—N=O, (28)
04 04
accordingly we get the following equation
C,A
N(4A)=——, 29
A= (29)

To obtain a solution, we will consider the following form () and P :
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1 |
Q:_(EA 1+8].770]l//]., P:_(EA 1_81'770]{//;’ (30)
then
V=Vu, S
F=Fu. (32)

Substituting the last equation in the equation of motion (2), we find the value of 7

53

0

T=-10
Iy

= const.

Exact cosmological solutions
Solutions will be sought in the form of de Sitter:

A=e" B=e" C=e",

we know that A = A4, = A, = A, then from the equation of motion (5) we can determine the values

A=F —](;, then energy density and pressur given as

0
2F, 2F,

The equation of state parameter will look like this:

w=£=_1 (34)
yo,

From equations (9) and (10) we obtain the following equation:

VI ¥ =0, (35)
A B C
and integrationgives
(4ABC)

Conclusion
In this paper, we considered a model with a fermion field that is not minimally related to gravity

within the framework of teleparallel gravity for Bianchi I type space-time. Here we defined the form of a
point Lagrangian and obtained the corresponding field equations. To determine the bond forms and the
potential function of the fermion field for the model under consideration, the Noether symmetry approach
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was used. For our model, we obtained of the coupling and fermionic field functionsas F' = FO‘P and

V' =V, Then, we put these solutions to the field equations, we got the equation depend only on the

functions A, B and C. After some mathematical calculations, we found the exact solutions for these
functions as de Sitter solutions. We also determined that the equation of the state parameter is equal —1.In
cosmology, this solution gives us a model of dark energy, which can describe the late epoch of evolution
of our Universe. Thus, here the fermion fields play the role of dark energy.

IIL.P. Meip3axkyn, K.K.Ep:kanos, I.7K. Kemwzkamn, K.P. Mbip3akymios

Kamms! xone TeoprsbIK Prsnka kadeapacsr,
JLH. I'vmunes areiaaars! Eypasusa yarTeik yaHuBepcuTeTi, Hyp-Cyurran, Kazakcran

BbAHKHUIKEHICTIK-YAKBITBIHAA ®EPMHOH/IbI OPICI BAP KYHI'TPT JQHEPTUAHBIH
TEJENAPAJIJIEJb MOAEJII YINIH HETEP CHMMETPHA 9ICI

AnHoTanmAa, OJCMHIH YACMCII YJIFAIOBIHBIH TAOWFATHIH TYCIHAIPS KypaMael Oejikrepai  i3aeyi
KOCMOJIOTHSHBIH IPreJTi TAKBIPBHIObI OOJIBIIT TaObLTAIEL. KapacThIPBUIBIN OTHIPFAH >KYMBICTA BbsHky | MeTpHKAacs! yomiH
TEJICTIAPAJUICITb TPABUTAIIHS ASICHIHAA TPABUTANMUIMEH MUHUMAIIIBI EMEC SPEKETTECETIH (PePMHUOHIBI OPICTIH MOIEIb1
3eprreneni. by skympIcTa 013 HYKTETIK JTArpaH;KHAHHBIH TYPIH aHBIKTAABIK. KapacThIpsIIbIp OTHIPFAH MOJCTH YINiH
(hepMHOHIBI OPICTIH MOTCHIMAJIBIHBIH >KOHE OaWnaHbIC (DYHKUIMSICHIHBIH TYPiH aHbBIKTayna Herep cuMmeTpmsch
omiciH mabimanaHaelk. Kasipri TaHma KOCMOJIOTHSAAA aTalFaH OJICTI — 3CPTTCIN OTBHIPFAH MOJCTH YIIH OCnTici3
(D)YHKIMSHBI QHBIKTAYFa KOHE HAKTHI KOCMOJIOTHSAJIBIK INCIMIMACPAl anyda >Kdi KOMZAHAABL O3IMI3AIH MOJCITIMI3
YiriH (epMHOHABI OpicTiH Oaiuranblic (yHKIEACHH anablk. ComaH KEifiH aibIFaH MICIMiMICPAl opiC TCHACYICpiHe
Koitbim, A, B xone C (QyHKImsUIaphIHA FAHA TOYENAl TEHACAY1 anambl3. MaTeMaTHKAIBIK E€CENTEYICPACH COH OCHI
¢yuxumanap yoie ac-CHTTep TYpiHACTI HAKTHI mIemnMacpai TanTelk. HoTwkeciHae Kyl TeHACYiHIH MoHI — 1
EKCHIJITIH aHbIKTaApIK. Kocmosormsaaa Oy memnM KYHTIPT 3HEPTHSAHBIH MOJCTIH Oepemi >koHe Oi3aiH OieMm
IBOJFOLMSCHIHBIH KeNI JoyipiH cumarrad amagsl. COHBIMEH Oi37iH JKYMBICHIMBI3IA AHBIKTANFAHBI — (DEPMHOHIBI
epicTep KYHTIPT SHCPTHAHBIH POJTiH OHHATHL.

Tyiiin ce3aep.Tenemapannenbai KyHTIpT 3Heprmst, besakm I Tunri Momem, ¢epmmonast epic, Herep
CHMMCTPHSA dICi.

YK 524.834
HIL.P. Meip3axkyn, K.K.Ep:kanos, I.7K. Kemzkamin, K.P. Mbip3akynios

Kadenpa obmieit u TeopeTHICCKOH (DH3HKH,
EBpasutickuit HaumoHambHEIH yHIHBepcHTeT nMeHH JILH. I'ymunesa, Hyp-Cyaran, Kazaxcran

MOIX0 HETEPOBO CHMMETPHH B TEJENAPAJLIEJABHOM MOJEJIN TEMHOM YHEPTUA
C ®EPMHAOHHbBIM NOJIEM /UIA IPOCTPAHCTBA-BPEMEHH THIIA 1 BbJIHKH

AnHoTtanmust. [TONCK COCTAaBHBIX YacTeH, KOTOPbIC MOTYT OOBSICHHTH MEPHOABI YCKOPSIFOIIETOCS PACIIUPEHHUS
Bcenmennoit, sBasgeTcsa (YHIAMCHTANRHOH TEMOHM KOCMOJoTHH. B HacTosAmieH paboTe paccMaTpHBACTCH MOICTH C
(hepMHOHHBIM TOJIEM, HC MHHHMATHGHO CBS3AHHBIM C IPAaBUTAIMCH B paMKax TEJICHAPAIUICIGHON TPABHTALMH IS
TpoCTpaHCcTBa-ppeMeHn Tuma busukml. 371eck MBI ompenemumu (OPMY TOUEHHOTO JATPAHKHAHA W MOy YHIH
COOTBETCTBYIOIIME YypaBHEHMS moyrl. [ ompeaencHus (GopM CBA3M M MOTEHUMANBHON (PyHKIMH (PSPMHOHHOTO
TOJISL U1l PACCMATPUBACMOM MOJETH MCTIONB3YETCA NoAx0] cuMMeTpunHerep. B coBpeMEHHONH KOCMOJIOTHH YacTO
HCTOJB3YyCTCA 3TOT NMOAXOA A1 ONMPCACIICHUA HCH3BECTHOM (I)YHKI.[I/II/I A NOJIYyYCHHS TOYHBIX KOCMOJOTHUCCKHX
pemeHUH I paccMaTpUBacMOi Mozeu. [t HanreH MOeIr MBI IOy IHIH (DY HKIUH CBSI3H B (PEPMHOHHOTO MO
3areM MBIIOACTABILI 3TH PEIICHHUS B YPABHCHHUS MOJSL, MbI OJTyYacM YPAaBHCHHUE, 3aBHCAIICE TOIBKO OT (yHKIMH
A, B u C. TTocine HEKOTOPBIX MATEMATHYECKUX BBIMHCICHUI Mbl HANTH TOYHBIC PEINCHUS I 3THX ()YHKIHMH Kak
pemcHus ae Currepa. HakoHen, MBI OMPEACITHIH, YTO YPABHCHHC MAPAMETPa COCTOAHHUS pasHO -1. B xocMmomornm
3TO pEIICHHE JACT HAM MOJCIbh TEMHOHM SHEPTHM, KOTOPAs MOXKET OIMCATh MO3THIOKD 3MOXY 3BOJIOIMH HAIICH
Bcenmennoit. TakuM 00pa3oM, 31eCh (PCPMHOHHBIC IO HTPAIOT POJTb TCMHOM SHCPTHH.

Kmiouennie cioBa. TenenmapamrenbHas TEMHAS HEPTHS, MOAEab besHku Tuna I, ¢pepMuoHHOE TMONIE, MOIXO0N
cummetpuu Hertep.

Information about authors.

—— 136 ——



ISSN 1991-346X 6. 2019

Myrzakul S.R. — PhD,candidate of physical and mathematical Sciences, associate professor, Department of General &
Theoretical Physics, L.N. Gumilyov Furasian National University, Nur-Sultan, Kazakhstan,srmyrzakul@gmail.com.

Yerzhanov K.K. — PhD, candidate of physical and mathematical Sciences, associate professor, Department of General &
Theoretical Physics, L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan,yerzhanovkk@gmail.com.

Kenzhalin D. Zh. — second year doctoral student, Department of General & Theoretical Physics, L.N. Gumilyov Eurasian
National University, Nur-Sultan, Kazakhstan, dzh.kenzhalin@gmail.com.

MyrzakulovK.R. — candidate of physical and mathematical Sciences, associate professor, Department of General &
Theoretical Physics, L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan, krmyrzakulov@gmail .com.

REFERENCES

[1] Cai Y-F., Capozziello S., De Laurentis M., Saridakis E.N. F(T) teleparallel gravity and cosmology//Reports on Progress
in Physics. Vol.79, 2016. P. 106901https://doi.org/10.1088/0034-4885/79/10/106901.

[2] Myrzakulov R. Accelerating universe from F(T) gravity // The European Physical Journal C. Vol.71, 2011. P.1752.
https://doi.org/10.1140/epjc/s10052-011-1752-9

[3] Adnan A., Mubasher J., Myrzakulov R. Noether gauge symmetry for Bianchi type I model in F(T) gravity // Physica
Scripta. Vol.88, Ne2. 2013. P.5003. https://doi.org/10.1088/0031-8949/88/02/025003.

[4] Rodrigues M. E..Houndjo M. J. S., Saez-Gomez D. RahamanF.Anisotropic Universe Models in F(T) Gravity // Phys.
Rev. D. Vol.86, 2012. P. 104059 https://doi.org/10.1103/PhysRevD.86.104059.

[5] De Souza Rudinei C., Kremer G.M. Noether symmetry for non-minimally coupled fermion fields // Classical and
Quantum Gravity. Vol.25, Ne22. 2008. P.5006https://doi.org/10.1088/0264-9381/28/12/125006.

[6] Grams G., De Souza RudineiC..Kremer G. M. Fermion field as inflaton, dark energy and dark matter // General
Relativity and Quantum Cosmology. Vol.31,Ne 18. 2014. P.5008.https://doi.org/10.1088/0264-9381/31/18/185008.

[7]Myrzakul S.R., Belisarova F.B., Myrzakul TR., MyrzakulovK R Noether symmetry approach in f — essence

cosmology with scalar-fermion interaction// N e w sof the National Academy of Sciences of the Republic of Kazakhstan Physico-
mathematical series. Vol. 5, Ne 315. 2017. P. 163 — 171 ISSN 1991-346X.

[8]Myrzakul S.R., Belisarova F.B., Myrzakul T.R., MyrzakulovK.R.Dynamics of f — essence in frame of the Starobinsky

model // N e w sof the National Academy of Sciences of the Republic of Kazakhstan. Physico-mathematical series. Vol. 5, No 315.
2017. P. 143 — 148 ISSN 1991-346X.

[9] Kucukakca Y. Teleparallel dark energy model with a fermionic field via Noether symmetry // The European Physical
Journal C. Vol.74, Ne10. 2014. P.3086. https://doi.org/ 10.1140/epjc/s10052-014-30806-x.

[10] Kenzhaliev, B.K., Tashuta, G.N., Valutskaya, T.A. et al. Potentiometric Determination of Mercury with Iodide-
Selective Electrodes // Journal of Analytical Chemistry (2002) 57: 261. https://doi.org/10.1023/A:1014456602075

[11] Yessengaziyev, A., Kenzhaliyev, B., Berkinbayeva, A., Sharipov, R., Suleimenov, E. Electrochemical extraction of Pb
and Zn from a collective concentrate using a sulfur-graphite electrode as a cathode (2017) Journal of Chemical Technology and
Metallurgy, 52 (5), pp. 975-980.

— 137=——



