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USE OF EXTREME PROPERTIES OF DEFORMATION
FOR ESTIMATION OF STRENGTH OF CONSTRUCTIVE
CONCRETE AND REINFORCED CONCRETE

Abstract. To estimate the resistance of structural concrete and reinforced concrete to destruction, as a criterion
for reaching the ultimate state, extreme properties of the energy (power) of compressed concrete deformation are
used.

Normal and inclined to the longitudinal axis of the bending elements cross sections are considered in the most
stressed zones. The limitation of the “stress-strain” diagram used in calculations for concrete is justified by the level
of the beginning of macro-destructurization, which makes it possible to exclude a re-evaluation of strength. The
value of the ultimate strain is determined on the descending branch of the diagram at the point corresponding to the
maximum deformation energy. Super limiting strain is accompanied by a sharp decrease of stresses and structural
rupture of the material. The dependence of the ultimate strain value on the parameter of the elastic-plastic
characteristics of concrete is given.

The values of the ultimate strains for concrete of different classes are obtained. The strength problem of a
compressed inclined element near the supports as a component of the truss analogy is solved. The result is obtained
on the basis of a variational method in the theory of plasticity. The functional of virtual velocities principle is used.
Concrete is considered as a rigid-plastic body. The shear failure occurs within the boundaries of the inclined element.
Intense deformation is considered localized in a thin layer on the failure surface. To determine the value of the
ultimate load the upper estimate is applied. The minimum power of plastic deformation is used as a criterion. The
area of implementation of the truss analogy method is specified.

Key words: concrete, reinforced concrete, extreme deformation properties, ultimate deformation, shear, truss
analogy.

Introduction. To estimate the strength of concrete and reinforced concrete structures, a non-linear
deformation model has recently been widely used, which forms the basis of a number of author and
normative techniques [1-6]. It examines the distribution of the strain in the sections normal to the
longitudinal axis of the elements and allows use the stress diagrams in a compressed zone concrete
corresponding to it and experimentally confirmed. This shows the actual work in the ultimate state. The

most proven relationship between stresses o ¢ and strains sc of concrete is the fractionally rational
function [5,6]. Meanwhile, it should be noted that the value of the ultimate strain of concrete, which
bounds the “oc-s c” diagram on the descending branch, is not uniquely determined. At the moment, the

experimentally determined values of the ultimate strain of concrete vary over a fairly wide range [2,3,7]
and require a clarification.

The tasks of estimating the strength of elements in inclined sections are solved on the basis of the
method of truss analogy with the introduction of empirical coefficients [8-10]. Atthe same time, the shear
form of failure is experimentally confirmed, both within the boundaries ofthe compressed strut (strip) and
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under the dangerous inclined crack [9-12]. At the same time, the empirical approach does not allow the
establishment of clear boundaries for its implementation.

In [13], the cyclic strength of asphalt concrete was determined depending on the level of deformation.
In [14], the safety margins of the truss structure were established using the criterion of the minimum
perceived mobile load.

In accordance with the abovementioned, the solution of the problems under consideration on a
general theoretical basis is relevant. The application of the extreme principles of mechanics of a solid
deformed body seems promising.

The purpose ofthis study is to improve the methods for estimating the strength of structural concrete
and reinforced concrete based on extreme deformation properties and the theory of plasticity.

Research methods. To achieve this purpose, the methods of mechanics of a solid deformed body are
used. As criteria for solving problems of strength, the extreme properties ofthe energy (power) of concrete
deformation are considered. The concept of rigid plastic body is implemented. The variational method is
used in the theory of plasticity, the principle of virtual velocities, the upper estimate of the ultimate load,
discontinuous solutions. The functional principle of the virtual velocities is investigated on a stationary
state. As a condition of plasticity at a certain range of stresses, strength condition [15] is used, which
generalize classical theories of Mohr and Mises - Henki for fragile materials. The values of the ultimate
deformation of the concrete, beyond which comes the macrofailure of its structure, meets the criterion of
the maximum potential deformation energy. To estimate the strength of the elements under the shear,
kinematically possible schemes of its failure are considered, and that one is taken at which the plastic
deformation power is minimal.

Results. The task of evaluating strength in normal sections of reinforced concrete elements under
bending in [3,4] is proposed to be solved by determining the values of the moments corresponding to the
maximum in the “moment - curvature” or “moment - deformation” diagrams. In this case, the condition

of not exceeding the ultimate value s cR by the strain rate of the extreme fiber of the compressed zone

should be observed.
The stress-strain relationship for concrete (figure 1) is fairly accurately described by a rational
function or a polynomial of the 5th degree, which is harmonized according to research data [3,16].

Meanwhile, to clarify the parameters of these functions and check the condition Sc¢ —ScR, it is necessary
to establish the value s cR for different classes of concrete. s cR limits the part of the descending branch

of the “<rc—sc” diagram used in the calculations, where the potential deformation energy increases.

With an increase in the level of deformation above the beyond, destructurization and destruction of
concrete occur.

0,3f m
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Figure 1- "Stress - strain" diagram of compressed concrete:
A and Ean average values, respectively, of the compressive strength of the concrete and the initial modulus of elasticity
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The relations for fractional rational function and the 5th degree polynomial are written respectively in
the form

@ 1fed =(kv-rf)I [I + (k- 2)Iri\, Q)
lLa=ai+ail+arf+ai 4+arf, 2)
where fa - design value of concrete compressive strength; k =1,05Ead | Enbl - characteristic of the

elastic-plastic properties of concrete; Ed - design modulus of concrete elasticity; Edc] - secant module at
the top ofthe diagram (fig. 1); i =sclsda - level of strain; sclcd - strain at maximum stress; a , a2, a3,

a4, a5 - polynomial coefficients.

It is proposed to determine the calculated value ofthe ultimate strain s aR using the extreme property
of deformation - the achievement ofthe maximum deformation energy of concrete, from the equation

°cSaR=mSK(a cSc’m 3)

To obtain the polynomial coefficients, the characteristic points 1 and 2 are considered, as well as the
area ofthe diagram bounded by the deformation s oR (figure 1). The results are given in table 1

Table 1- 5th degree polynomial coefficients

Concrete compression class

Coef-

ficient o5  C16/20 C20i25  C25/30  C30/35  C3240  C35/45  CAO/S0  CA5/55  C50/60
a] 29777 28383 27013 25758 24873 23852 2302 22463 21595  2.0663
a2 34783 31001 27361 -2.3919 21608 -1,8925 -1.6834 -15473 -13431 -1.1369

a3 2.1287 1.7705 1.4358 11021 0.8943 0,6499 0.4727 0.3632 0.2103 0.0752
a4 -0.7334  -05939 -04685 -0.3317 -0.2554 -0,1629 -0.1032 -0.0696 -0.0292  -0.0049

a5 0.1053 0.0852 0.0675 0.0457 0.0346 0,0203 0.0119 0.0074 0.0025 0.0003

Functions (1) and (2), the initial modulus of elasticity E od and the secant modules at the specified
pointsE clcd, E Red determine the stress diagram in the compressed zone of the reinforced concrete

element under the condition that the strain achieves in the most compressed fiber the value scRcd.
The ultimate value ofa bending momentthat a reinforced concrete element can perceive

Mu=fylA d(1- x & )=fcabd2i* (1- x& ) (4)

in [4] it is recommended to determine from the condition

M u=max(Sc), (5)

where d - working section height; » =xlId - relative height of the compressed zone of concrete;

o - ratio of stress diagram completeness; x - characteristic that determines the distance from the point
ofapplication ofthe resultant force in concrete to the compressed face ofthe element (figure 2).
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Figure 2 - The design scheme of the reinforced concrete element
in the normal section: distribution of forces, stresses and strains

The authors proposed formulas for engineering calculation, defining the above characteristics by
parameter K

T =TrJ 1-8/k, (6)
c0o=05+0.244« -1 (7
X=2/3-0.12"-1 (8)
1 (k2-2k - 32 , 2 K2-2K - 3
at K P2 tr=m 1 +4k2 8k +
2k-4 W ) J 2 ‘at Kk =2 =4/3, 9)

where Tu =saucd/ scled - strain level at Mu=max; Tr =scRcd/ sclcd - ultimate strain level (table 2).

Table 2 - Ultimate strain level of concrete Tr

Concrete compression class
C12/15 C16/20 C20/25 C25/30 C30/35 C32/40 C35/45 C40/50 C45/55 C50/60
1.8093 17144 1.6269 15705 15264 14841 1.4495 14272 1.3934 1.358

The condition that the value of the current concrete strain sc does not exceed the value £cRcd
indicates that the concrete is working up to the boundary of its macro-destructuring and can be written as

Tu® Tr. (10)

Estimation ofthe strength of reinforced concrete elements on the support areas by the inclined section
using the method oftruss analogy considers the shear form of failure of the compressed element (strut). In
this case, the calculated dependencies include a number of empirical coefficients.

For the theoretical justification of the implementation of the truss analogy, the problem of the
strength of an inclined prism loaded at the ends of the compressive and tangential components of the
transverse force is solved. The scheme of a rigid-plastic body is used. The prerequisites for applying the
theory of plasticity are represented in [17-20]. The solution is based on the principle of virtual velocities,
whose functional in the absence of inertial and mass forces is

i=fwds-jfr, ds, (ii)
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where f - forces in the direction of velocities V , given on the surface of the body S ; Wd - power
density ofplastic deformation of concrete.

The functional is investigated on a stationary state S1 =0 .

The simplest one is a solution in discontinuous functions of velocities.

The plastic deformation is considered localized in a thin layer on the failure surface SI, which divides
the element into two absolutely rigid disks. The jumps of the tangential AVtand normal AV to the surface
S components of the movement velocity V of one disk relative to another are expressed through of the
angle of inclination of the failure surface y and the ratio of the velocities m =V [/ V, in the direction of
the action of forces Tuand Nu. The angle of the direction of velocity V to the surface S s

= arctgm —y .

The variational method is used in the theory of plasticity. Parameters T and y vary. The power

on the area S| is considered as a function of deformation velocities, which takes into account the

dilatancy of concrete.
The kinematic scheme ofthe failure ofthe strutis shown in figure 3.

Nu

Figure 3 - The kinematic scheme of the compressed element failure
The formula for estimating the strength of a reinforced concrete inclined element has the form

vi  _ VA4(1- x+x2)/13V(m- tany)2+ (1+m any)2~-(1 - x)(m-tany ”~ tan2g (12)
f cdb lc (tan9 + m)tany ,

where bl and lc - cross section dimensions; lc=z/n/2, z=0.9d.
The results of the calculation with respect to the resistance of concrete to tension and compression
x =L d/Ld =007 are given in table 3.

Table 3- Ultimate relative forces perceived by an inclined element

9,0 tan9 m tany y,0 Nu / fedble Tu/m w / focble
45 1 1051 121 504 0.305 0.305 0.432
30 0.577 176 132 52.9 0.179 0.309 0.357

218 04 4054 133 53 0.124 0.309 0.333

Both characteristics of concrete strength are taken into account, in contrast to the dependence of the
method [5,6]. The need to take into account the tensile strength of concrete fdd is due to the shear form of

failure. It is well known that shear strength depends both on fad and fcd.
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Comparative analysis of the results of evaluating the strength of reinforced concrete elements in
inclined sections near the supports on the basis of a refined method of a truss analogy with experimental
data indicates the convergence of theoretical and experimental values. The design scheme (figure 3) is
confirmed by the failure pattern observed in experiments. Plastic strains are localized on the cut surface in
thin layers, which is confirmed by systematic experimental studies [21].

If condition 1<cot9< 1.5 is met failure occurs within the boundaries of the inclined compressed
brace. In the case cot9> 1.5 there is a shear of the concrete of the compressed zone of the bending
element over a dangerous inclined crack, which is described by the well-known disk model [9,22,23].

Conclusion. The stress-strain diagram “ctc- e ¢” used in the calculations on the descending branch

must be limited to the starting point of the macro-destructuring of concrete. The value of the ultimate
strain sdR corresponds to the maximum potential deformation energy crcs cdR = max(&cs c).

When evaluating the strength of reinforced concrete elements in normal sections, the condition of not
exceeding by the level of strain the most compressed fiber of concrete at the stage of failure ofthe level of
ultimate strain tu<Tr should be checked. When strain exceeds the ultimate value (t,, > t ), a fragile

avalanche-like failure occurs along the concrete ofthe compressed zone.

The strength problem ofa compressed inclined element (strut) in the support sections as a component
ofthe truss analogy is solved by a variational method in the plasticity theory of concrete. As a criterion for
determining the ultimate force value perceived by the concrete strut under shear, the minimum of the
plastic strain capacity is used that is localized in a thin layer on the failure surface. When designing
reinforced concrete elements, it is recommended to take the inclination angle of the inclined element
corresponding to the most efficient use ofthe resistances of concrete and shear reinforcement.

For a more accurate mapping in the calculations of the behavior of constructive concrete and
reinforced concrete at the failure stage and improvement of the method of estimating their strength, the
future development of the deformation model, the use of different methods with the specification of the
areas of their implementation and the application of extreme principles of mechanics of deformable solid
body are perspective.

O. A. [loBxeHKo1, B. B. Morpe6Hoil, E. B. KnumeHko2, M. OpelukoBuny3

HOpuit KoHapaTiok aTbiHAArbl MonTtaBa NOANTEXHWUKACKI» ¥NTTbl YHUBEPCUTETY MonTaBa, Y KpanHa;
20[ecca MEMNEKETNK KYPbI/bIC X3HE C3YNeT akagemuscol, Ofecca, YKpauHa;
3ConTYCTiKyHMBepcuTeTy BapaxanH, Xopeatus

KOHCTPYKUWMNANbL, XXOHE TEM1P BETOHHbL, BEP1KT1IMN1H BATANTAY A
OJEPOPMALNAHBLL SKCTPEMANALI LACUETTEPLWI MANAANAHY

O. A. [loBxeHKol, B. B. Morpe6Hoiil, E. B. KnumeHko2 M. OpelukoBuy3

HaumnoHanbHbI yHUBEPCUTET «[oNTaBCKas NoNUTEXHUKA UMeHN KOpus KoHapaTioka», MonTaga, YKpanHa;
20eccKas rocylapcTBeHHas akafeMus CTPOUTENLCTBA U apxXUTeKTYpbl, Ofiecca, YKpanHa;
3YHuBepcuTeT Ceep, BapaxauH, XopeaTus

MCMNONb3OBAHUE 3KCTPEMA/IbHbLIX CBOWCTB AE®GOPMALIUM
AnA OUEHNBAHWA MPOYHOCTU KOHCTPYKTUBHOIO BETOHA U XXEJTIESBOBETOHA

AHHOTauuma. [ns oueHMBaHUS COMPOTUBMEHMS KOHCTPYKTMBHOrO 6eTOHA U XXene306eTOHa pa3pyLUeHuto B
KayeCTBe KpWUTepusi AOCTUDKEHWS MNpefeNlbHOTO COCTOSIHUS WCMOMb3YHOTCH 3KCTPeMasbHble CBOWCTB 3HEPruu
(MowyHOCTK) fethopMUPOBaHUS CXKATOrO GeTOHa.

PaccmaTpumBaloTCA HOPMasbHbIE U HAKMOHHbIE K MPOAOJIbHON OCM U3rMbaeMblX 3/1EMEHTOB CeYeHUs B Hanbosnee
HanpPs>KeHHbIX 30HaX.

O60CHOBaHO OrpaHuM4eHUe MNPUMEHSEMOW B pacuyeTax [uarpammbl «HanpshkeHus - fedopmauus» 6eToHa
YPOBHEM Hayafia MaKpOAECTPYKTypu3auuu, 4TO MO3BONMSET WCKIOUUTL MNepeoLeHKy MpoyHocTu. [uarpamma
onucblBaeTca APO6HO-pPaLMOHaIbHOM (YHKLMER U FapPMOHU3UPOBAHHBLIM NMOIMHOMOM 5-0i cTeneHu. [ns yToOYHeHUs
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KO3(p(PMLMEHTOB NOMMHOMA PacCMaTpMBAKOTCA XapaKTepHble NapaMeTpbl AuarpamMMbl: TOYKa B €e BepLUMHe,
COOTBETCTBYHOLLAA MakCMMyMy HanpsiKeHWi, TOYKa MnpefesbHOro YpoBHSA AehopMauuu, A0 KOTOPOA GETOH Kak
maTepuan ewe crnocobeH BOCNPUHMMAET BO3pacTalOLLYt0 Harpysky, a Takke naowaab Avarpammsl, OrpaHUYeHHO
npeaenbHon fedgopmauueid. Mcnonb3yroTca HayalbHbIA MOAynb Aedopmauun 6eToHa U Cekyline Mogynu B
BEpLUMHE AnarpaMMbl U B TOUKE, KOTOpast ee OrpaHUYMBaeT Ha HUCXOAALLEM yyacTke. MpuBeseHbl KOahULMEHTbI
MoIMHOMa AN 6ETOHOB Pa3HO MPOYHOCTY.

PelleHa 3afaya MPOYHOCTU 6GaNOUYHOrO >KENe306eTOHHOIO 3/1EMEHTa B HOpPMasbHOM ceueHuu. lpegensHoe
3HaueHWe N3rnbaroLLero MOMeHTa OMpeaenseTcs U3 yCN0BMA MaKCUManbHOW BEMYUHBI HArPy3KU 1 He MpPeBbILeHs
fedopmaLmein ypoBHS, ¢ LOCTUXKEHMEM KOTOPOro HauMHaeTCs MakpoAecTpyKTypu3auus. 3HaueHue npeaensHoi
feopMauun Ha HUCXOAALLel BETBU Auarpammbl YCTAHOB/EHO B TOYKe, COOTBETCTBYIOLLENA MaKCMMYMYy 3Heprumv
AethopMmMpoBaHms.

3anpegenbHas gedopmauns CONMPOBOXAAETCA PE3KMM CHUXKEHWEM HanpsHKeHUA W HapylleHWeMm CTPYKTypbl
MmaTtepuana. MpuBegeHa 3aBUCUMOCTb BeNIMUMHbI NpeAenbHON gedopmany n napameTpoB pacyeTHOro HOPManbHOro
CeYeHMnsn OT YNpYro-nnacTUYeckoi XxapakTepucTnkmn 6etoHa. MonyyeHbl 3Ha4eHUS YPOBHA NpefenbHol gehopMaLnm
N5 6eTOHOB pa3HbIX K/1acCcoB.

OnpegfeneHa NPOYHOCTb CXATOro HaK/MOHHOMO 3M1EMeHTa BO3/e OMOP KaK COCTaB/ALWEero GepMeHHo aHano-
rmn. PaccmMoTpeHO paspyLueHue MyTeM cpe3a MOAENMPYHOLLEN CXKaTbl 3/1eMeHT GETOHHOW NPU3Mbl, HArpy>XeHHO
Mo TOpL,AM HOPMaNbHOW CXXMMAIOLLEN 1 KacaTe/lbHON cunamu.

Pe3ynbTaT No/yyeH Ha OCHOBE BapuaLMOHHOrO MeToAa B TeOpuMW MAacTUYHOCTW. B KayecTBe niacTUYecKoro
noTeHUmana MnpUHATO YCOBME MPOYHOCTU. Mcnonb3yeTcs MaTemaTUMuyeckuid anmapaT Teopuu NAacTUYHOCTU C
y4eToM aunataHcum 6eToHa, onpeaenstowmii 3aBMCMMOCTU HanpsXXeHWii 0T CKOpoCTein aedpopmanmii n yHKLMOHaN
NPUHLMNA BUPTYabHbIX CKOPOCTEN.

BeToH paccmaTpMBaeTCs Kak XXeCTKO-NiacTuyeckoe Teno. VIHTeHCUBHAs fedopMaLiis CUMTaeTCs /10KaM30BaH-
HOW B TOHKOM CfI0€ HAa MOBEPXHOCTM paspylieHus. [MpuMbIKalolmMe K MOBEPXHOCTU paspyLlUeHns o6nactu
MPUHMMaOTCA abCOMOTHO XeCTKUMKU. [ns onpefeneHns BeNUUYMHbI NPeAebHON Harpy3ku MprMeHseTCs BepXHss
OLeHKa.

dyHKUMOHAN MeTofa BUPTYaNbHbIX CKOPOCTeW nccnefyeTcs Ha CTalnoHapHoe cocTosiHue. BapbupytoTces yron
HaKNOHa MOBEPXHOCTM paspyLUeHNst U COOTHOLLEHUE CKOPOCTel B OPTOrOHA/IbHbIX HaMpaBieHWsX, Yepe3 KOTopble
BbIP@XXeHbl HOPMaJlbHble U KacaTeslbHble K MOBEPXHOCTM Cpe3a CKauyku CKOpOCTell. B kayecTBe KpUTepus 1CMoOb30-
BaH MWHUMYM MOLLHOCTW NAacTUYeCKOW fedopmanun.

MpennoxeHa NOATBEPXAEHHAA SKCMEPUMEHTaNIbHbIMW UCCEf0BaHUAMN KMHEMATMYECKas CXema paspyLueHus
CXXaToro 6eTOHHOrO 3MeMeHTa U 3aBUCUMOCTb ANS OLLEHKM ero Mpo4YHOCTW. MpuBefeHbl pe3ynbTaTbl peLleHnus npu
pasHbIX Yrnax HaknoHa npusmbl K NPOAOJIbHOM OCK 3fieMeHTa. Y TOYHeHa 061acTb peanusauumn metoga epmeHHoM
aHanoruu.

Mpu NPOEKTNPOBAHNN XXe/1e306eTOHHbIX 3/IEMEHTOB PEKOMEHAYETCS MPUHUMATbL YO/ HaKNOHA HaK/0HHOW MOMoCh|,
COOTBETCTBYHOLLMIA Hanmbosnee 3htheKTUBHOMY UCMO/Ib30BAHUIO COMPOTUBAEHMIA 6ETOHA 1 NMOMEPEYHOR apMaTypbl.

YKa3aHO Ha Heo6XoAMMOCTb M MEPCNeKTUBHOCTb AasibHelillero passuTus Aed)opMaLvoOHHOW MoAenu,
MCMO/b30BaHNS U YCOBEPLUEHCTBOBAHUA METOAOB OLEHMBaHMS MPOYHOCTU C YTOUHEHUEM 061acTeil Ux peannsaumm
N NPUMEHEHMe 3KCTpeMasibHbIX MPUHLMMOB MeXaHUKN TBepAoro AeOpMUMpPOBaHHOro Tena Ans 6onee TOYHOrO U
060CHOBaHHOr0 OTOOpaXeHUs B pacyeTax MOBefEHUS KOHCTPYKTMBHOrO 6eTOHa M >Xene3obeToHa Ha CcTagmu
paspyLUeHns.

KntoueBble cnoB: 6eTOH, Xene306eTOH, 3KCTpeMasnbHble CBOMCTBA AethopMauuun, npefensbHas aedopmaLus,
cpes, (hepMeHHasi aHanorus.
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