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POLYNOMIAL TIME ALGORITHMS
FOR SOLVING NP-COMPLETE PROBLEMS

Abstract. The paper proposes algorithms with a polynomial time complexity and memory for solving the
Subset Sum problem. The algorithm is obtained by using a combination function and mapping, the arguments of
which are input data with a given length and a certificate. The work with indices of the input data is based on
combination function and the combination generation algorithm. Mapping and combination function help to deal
with an exponential time complexity of existing algorithms and solve combinatorial problems with constraints. In
fact, the proposed algorithms solve the Millennium problem posed by S.A. Cook in a polynomial time. The proposed
algorithms are applicable for input data with a given length together with the certificate with a given value.

Key words: polynomial algorithms, the Subset Sum problem, NP-complete problems.

Introduction. One of the most important problems in computer science is the equality of classes
P and NP. This problem was formulated in 1971 and still remains unsolved. Currently, the completeness
of more than 3000 problems from the NP class has been proved. In addition, P vs NP is one of the seven
Millennium Prize Problems, which emphasizes the problem’s enormous complexity and fundamental
nature.

The main idea of NP-complete is that NP problems can be reduced to NP-complete in polynomial
time. Examples of NP-complete problem are the Knapsack problem and the Subset Sum problem among
others. The Knapsack problem is a combinatorial optimization problem with constraints. Moreover, the
Subset Sum problem is a subproblem of the Knapsack problem. A pseudo-polynomial algorithm exists to
solve the Knapsack problem, the algorithm using dynamic programming. Therefore, all NP-complete
problems are important.

Let us cite the famous S.A. Cook’s problem setup: Could the verification of the correctness of a
solution to the problem take longer (in terms oftime) than the time it takes to find that solution, regardless
of the verification algorithm. In other words, Cook’s problem states that the time for the verification of
any solution is less than the time required to solve the problem.

In [1] algorithms of combinatorial problems were divided into verification and solving problems,
with the possibility to study their complexity. In addition, it implies dependence on the input data X and
certificate S in Boolean form, A(X,S)=1

The complexity of the algorithm disclosed in [1,2] is determined based on the function

The function is asymptotically upper
bounded by g (n) by up to a factor C. An algorithm is polynomial if the complexity of function f (n) can
be represented by f (n) = O(nk), where k is a constant regardless of the length ofthe input data n. This is
equivalenttof (n) = O (p (n)), in which the degree ofthe polynomial p (n) does not exceed k.
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The aim of this paper is to solve any NP-complete problem in a reasonable time, but not the proof of
Cook’s problem.

First of all, we should find algorithms which can solve the problem in a reasonable (polynomial)
time. Let us note that the verification algorithms have polynomial time complexity.

The solution to the problem. As a basic problem of the NP-complete class, let us consider the
Subset Sum problem. The computational complexity of the Subset Sum problem depends on the size of
the input data n and the accuracy p (defined as the number of binary bits in the numbers that make up the
set and certificate S). This exponential dependency on the input size was established when solving the
Knapsack problem in [3,4].

The aforementioned algorithms are considered the best among the known exponential time
algorithms for solving the Subset Sum problem.

However, these algorithms do not handle the indices of the original sets for defining subsets, whose
sum of elements is equal to the certificate S, and only later on the Gray code is supposed to be used. In
addition to that, an exponential growth complicates their application in practice. In the process of solving
the problem, additional information embedded in the certificate S was not used.

Questions always arise to address these limitations. In [5], a new approach was proposed for solving
the Subset Sum problem.

The idea ofthe approach is as follows:

- determine a range to which the certificate S belongs;

- determine the dimension m ofthe subset Xm over that range;

- define mapping T(x,S) ofthe original set X n into another set Yn:yt = T(xuS),x"eX7,i = 1,2,..,,n ;

- check the conditionyt = y,~ i ®j,that verifies the certificate S = xr+x,;

We propose new algorithms for the Subset Sum problem Xm with dimensions two, three and four
(m=2, m=3, m=4) belonging to the n-dimensional set Xn, with the advantage of time and memory
optimization. For larger dimensions including four or more, we consider the composition of the Subset
Sum algorithms Xm with dimensions two, three and more.

In the next paper [6] we further develop the proposed approach, where variable could take even
numbers 4,6,8,10 or more.

The idea of developing the approach is as follows:

- construct the subset Z1 = (z1,z2,...,zj consisting of k elements xt E Xn with indices determined
by the generation algorithm ofthe combination C% from the setXn, I = Ck,k < m/2;

- define the mapping T(z, S) ofthe subsetZ I into the setYl:yt = 1(z0S),zteZl,i = 1,2,...,n;

- the condition yt =y, (i ®j) guarantees that a subset Xm = (zJ U{z,} with mismatching indices
and automatic implementation of certificate S=£k{zt} + £ k{z,}.

In other words, this corresponds to forming subsets Xm with parameters m=4, m=6 and more. Here,
the certificate calculations and the complexity of the algorithm is reduced at least
twice. The inequality i @ j means that you can always choose the indices i,j to form a subset of Xm with
mismatching indices (which follows from the combination generation algorithm). This is the underlying
essence of the proposed algorithms for solving the Subset Sum problems. The formation of subsets Xm
with odd values for the parameter m was fully described in [5].

The algorithm is summarized as follows:

171
Xn->Ch->Z1->t(z,S) =Yl =Y1=Y->xm={ZFU{Zjl | = C%,k<—.

Further formation of these subsets with parameter m > "+ 1isnot necessary. This follows from the
basic properties ofthe combination function. The form ofthe map T (z, S) is given in [5].
Methods of reducing complexity of the proposed algorithms. Method 1. For the value
, a subset is formed from . The value of is found by the equation . The
subset corresponding to is found by the algorithm using the set or via the subset using a
binary search. Moreover, these quantities allow us to form the subsets with mismatching
indices from the original set based on . The complexity of the algorithms is stepwise
reduced by two or more times.
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Method 2. Dividing the set Xn into k subsets with lower dimension. Then, combinations of subsets
are considered to form Xm. The complexity ofthe algorithms is stepwise reduced by two or more times.

Method 3. Parallelization of the necessary operations generated by a simple software implementation
of algorithms for solving the Subset sum problem in order to use all the existing capabilities of computing
devices and hardware. The complexity ofthe algorithms is stepwise reduced by two or more times.

Thus, a scientific direction for the study of problems from the NP-complete class has been developed.

Let us give an example to show how the algorithm works. Suppose there is a set
X8 ={17,43,38,14,20,10,36,47} with dimension n=8. The problem asks to determine if there exists a
subset Xm ={X], xj, xk, xh}, where the sum of the subset’s elements fulfils S=120. Here the certificate S is
S e [S*in, S4ax] = [61,164]. Therefore, the parameter m=4. Let’s sort the original set X8 in ascending
order, then the sorted X8={10,14,17,20,36,38,43,47}. Next, form a subset Z1= {z1,z2,...,z}, consisting
of two elements xi with indices defined based on C% from the set Xn,i = C% k = m, i = 28. Now, now

apply the algorithm from [5] or the algorithm given above to the subsets to form subsets Then, apply the
algorithm from [5] or the algorithm given above to the subset Z1to form subsets X4 ={xb x4, x7, x8} or
X4 ={x3, x4, x5, x8}, where the sum of elements of each ofthem is 120.

Now we show the possibility of applying these algorithms to any set and any subset , for
example, , , S. We divide the sorted set into 32 subsets with dimension 32. Then we get a
subset  based on the combination , . The number of subsets will be to form
the subset X60. Thus, to construct a subset X60 with an arbitrary certificate S, 234196 combinations are
required. This means that we have shown the possibility of solving the Subset Sum problem in a
reasonable time, more precisely, solving the problem ofthe sum of subsets with modern computers.

It is easy to determine the upper bound for the run time of the algorithm and the required memory.
Then the running time of the algorithm from the second approach will be , for some constant
C, the required memory is M = O(i), i = CN\ kK < m.

These estimates allow us to state that the Subset Sum problem is solvable on modern computers, and
the brute force approach for the Subset Sum problems even using modern computers is not reasonable.

Conclusion. We conclude that although the question of the equality of classes P and NP has not yet
been solved, many scholars tend to believe that they are not equal. This statement is valid for the problem
posed by Cook and it follows from the proposed algorithms. But the final point in the dispute will be set
only by rigorous mathematical proof.

However, the effectiveness of the proposed polynomial-time algorithms found on the basis of the
developed approach to solve the Subset Sum problems, including NP-complete problems, confirms the
existence of a solution to the same problem in a reasonable amount of time. This conclusion is very
important for practice and computer science. In fact, a method is proposed for solving the Millennium
problem posed by Cook with a polynomial time algorithm. A patent [7] for a computer system with a high
processing speed ofbig data was obtained.

Finally, we note possible applications

The application scope of the results The application scope of the results
in practice: in theory:
1 Big data; 1 Search problem;
2. Search engines; 2. Satisfiability problem;
3. Encryption systems; 3. Theory of algorithms;
4. Coding systers; 4. Decision problem;
5. Banking systems; 5. Encipherement problem
6. Payment systems; 6. Encryption problem;
7. Intelligent systems; 7. Knapsack problem;
8. Medical diagnostic systems; 8. Traveling salesman problem;
9. Many other systems. 9. Many other problems.
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NP-COMPLETE KNACbHI NMPOBNEMANAPBIHA APHANT AH
MONMMHOMUNANABI ANTOPUTMAEP TYPA/bI

AHHOTauua. Makanafia »XubIHTbIKTap ecebiH Lellyre apHanraH KernmaFbiHasbl yaKbIT NeH >afka Tayenainiri
YCbIHbINTaH anropuTmaep cunattaiFaH. byn kenmylenw Tayenginik GipikTipinreH xaHe aucnnein yHKUUACHIH
eHri3y apKblnbl anblHapl, onapably Aanenl 6epinreH y3blHAbIKTAFbI X3He KyanlkneH eHrisinetiH manlmettep 60nbIn
Tabblnagbl. FOpio fepekTepiHiH MHAEKCTePiMEH XXYMbIC KOMOUHALUMA PYHKLMACH MEH Kypama anropuTMre Hensgen-
reH. EHN31areH Kapta MeH YRnecimginik yHKUusnapbl 3KCNOHeHUMangbl anropuTMAEpAIH KYpaeniniriHgeri ecygix
XapblFbIW CUNATbIH X3HE LUEKTey/epMeH KOMOMHATOP/bIK ONTUMU3aUMa Macenenepl Lwewedi. LLbiH mMaHiHZe,
Kyk >acaFaH KerKbiNfblK anropuTMMEH MbLLPKbIIABLL NPo6MemMackiH LWewyaiH 3gici yebiHbinFaH. byn aalc
bepinreH MaHi Gap cepTudmkatr 6onFaH Ke3ae akblp/ibl Y3bIHAbIKTAFbl M3aiMeTTepAl eHN3y YLiH KongaHbliagpl.
HaTmxenep XXMbIHTbIKTap ecebll LewyaiH YCbiHbIIFaH HaKTbl airoputMaepi Ocbl anropuTMAEpALL, XXYMbIC icTey
yakbITblH eA3yip KbiCKapTadbl, COHbIMEH KaTap KOMMbIOTEPepaiH, CepBepnepALl >sHe 6acka nalifanaHbuira
ecenTey KypblnFbiapbiHbIL, XabAblKTapblHa KOWblIaTbiH Tanantapfbl asaitafbl. J3ipfeHreH aaropuTMaepaiH
HEri3ri TycTapblH CYpeTTeTiH Mbicangap KenTipinreH. XXubiHgap ecebiH wewwyre apHasFaH ycbiHbIIFaH maTema-
TUKaNbIK TEOPUS KEMTEreH TeOpUANbIK X3He NPaKTUKaNbIK ecenTepai weluyre MyMLHLK Gepesi. Byn NP-complete
Knacobl Npobnemanapabl 3epTreyre apHanFaH FbiibIMy 6aFbITTbIL, M3HI.

SKcnoHeHUWanpl anropuTMaepaiH 6acTbl KEMLU LM - aKNapaTTbl HAEYre KKETTI YakbIT MeH Xag SKCMOHEHT
apKblbl KepceTlledy atan atkaHga T*M = O(2n) yakbITbIHbIH Xafbl (EHAenreH ManimeTTepaiH n caHbl). CoHFbI
eCKepTy anmnapatTblK KypangapFa »sHe aknapaTtTbl eHfeyAiH 6acka KypanfapblHa kaTaH Tanantap Kosgbl. bi3
KOMJaHbICTarbl anropuTMAEPLIH KOAaHbIy LWeriH aHblKTaiMbl3. Koiibilbi3 n = 128. 264 3n1eMeHTTLLY, iLKi XWbIHbIH
cypbinTay YWiH yakbiTbl KaxeT O(270). Kasipri komnbtoTepsiep MeH aknapatTblK TexHonorusnap 26 gepek
KenemLge XXyMbIC iCTeln anaTbiHbl 6enrini. Ocbinaiiwa, TiNTi OCbIHAANA ILIKi XMbIHBIH CYpbINTay KWbIH.

TYViiH ce3ep: MOMMHOMMaNbbI aNFOPUTM, XUbIHTLIKTap eceby NP-complete Knachi.
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O MONMMMHOMUANBHBIX AITOPUTMAX ANA 3AAAY N3 KJTACCA NP-COMPLETE

AHHOTauus. B paboTe onuvcaHbl NPeJIOXEHHbIE AIFOPUTMbI C MOSMHOMUA/ILHOW MO BPEMEHU W MaMsTU
33BUCMMOCTBIO MO PELLEHMIO 33Jaun O CYyMMe MOAMHOXECTB. 3Ta MOMMHOMMAIbHAS 3aBUCUMOCTb MOTyYeHa nyTem
BBEAEHUS (DYHKLMW COYETaHUS U OTOBPAKEHUS, apryMeHTamu KOTOPOrO SIBMISKOTCS BXOAHbIE faHHbIE C 3afaHHO
O/IMHOW 1 cepTudmKaT. PaboTa ¢ MHAEKCaMU BXOAHbIX [aHHbIX OCYLUECTB/IEHA HA OCHOBE (hYHKLWM COYETaHUs W
anropuTMa reHepauyy coueTaHuii. BBeAeHHbIE 0TOGPaKEHNS U YHKLMU COUYETAHMS CIIAXKMBAIOT B3PbIBHOW Xapak-
Tep pocTa TPYLOEMKOCTW 3KCMOHEHLMA/IbHBIX aNTOPUTMOB 1 PELLEHUS 3aday KOMGBKUHATOPHOW ONTUMMU3aLmU C
orpaHuyeHusMU. DaKTUYECKU NPEeJIOKEH METO PEeLIeHUs 33fadun ThICAYeNeTUs, MocTaBneHHon Kykom, c
MONMHOMMASbHBIM BpEMeHEM paboThbl anroputmMa. MeToZ NMPUMEHUM A5 BXOAHBIX LAHHBIX KOHEUYHOW A/IMHBI Mpy
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Ha/mumy cepTu(MKata C 3afaHHbIM 3HaveHWeM. [lonyuyeHHble pesy/ibTaTbl MOKa3blBaKOT, YTO MPEL/IOXKEHHbIe
TOYHble aNrOpPUTMbI /18 PELLEHMA 3afa4M O CYMMe MOAMHOXECTB CYLLECTBEHHO COKpallaloT BpeMsi paboTbl 3TUX
aNropuTMOB, a TaKKe YMEHbLUAIT annaparHble TPeb6oBaHMS K MOLLHOCTV KOMMbLHOTEPOB, CEPBEPOB W APYruX
NCMOMb3YeMbIX BbIUMCINTENbHBIX YCTPOMCTB. [MpuBefeHbl NpUMepbl, WAMOCTPUPYHOLLME OCHOBHbIE MOMOXEHMUS
pa3paboTaHHbIX anropuTMoB. lNpesnaraemas MaTemMaTuyeckas TeOpMs MO PELLEHUIO 3afa4un O CyMMe NMOAMHOXECTB
MO3BO/IUT PELUNTL MHOTVEe TEOPETMYECKME W MPakTUYecKve 3afadn. TakoB CMbICN pa3pabaTbiBAEMOr0 Hay4yHOro
HanpasfneHus No nccnefoBaHno npobnem m3 knacca NP-complete.

OCHOBHbIM  HEeJOCTaTKOM  3KCMOHEHUMaNbHbIX aIrOPUTMOB  SIBNSETCA TO, 4TO Tpebyemoe Bpems U
1cnonb3yemas NaMaATb 415 06paboTKM MH(OPMaLMK BbIpaXKaeTCs Yepes IKCMOHEHTY, a UMEHHO BPeMs, YMHOXeHHOe
Ha namAate T*M = O(2n) (n-konnyecTBO 06pabaTbiBaeMbIX [aHHbIX). [locnefHee 3ameuvaHue Hanaraet O4veHb
XecTkue TpebOBaHWA Ha annapaTHble W Apyrue cpeactea 06paboTku uH(opmaumu. Onpegenvm  rpaHuLy
NPUMEHVMOCTM CYLLLECTBYHOLWMX anroputmoB. Monoxkmum n=128. [ns COpPTUPOBKM NMOSMHOXKECTBA, COCTOALLEro 13
264 anemeHTOB, Heo6xogumo Bpems O(27). 3BeCTHO, YTO COBPEMEHHbLIE KOMMBIOTEPLI U MH(OPMALMOHHbIE
TEXHONOMMM MOTYT paboTaTb C KONIMYECTBOM 265 JaHHbIX. TakuM 06pa3oM, axe COPTUPOBKA TAKOro MOAMHOXECTBA
3aTpyLHUTENbHA.

KntoueBble cnoBa: NOMHOMUA/IbHBIV anropuTM, 3agada 0 CymMe MoAMHOXeCTB, knacc NP-complete.
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