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POLYNOMIAL TIME ALGORITHMS 
FOR SOLVING NP-COMPLETE PROBLEMS

Abstract. The paper proposes algorithms with a polynomial time complexity and memory for solving the 
Subset Sum problem. The algorithm is obtained by using a combination function and mapping, the arguments of 
which are input data with a given length and a certificate. The work with indices of the input data is based on 
combination function and the combination generation algorithm. Mapping and combination function help to deal 
with an exponential time complexity of existing algorithms and solve combinatorial problems with constraints. In 
fact, the proposed algorithms solve the Millennium problem posed by S.A. Cook in a polynomial time. The proposed 
algorithms are applicable for input data with a given length together with the certificate with a given value.

Key words: polynomial algorithms, the Subset Sum problem, NP-complete problems.

Introduction. One of the most important problems in computer science is the equality o f classes 
P and NP. This problem was formulated in 1971 and still remains unsolved. Currently, the completeness 
of more than 3000 problems from the NP class has been proved. In addition, P vs NP is one o f the seven 
Millennium Prize Problems, which emphasizes the problem’s enormous complexity and fundamental 
nature.

The main idea o f NP-complete is that NP problems can be reduced to NP-complete in polynomial 
time. Examples o f NP-complete problem are the Knapsack problem and the Subset Sum problem among 
others. The Knapsack problem is a combinatorial optimization problem with constraints. Moreover, the 
Subset Sum problem is a subproblem o f the Knapsack problem. A pseudo-polynomial algorithm exists to 
solve the Knapsack problem, the algorithm using dynamic programming. Therefore, all NP-complete 
problems are important.

Let us cite the famous S.A. Cook’s problem setup: Could the verification o f the correctness o f a 
solution to the problem take longer (in terms o f time) than the time it takes to find that solution, regardless 
of the verification algorithm. In other words, Cook’s problem states that the time for the verification of 
any solution is less than the time required to solve the problem.

In [1] algorithms o f combinatorial problems were divided into verification and solving problems, 
with the possibility to study their complexity. In addition, it implies dependence on the input data X  and 
certificate S  in Boolean form, A(X,S)=1.

The complexity o f the algorithm disclosed in [1,2] is determined based on the function
The function is asymptotically upper 

bounded by д  (n )  by up to a factor C. An algorithm is polynomial if  the complexity o f function f  (n )  can 
be represented by f  (n ) = О(n k) , where k  is a constant regardless o f the length o f the input data n. This is 
equivalent to f  (n) = O (p (n)), in which the degree o f the polynomial p  (n) does not exceed k.
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The aim of this paper is to solve any NP-complete problem in a reasonable time, but not the proof of 
Cook’s problem.

First of all, we should find algorithms which can solve the problem in a reasonable (polynomial) 
time. Let us note that the verification algorithms have polynomial time complexity.

The solution to the problem . As a basic problem of the NP-complete class, let us consider the 
Subset Sum problem. The computational complexity o f the Subset Sum problem depends on the size of 
the input data n and the accuracy p  (defined as the number o f binary bits in the numbers that make up the 
set and certificate S ). This exponential dependency on the input size was established when solving the 
Knapsack problem in [3,4].

The aforementioned algorithms are considered the best among the known exponential time 
algorithms for solving the Subset Sum problem.

However, these algorithms do not handle the indices of the original sets for defining subsets, whose 
sum of elements is equal to the certificate S, and only later on the Gray code is supposed to be used. In 
addition to that, an exponential growth complicates their application in practice. In the process o f solving 
the problem, additional information embedded in the certificate S  was not used.

Questions always arise to address these limitations. In [5], a new approach was proposed for solving 
the Subset Sum problem.

The idea o f the approach is as follows:
-  determine a range to which the certificate S  belongs;
-  determine the dimension m of the subset Xm over that range;
-  define mapping т(x  , S)  of the original set X n into another set Yn : у  t =  т(x u S ) , x^eX71, i = 1 , 2 , .  . , , n  ;
-  check the condition у  t =  у,-, i Ф j , that verifies the certificate S =  x г+  x,;
We propose new algorithms for the Subset Sum problem Xm with dimensions two, three and four 

(m=2, m=3, m=4) belonging to the n-dimensional set Xn, with the advantage o f time and memory 
optimization. For larger dimensions including four or more, we consider the composition of the Subset 
Sum algorithms Xm with dimensions two, three and more.

In the next paper [6] we further develop the proposed approach, where variable could take even 
numbers 4,6,8,10 or more.

The idea o f developing the approach is as follows:
-  construct the subset Z l = ( z 1 , z 2, . . . , z j  consisting o f k  elements x t E X n with indices determined 

by the generation algorithm o f the combination C% from the set X n , I = Ck  , к  < m  / 2 ;
-  define the mapping т(z, S )  o f the subset Z l into the set Y l : y t = т( z 0 S ) , z te Z l, i = 1 ,2 ,. . . ,n ;
-  the condition у  t = у ,  ( i Ф j )  guarantees that a subset Xm = ( z J  U { z  , }  with mismatching indices 

and automatic implementation o f certificate S=£ k { z  t} + £  k { z,}.
In other words, this corresponds to forming subsets Xm with parameters m=4, m=6 and more. Here, 

the certificate calculations and the complexity of the algorithm is reduced at least
twice. The inequality i Ф j  means that you can always choose the indices i , j  to form a subset of Xm with 
mismatching indices (which follows from the combination generation algorithm). This is the underlying 
essence o f the proposed algorithms for solving the Subset Sum problems. The formation o f subsets Xm 
with odd values for the parameter m  was fully described in [5].

The algorithm is summarized as follows:
171

X n -> C% -> Z l -> t(z , S) —> Y l —> У1 = У/ -> x m = {Z(} U { Z j l  l = C % , k < — .

YlFurther formation of these subsets with parameter m  > - +  1 is not necessary. This follows from the
basic properties o f the combination function. The form o f the map т (z, S) is given in [5].

M ethods of reducing complexity of the proposed algorithm s. M ethod 1. For the value 
, a subset is formed from . The value o f is found by the equation . The

subset corresponding to is found by the algorithm using the set or via the subset using a 
binary search. Moreover, these quantities allow us to form the subsets with mismatching
indices from the original set based on . The complexity o f the algorithms is stepwise
reduced by two or more times.
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M ethod 2. Dividing the set Xn into k  subsets with lower dimension. Then, combinations of subsets 
are considered to form Xm . The complexity o f the algorithms is stepwise reduced by two or more times.

M ethod 3. Parallelization o f the necessary operations generated by a simple software implementation 
o f algorithms for solving the Subset sum problem in order to use all the existing capabilities o f computing 
devices and hardware. The complexity o f the algorithms is stepwise reduced by two or more times.

Thus, a scientific direction for the study o f problems from the NP-complete class has been developed.
Let us give an example to show how the algorithm works. Suppose there is a set 

X8 ={17,43,38,14,20,10,36,47} with dimension n=8. The problem asks to determine if  there exists a 
subset Xm ={Xj, xj, xk, xh}, where the sum o f the subset’s elements fulfils S=120. Here the certificate S  is 
S e  [S* in, S 4 ax] =  [ 6 1 , 1 6 4] . Therefore, the parameter m=4. Let’s sort the original set X8 in ascending 
order, then the sorted X8={10,14,17,20,36,38,43,47}. Next, form a subset Z 1 = {z1, z 2, . . . , z x}, consisting 
o f two elements x i with indices defined based on C%, from the set Xn, i = C%, к  = m , i = 2 8. Now, now 
apply the algorithm from [5] or the algorithm given above to the subsets to form subsets Then, apply the 
algorithm from [5] or the algorithm given above to the subset Z 1 to form subsets X4 ={xb x4, x7, x8} or 
X4 ={x3, x4, x5, x8}, where the sum of elements o f each o f them is 120.

Now we show the possibility o f applying these algorithms to any set and any subset , for 
example, , , S . We divide the sorted set into 32 subsets with dimension 32. Then we get a 
subset based on the combination , . The number o f subsets will be to form
the subset X6 0. Thus, to construct a subset X6 0 with an arbitrary certificate S, 234196 combinations are 
required. This means that we have shown the possibility o f solving the Subset Sum problem in a 
reasonable time, more precisely, solving the problem o f the sum o f subsets with modern computers.

It is easy to determine the upper bound for the run time of the algorithm and the required memory. 
Then the running time o f the algorithm from the second approach will be , for some constant
C, the required memory is M =  О ( i ) , i =  C^, к <  m.

These estimates allow us to state that the Subset Sum problem is solvable on modern computers, and 
the brute force approach for the Subset Sum problems even using modern computers is not reasonable.

Conclusion. We conclude that although the question o f the equality of classes P and NP has not yet 
been solved, many scholars tend to believe that they are not equal. This statement is valid for the problem 
posed by Cook and it follows from the proposed algorithms. But the final point in the dispute will be set 
only by rigorous mathematical proof.

However, the effectiveness o f the proposed polynomial-time algorithms found on the basis o f the 
developed approach to solve the Subset Sum problems, including NP-complete problems, confirms the 
existence o f a solution to the same problem in a reasonable amount o f time. This conclusion is very 
important for practice and computer science. In fact, a method is proposed for solving the Millennium 
problem posed by Cook with a polynomial time algorithm. A patent [7] for a computer system with a high 
processing speed o f big data was obtained.

Finally, we note possible applications

The application scope of the results The application scope of the results
in practice: in theory:

1. Big data; 1. Search problem;
2. Search engines; 2. Satisfiability problem;
3. Encryption systems; 3. Theory of algorithms;
4. Coding systems; 4. Decision problem;
5. Banking systems; 5. Encipherement problem
6. Payment systems; 6. Encryption problem;
7. Intelligent systems; 7. Knapsack problem;
8. Medical diagnostic systems; 8. Traveling salesman problem;
9. Many other systems. 9. Many other problems.
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NP-COMPLETE КЛАСЫ ПРОБЛЕМАЛАРЫНА АРНАЛГАН 
ПОЛИНОМИАЛДЫ АЛГОРИТМДЕР ТУРАЛЫ

Аннотация. Макалада жиынтыктар есебiн шешуге арналган кeпмаFыналы уакыт пен жадка тэуелдiлiгi 
усынылган алгоритмдер сипатталFан. Бул кепмушелш тэуелдiлiк бiрiктiрiлген жэне дисплей функциясын 
енгiзу аркылы алынады, олардьщ дэлел1 берiлген узындыктаFы жэне куэл1кпен енгiзiлетiн мэл1меттер болып 
табылады. Юрю деректерiнiн индекстерiмен жумыс комбинация функциясы мен курама алгоритмге непздел- 
ген. Енпз1лген карта мен Yйлесiмдiлiк функциялары экспоненциалды алгоритмдердiн кYрделiлiгiндегi eсудiн 
жарылFыш сипатын жэне шектеулермен комбинаторлык оптимизация мэселелерш шешедi. Шын мэнiнде, 
Кук жасаFан кепжылдык алгоритммен мьщжылдьщ проблемасын шешудiн эдiсi усынылFан. Бул эд1с 
берiлген мэнi бар сертификат болFан кезде акырлы узындыктаFы мэлiметтердi енпзу Yшiн колданылады. 
Нэтижелер жиынтыктар есебш шешудiн усынылFан накты алгоритмдерi осы алгоритмдердщ жумыс iстеу 
уакытын едэуiр кыскартады, сонымен катар компьютерлердiн, серверлердщ жэне баска пайдаланылган 
есептеу курылFыларыныц жабдыктарына койылатын талаптарды азайтады. Эзiрленген алгоритмдердiн 
негiзгi тустарын суреттейтiн мысалдар келтiрiлген. Жиындар есебiн шешуге арналFан усынылFан матема- 
тикалык теория кептеген теориялык жэне практикалык есептердi шешуге мумшндж бередi. Бул NP-complete 
класы проблемаларды зерттеуге арналFан Fылыми баFыттыц мэнi.

Экспоненциалды алгоритмдердiн басты кемшшп - акпаратты ендеуге кажеттi уакыт пен жад экспонент 
аркылы керсетшеду атап айтканда Т*М = O(2n) уакытынын жады (енделген мэлiметтердiн n саны). СонFы 
ескерту аппараттык куралдарFа жэне акпаратты eндеудiн баска куралдарына катан талаптар кояды. Бiз 
колданыстагы алгоритмдердiн колданылу шегiн аныктаймыз. Койыцыз n = 128. 264 элементтщ iшкi жиынын 
сурыптау Yшiн уакыты кажет O(270). Казiргi компьютерлер мен акпараттык технологиялар 266 дерек 
келемшде жумыс iстей алатыны белгiлi. Осылайша, тiптi осындай iшкi жиынын сурыптау киын.

ТYЙiн сездер: полиномиальды алгоритм, жиынтыктар есебу NP-complete класы.
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О ПОЛИНОМИАЛЬНЫХ АЛГОРИТМАХ ДЛЯ ЗАДАЧ ИЗ КЛАССА NP-COMPLETE

Аннотация. В работе описаны предложенные алгоритмы с полиномиальной по времени и памяти 
зависимостью по решению задачи о сумме подмножеств. Эта полиномиальная зависимость получена путем 
введения функции сочетания и отображения, аргументами которого являются входные данные с заданной 
длиной и сертификат. Работа с индексами входных данных осуществлена на основе функции сочетания и 
алгоритма генерации сочетаний. Введенные отображения и функции сочетания сглаживают взрывной харак
тер роста трудоемкости экспоненциальных алгоритмов и решения задач комбинаторной оптимизации с 
ограничениями. Фактически предложен метод решения задачи тысячелетия, поставленной Куком, с 
полиномиальным временем работы алгоритма. Метод применим для входных данных конечной длины при
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наличии сертификата с заданным значением. Полученные результаты показывают, что предложенные 
точные алгоритмы для решения задачи о сумме подмножеств существенно сокращают время работы этих 
алгоритмов, а также уменьшают аппаратные требования к мощности компьютеров, серверов и других 
используемых вычислительных устройств. Приведены примеры, иллюстрирующие основные положения 
разработанных алгоритмов. Предлагаемая математическая теория по решению задачи о сумме подмножеств 
позволит решить многие теоретические и практические задачи. Таков смысл разрабатываемого научного 
направления по исследованию проблем из класса NP-complete.

Основным недостатком экспоненциальных алгоритмов является то, что требуемое время и 
используемая память для обработки информации выражается через экспоненту, а именно время, умноженное 
на память Т*М = O(2n) (n-количество обрабатываемых данных). Последнее замечание налагает очень 
жесткие требования на аппаратные и другие средства обработки информации. Определим границу 
применимости существующих алгоритмов. Положим n=128. Для сортировки подмножества, состоящего из 
264 элементов, необходимо время O(270). Известно, что современные компьютеры и информационные 
технологии могут работать с количеством 266 данных. Таким образом, даже сортировка такого подмножества 
затруднительна.

Ключевые слова: полиномиальный алгоритм, задача о сумме подмножеств, класс NP-complete.
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