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flow with the results of a previously studied one-speed flow [5,6]. To describe the flow of a two-phase
medium, an "interpenetrating” model is used, based on the following assumptions: there is no interphase
transition; for each phase, the equation includes terms that characterize the interaction between the phases;
cach phase is taken as a separate continuous medium and is described by separate equations [3,4].

Problem statement. On the basis of "interpenetrating” model to develop a model of unsteady two-
speed two-phase flow open flow with account of redistribution of the particulate concentration, the depth
of flow and water filtration on the bottom of the channel, and is also an effective method of calculation.

Method of solution. When developing the mathematical model, the "interpenetrating" model of a
multiphase medium is used for dispersed flows that have a relatively regular character. As a mathematical
apparatus used: for linearization of nonlinear terms, the method of simple iteration|7]; for partial differential
equations, the method of finite differences, using a two-layer six-point implicit scheme with weight and a
two-layer four-point implicit scheme with symmetrized derivatives, and for solving the obtained systems of
algebraic equations, the method of matrix run; for the solution of an ordinary differential equation describing
the change in the wavelength of the wave front, the Runge-Kutta method is of the fourth order of accuracy.
The computer mathematics environment Mathcad was used for processing numerical data.

Main part. The "interpenctrating" model was used to study the problem [3.4]:

du, du, aun dp 0 du, 1
Pn— ot = PnlUn ox —- t PnVn ay = _fna"ka[zfn.un <E_§dlvvn>] +
d duy, avn
™ [fn.un < ay ox )] 2 K(ul - un) + pn n
avn ov, avn 9 ou, ov, (1)
Pn—7 ot + pnln—— Ox + Pnn ay =_fn@+a[fn.un<ﬁ+a>]+
N v, :
[ fabin < dy - —dlUV )] + EK (Wi = v) + putn,
and the continuity equation =
O 2 (i) + 5 (atn) =0,
at n n n"n (2)

fl +f2 - 1) Pn = pnlfn;
where p,, pni — reduced and true densities of the n-th phase, respectively (n=1,2); u, — longitudinal
component of the n-phase velocity; v, — vertical component of the n-phase velocity; f,, — concentration
(volume content ) of the n-th phase; p — pressure; p,, — the coefficient of viscosity of the n-th phase;
K — coefficient of interaction between phases; X,,, ¥,, - components of the mass forces of the n-th phase;
x, y — coordinate axes along the flow and along the depth of the flow, respectively; t — time.

. ou, OJv,
divV, = +—

0x ay
Consider the two-speed case when there are no mass forces and the flow parameters along the flow
do not change. The flow in open channels is non-pressurized and occurs under the influence of gravity [8].
Then the system of equations (1), (2) will take the form:

du, du, d du,
Pn—7 ot +pn n ay .unay<fn ) EK(ul_ n)

9 av, 4 S ®
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pna_tn"i'pnvn a; .unay<fn n)""ZK(Uz ;
i
dpn
4 =0

fitfo=1pn=pnifn-

If we write a system of equations (3) for each phase separately, we get:
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du, duq d duy
P1W+P1U1 3y =ﬂ1@<f1w>+Ku2—Ku1;
du, du, d du,
P2 + PZUZW = ﬂz@(fz W) + Kuy — Kuy,
v, dv, 4 ©)
P1W+P1U1 3y 3l11ay<f1 >+KU2 Kv,,
av, dv, 4
P25 T P2V2 5~ 3y 3ﬂzay<f2 >+KU1 Kv,.
Equation (4) for the concentration of solid particles will take the following form:
fy
T +_(f2172) )
fitfh=1

The flow in open channels differs in that the flow has a free surface. If the free surface H in the
transverse direction (in the direction of the z axis) is horizontal and does not change along the flow, then
H=H (t). Then according to the conclusions of work [1] for a free surface we get

dH

T =V,H(0) = H,
where V- filtration rate (absorption).

As a result, we obtain a closed system of equations (5-6) with respect to uq, Uy, V4, V3, f2. Consider
the initial and boundary conditions for the resulting system of equations. At the initial moment of time
(t = 0), we consider the flow to be uniform in the longitudinal direction and all parameters are given by

known theoretical and empirical formulas, i.¢.

Uy = Uy (¥), Uy = Upe(¥), 1 = V10(¥), V2 = V20 (), f2 = f20(¥), with t = 0,
At the bottom of the channel for longitudinal velocity component of the water use condition of
adhesion, and for the longitudinal velocity component of solid phase condition for the shift and believe the
known concentrations of solid particles

U = 0;u2+loaa—1;2= 0,f =fP withy=0,

and for the vertical components of the phase velocities of the filtration conditions (for water) and the
deposition of solid particles in standing water, i.¢.
vy =V, v, =V, withy=0.
lo — offset path length; V), — the rate of precipitation of solid particles in standing water, i.¢. hydraulic size.
There are no solid particles on the free surface, and for the longitudinal components of the phase
velocities we neglect the force of air friction, that is, the force of air friction.
Z—”yl = 3”2 =0,f, =0, with y = H(®).
and for the vertical components of the phase velocities, we use the condition of unevenness of the free

surface 1n time, i.¢.
dH

e
Thus, the initial and boundary conditions will have the form:
Uy = U (¥), Uz = Upo(¥), v1 = V10(¥), v2 = V20(¥), f2 = fo0 (). with t = 0,

vy = 12 =C;—I:Withy=H(t).

du .
u1=0,u2+loa—yz=0,v2=V,v2=Vk,f=f2°W1thy=0, 7
ou, _  Ou, _an _ad _ . _
ay_ ;ay—o, 1—dt,vz—dt,fZ—OWIthy—H(t).
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The length of the path of displacement [, can be established on the basis of empirical data. For this
purpose, in particular, the empirical Bazin formula can be used [1]. Many theoretical and empirical
formulas have been proposed by different authors for the filtration rate (absorption). The most widespread
formula was A. N. Kostyakov [1]. It should be noted the work of V. N. Goncharov, who gave empirical
formulas of hydraulic size V},, generalizing experimental materials of other studies [9].

The length of the lag of the wave front [(t) related to the average flow rate U, the following
equation

dl
— = Uy (8), 6]
which is solved with the initial condition l(O) = (. The time corresponding to the length is the time when
the wave front reaches the distance [.
The obtained problem (5-6) with boundary conditions (7) is solved according to the calculation
method given in [1]. First let's go to dimensionless quantities:

vy o, Vy oo, y o t
7 vy, = =7 =T =
u2TuY THE T
moreover, the nonlinear terms are linearized using the simple iteration method, i.¢. taking the value from

the previous time layer. Then the system of equations (5-6) will take the form (in the future, for simplicity,
omit the asterisks)

Uq Up
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*
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G gy Tl

where S - the iteration number, U, T - is the specified characteristic values of speed and time, respectively.
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O] _ 'UZ( )T C(S) 6172( )Z
1 H 2 dy H'
System (9) is solved as follows. First, a system composed of the first two equations is solved.
— u
Introducing a vector Y = (u;) we bring these equations to the vector-matrix form
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av L 027 . Y T, T
S =A' 5zt B 5+ CY+D (10)

ais) 0 ags) 0 ags) 0 — ais)
A" = ,B*: ,C*: ,D* = ,
0o »® 0 b 0o b»¥ %

Having performed similar operations with initial and boundary conditions for the function u; and u,,
receive

where

Y =Y, with ¢t =0,

)
Aoa'kBoy :DO with y = 0, (11)

)
A1@+31Y=D1 Wlthy=1

here

w=(o ) m=( DP=)a=0 o= o)5=()

Results. The boundary value problem (10), (11) is solved by the finite difference method. In this case
we use a two layer six point implicit scheme with weight a* [10].

With the selected weight value o* = 0,5 the applied scheme has an approximation order
0((At)? + (Ay)?) and is sustainable. The iterative process is repeated until the convergence condition is met.

Similarly, a system composed of the third and fourth equations (9) is solved and we define vy, v,.
Last equation (9) with the appropriate conditions from (7) solved by the finite difference method. In this
case, we use a two-layer four-point implicit scheme with symmetrized derivatives [11]. The length of the
wave front is determined from the solution of the Cauchy’s problem (8) [12].

Calculations were performed with the following initial data and the numerical results were processed
in the environment Mathcad [13]:

Hy=2u,ul=09 xu/c, ud =03 u/c,v? =001 /c, v)=02 u/c
p1; = 100ke-c*/ M, pyy = 250 ke-c* [, fR = 0,2

= 1,024-10"%xe-c/m?, iy = 251073 ke-c/m?, At = 0,01,Ay = 0.01,
£=10"%K = 200ke-c/m*;350 xe-c/m*, U =1u/c, T = 600c.

Discussion. The results are presented in the form of graphs. The analysis of the obtained results
shows that the results relative to the previously studied one-speed flow are qualitatively confirmed for the
two-speed flow, but some parameters differ quantitatively. Over time, the longitudinal velocities of the
phases tend to the same constant number. In this case, the longitudinal speed of the phase with a higher
initial speed is always greater than this number, and the longitudinal speed of the phase with a lower initial
speed is always less (figure 1). With an increase in the initial average velocity of the mixture, the
distribution of the concentration of solid particles over the depth of the flow becomes more uniform
(figure 2). As the phase interaction coefficient increases, the deposition rate of solid particles decreases,
1.€. their concentration increases (figure 3). The longitudinal velocities of both phases increase as they
move away from the bottom of the channel and reach their maximum values on the free surface (figure 4).
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Byn skarmaiina skaHA MAKPOCKOIIUIBIK TAapaMeTpicp maiina OOmambl, atam aWTKAHAA, KCHTIPIATCH THIFBI3IBIK,
(hazanap apacChIHIAFBI ©3apa OPCKCTTECY KYINTEPi, COHAAN-aK 0acKa A2 MCXAHHKAJBIK CHIATTAMANAP Maiaa O00mambl.
ArpIHHBIH OyJ1 mapamerpiepi KOCma KOMIOHCHTTEPI CAKTANYBIHBIH HETI3Ti 3aHABUIBIFBIH Oy3aabl, KOMIIOHCHTTCP
@3apa apeKeTTecei, OYJI KBUTIAMABIKTIH, )KEKEIECTCH KOMIIOHECHTTEP KOHICHTPAIMSCHIHBIH ©3TCPICIH Ty ABIPAIBL,
KOCTIAHBIH aFy KbUIIAMABIFBIH e3repreni. Kem (azamel kocnmamapaplH iIIiHGH AMCIEPCTI arbIHABI aram auTyFa
00maael, OJApPABIH KOMIIOHCHTTCPIHIH Oipi OpTYpii KOCHIHABUIAP (TAMMIBI, KOMIPIIiK, KATTHl OOIICKTEp), SFHH
a3p030.1b, TYMAH, KOIIPIIKTI CYHBIKTHIK, CYCTICH3USLIAP JKOHE T.0.

Maxkanazga arsiH TepeHIIri OOMBIHIIA KATThI O6IIIEKTEP KOHICHTPAIMSCHIHEIH TAPAIYbI )KOHE KaHAM TYOIHIeT!
CYIBIH (PHIIBTPICHY1 CCETIKE AJIBIHA OTHIPHII, €Ki (DA3aIIbI AIUbIK AFBIHHBIH CTAIIMOHAPIIBI €MEC AFBICHIHBIH MATCMATH-
KaJbIK MOJCT, COHIAl-aKk THiMal ecentey omici KypburraH. COHBIMEH KaTap, €Ki >KbUIJAM/BIKTBHI aFbIM KapacThI-
pBUTFaH, SFHU (ha3amap KbLUIAMIBIFBIHBIH TOPH30HTANIb KOHE BEPTHKAID KYPAYIIBICHIHBIH 0ap €KEH/ITI ECKEepiireH,
COHIAI-aK aFrbiC OOWBIMCH AFBIH MApaMCTPJICPl e3repMeral Acm ecenTenai. bacTamkhl sKoHE IICKAPANBIK MIAPTTap
MPAKTHKAJA KCH TAPAJIFaH TCOPHSUIBIK-3MITHPHKATBIK ()opMyIamap HEriziHae Ocpinmeai. AIBIK KAHATTAPIAFHL aFbIC
KbICBIMCBI3, ayBIPIBIK KYIIiHIH 9CEPIHCH 00J1aabl JKOHE aFbIHHBIH €PKIH OCTKE ME OO0JIYBI HETI31HAC CPEKIICICHE L.
Bacramke! yakpITTa mapaMerpJiep TOpH30HTAb OAFbITTa OIPKETIKI IeT CaHAHMBI3 >KOHE OapIbIK ImapaMerpiep Oenrim
TCOPHATBIK-3MIHPUKATBIK (popMmytamapmeH Ocpineni. Cy >KbUIAMIBIFBIHBIH TOPH30HTATh KYPAyIIBICBIHA KAHAJ
TYOiHZE &abbICy, aln KaTThl (pa3aHbIH TOPU3OHTAND KYpPayIUbICBIHA KATTHI OOMIICKTIH BIFBICY IIAPTTAPBIH, an (aza-
JAPABIH BCPTHKANG KYpayIIbLIApBHA (CY VINiH) (HIBTPICHY KOHC IMOry (KAaTThl OOJIICKTCP YINiH) MAPTTAphIH
KoymaHaMbl3. EpkiH OerTe KaTThl OOMIIEKTEp KOK JEH CAaHAHMBI3 kKoHE (Da3a >KbULIAMIBIFBIHBIH TOPH30HTAIb
KOMIOHCHTTCPIHC AyaHBIH YHKCTIC KYIIH CCETMKE anmMaiMbI3, ald ()a3za >KeLITAMIBIFBIHBIH BCPTHKATH KOMIOHCHT-
TEpiHE EpKiH OCTTIH yaKbpIT OOMBIHINA OIPKENKI EMECTITiH KOJIAHAMBI3. KyphIIFaH MaTEMAaTHKAJBIK MOJCITb KOHE
€CeITey diCiHE CYHEHE OTHIPHII, AaFBIMHBIH HET13T1 TAPAMETPIICPIHIH 63TePyl aFbIC TEPEHIIT] )KOHE YaKbIT OOHBIHIIA
AHBIKTAJIFAH.

MaremarukanbIk MOACTBIl KYPY KE31HIC CANbICTRIPMAbBI TYPAE TYPAKTHI CHIIATKA ME THUCIIEPCT] aFbIHAAP YIUiH
Kem (ha3amsl OPTAHBIH «63apa dCeP STYMI» MOACHI KOJTAHBUIABL, O KEJICCi sKOpaMalgapra HCTI3ACATCH: (Da3alTbIK
aybICy KOK; op (hazara (azamapaslH e3apa OpEKETTECYiH CHIIATTaHTHIH MYIIEICp TEHACYTE EHIi3IreH; op (haza skeke
TyTac opra peTiHae KaObLITAHAmbl JKOHE JKEKE TCHACYJICPMCH CHIATTANAABL. MaTreMaTHKANIBIK aImmapar peTiHzae
KETICC1 9AiCTeP KOMTAHBLIIBL, CHI3BIKTHIK CMCC MYIICICPAl CHI3BIKTAHABIPY YINiH KapamalsIM HTCpalHs dici; aepoec
TYBIHABUTEL Ju(epeHInanablKk TEHASYIep YIIH, calMarbl 0ap eki KadaTThl aiThl HYKTEIl )KOHE CHMMETPHSLIBI
TYBIHABUIAPBI 0ap €Ki KadaTThl TOPT HYTENI AWKBIH €MEC IICKTI aifbIpMa OICi, aNBIHFAH aNreOpaiblk TCHACYICP
JKYHECIH INEImyAe MATPHIAIBIK Kyanay OiCi, TOJKBIHHBIH TApany Y3bIHIBIFBIHBIH ©3TCPYlH CHIATTAWTHIH KaH
muddepeHImaTAbIK TEHACY Al DIEITy/Ie TOPTIHIII peTTi Jammikke ue Pyrre-Kyrra amici.

Hormxenep rpadux TtypiHme kedripinren. HoTwkenepai Tanmay KepCEeTKEHICH, OYpBIH 3epTTeireH Oip
SKBUTIAMABIKTHL AFBIHHBIH HOTIDKETCPl €Ki SKbUIJAMIBIKTBI afblH YIIH Camansl TYpAC pPacTaiFaH, Oipak Keitbip
MApaMCTPIICP CAHIBIK KAFBIHAH CPCKIICICHEIl. YaKBIT 6T¢ Keiie (Pa3amapablH TOPH30HTAND SKBUIIAMIBEEI Oipaci
TYPAKTHl CaHFA YMTBHUIAABI. BacTamkel >KpTIAMIBIFBI YIKCH (DA3aHBIH TOPH30HTANb SKbUTIAMIBIFBI OPKAIIAH OCHI
CaHHAH OFapbl 00IA7pI, a7 0aCTaNKbI JKbIIIAMIBIFE a3 ()a3aHBIH TOPH30HTAIb SKbLTIAMABIFGI OPKAIIAH OCHI CAHHAH
a3 6omazpl. KocmausiH (Cy + KaTThl O6IIIEKTEP) SKETIN 0apy KAIIBIKTHIFBI Ta3a CYIBIH JKETINl 0apy KAIIBIKTHIFBIHAH
a3, AFHH KATTHI OOJIIICKTSP HETI3T1 aFFIHHBIH KO3FAIYBIHA KAPCHI ocep ereai. KocmaHbIH OacTamKhl opramma >KbLIIaM-
JBIFBIHBIH KOFAPBLIAYBl APKBUIBI KATTHI OONIICKTEP KOHICHTPAIMSCHIHBIH, aFBIC TCPCHOIr! OOMBIHINA Tapatybl
Oiprenki 601a 6acratinel. Pa3anapablH 63apa OPEKeTTeCY KOX(D(DHUITMCHTIHIH KOFAPHIIAYHI HET131HAC KATTHI OO IIICK-
TEPAIH MIOTY KbIIJAMIBIFEI TOMEHIACH I, SFHHU OJAPABIH KOHIEHTpauwsachl apraapl. Exi (azaHbH na TrOpH30HTAIb
JKBIITAMABIFEl KAHAT TYOIHCH AMIMAKTAFAH CAHBIH YIIFAAIBI KOHC CPKIH OCTTE CH YIKCH MOHTC keteai. Kypsurran
MOJICIIb YKOHE AJIbIHFAH HOTHIKEJICD alIbIK aPHANAPIAFBI TYTKBIP €Ki (Da3aibl OPTAHbIH CTAMOHAP €MEC AFBIMBIHBIH
HETI3r1 THAPOAWHAMHUKANBIK 3aHABUIBIKTAPEI MCH EPEKIICTIKTEPIH AHBIKTAHIbI YKOHE OJApIbl CyAbl YHEMI IManna-
JAHy MOCEICICPiH Iemyae, COHBIMEH KaTap Cy INBIFBIHBI MCH Cyapy apHANAPBIHBIH IIOTIHIICIMEH Kypecy Imapania-
PBIHIA KOTAaHYFa 00IaIbL.

Tyiiin ce3mep: cTauMOHAPIBI €EMEC aFbIM, €Ki ()a3ambl aFbIM, EPKiH OCT, KBICBIIIMANTHIH OPTA, IIBIHANBI THIFI3-
JIBIK, KCITIPIATCH THIFBI3ABIK, KOHICHTPALMA, TYTKBIPABIK KO3 umueHTi, (hazagap apackIHAAFHI 63apa OPCKETTCCY
Kk03(uimenTi, Cy3rineHy.
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