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MODELING OF HEREDITARY MATERIALS
RELAXATION BY ABEL KERNEL

Abstract. The present work is devoted to mathematical modeling of the process of the hereditary materials
relaxation. Nonlinear integral equation of a hereditary type is proposed. The Abel kernel with two unknown
parameters is adopted as the kernel of the integral equation: « € (0,1),6 > 0. Two new characteristics were
introduced: 1) experimental rheological parameter of relaxation; 2) calculated (model) rheological parameter of
relaxation. Using the least squares method, expressions are obtained to determine unknown parameters of the Abel
kernel. A mathematical expression is given to approximate the process of the hereditary materials relaxation.

Using examples of rheonomic materials different in structure (polyurethane matrix, propellant,
polyoxymethylene, fiberglass), it is shown that the proposed methods allow to determine Abel kernel parameters
with a high accuracy and to model the process of relaxation of rheonomic materials different in structure during a
long period of time: from 107 to 1.8-10° seconds (500 hours).
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1. Introduction. Almost all natural and artificial materials are viscoelastic ones: they deform in time
under the action of load. And the reaction of many materials to external actions depends on the history of
loading, i.e. these materials are hereditary [1-4]. Creep and relaxation are important characteristics of
hereditary materials. The creep has been studied for an asphalt concrete and other materials in the works
[5-13]. The present work is devoted to the modeling of the process for relaxation of a number of
hereditary materials.

2. Methods and materials. The methods of the theory of viscoelasticity have been used for a
mathematical description of the process for the rheonomic materials relaxation: the Boltzmann-Volterra
integral equation with the Abel kernel; the expressions based on the least squares method are obtained to
determine the parameters of the Abel kernel.

A new method for description of the process of the rheonomic materials relaxation is proposed with
the introduction of new characteristics - the so-called experimental and calculated (model) rheological
parameters of relaxation.

For the mathematical description of the relaxation process, the following materials were selected by
the proposed method: 1) a polyurcthane matrix containing salt crystals and aluminum powder
(polyurethane matrix) [1]; 2) solid fuel of rocket engines (propellant) [14]; 3) polyoxymethylene [15] and
4) fiberglass TC 8/3-250 (fiberglass) [16].

3. Theoretical bases

3.1. Integral equation and relaxation kernel. The equation for the nonlinear hereditary type of a
rheonomic material we will write in the following integral form
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t

o(t,T) = fle),T] - f R(t — Df[e(0), Tdr, (1)
0

where T is a temperature, T = const; f[e(t), T] is a nonlinear function of time at T = const; &(t), e(7) is
a deformation at time moments ¢ and 7; R(f — 7) is a relaxation kernel.
At £(t) = const from the equation (1) we have:

t
a(t,T)=f(T)- ll — f R(t — 1) dt|, 2)
0

where f(g,T) = gg(g, T) is an instantaneous deformation curve.
We take relaxation kernel in the form of the following functions:

Rt—1)=6t—-1)"%a€(0,1); §>0. 3)

where «, § are parameters of the relaxation kernel.
Inserting the function (3) into the equation (2) we will have:

5
o(t,T) = 0o(e,T) " |1 - mt(l‘“) . 4)

In the expression (4): @ = a(T),§ = 6(T).
3.2. Relaxation kernel parameters. Relaxation equation (4) includes three unknown parameters:
09(g,T), a and &. It contains a function with the parameters a and §:

L) = %t(l‘“) 5)

The singular parameter takes a value in the interval (0, 1). The works [5-8] suggest the parameter a to
consider as the specified one, and the remaining two other parameters to determine using the least squares
method. In the work [9] the above method has been improved: the determining ratios have been changed
by introducing the so-called experimental rheological parameter.

In accordance with the work [9] we introduce the parameter determined by the formula:

(6)

where g, (t, T) is a stress value at a time moment ¢ at a temperature T determined experimentally; o (g, T)
is a stress value at a time moment £q at a temperature T determined also experimentally.

We shall call 7, (¢, T) as an experimental rheological relaxation parameter.

Similar to the parameter r,(t,T) we shall introduce the calculated (model) rheological relaxation
parameter 7;, (¢, T) determined under the formula:

on (6, T)
a*(e, TY
where 0,,,(t,T) is a stress value at a time moment ¢ at a temperature 7, determined by the calculations;
ai*(e, T) is a stress value at a time moment ¢ at a temperature T, determined also by the calculations.

According to the least squares method the parameters values 0f*(g, T) and 6§ = 8(T) should satisfy
the following condition:

"m (t; T) = (7)

2
Sla(e,T), 8(T)] 2[ (g, T) d t(1 “)—ael-> ]—)min, (8)

where S[of*(e,T),8(T)] is a sum of squared deviations; g,; is a stress value at a time moment ¢;
determined experimentally;
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M total number of the considered time moments.

. . v aS|le*(eT),8(T)] _ aSle™(eT),8(T)] _ . .
From the following partial derivatives “oren and —aem - 0 we will obtain

the expressions for the determination of the parameters a" (e, T) and 6 (T):

M M M M
Z r Z Z‘1.2(1—05) _ Z Zz'(l_a)z , .Z.(l_a)
i=1 i=1

1= i=1 i=1

M M 2
pFENES)
i=1 i=1

, )
M
Z(l e )[1(170‘)
s(r)="1
S0
traia | (10)
where r,; = 1,(t = ¢, T).
In the expression (9) it is accepted that
al*(e,T) = a§(e,T). (11

3.3. Approximating expression. After determination of the parameters @ and9the so-called
coefficients of the similarity are calculated under the expression:
(s, T) = 1= 226877, (12)

1-a

where tg € [0, ty].
Taking into account (12) we will determine the value g, (¢, T):

A T):iiae([S’T)

M3 ’”m(tS>T).

Approximating analytical expression for the process of the rheonomic materials relaxation has the
following form:

Om(tT) =T5(e,T) - (1 — =t (=), (13)

4. Results and discussion. The relaxation function of the polyurethane matrix is determined by the
pure shear experiment under dynamic loading conditions at the temperature of 26.1 °C [1]. The work [14]
also determines the function of the propellant relaxation at pure shear under conditions of dynamic
loading. The functions of polyoxymethylene relaxation at tension at the temperature of 20 °C are
determined at two values of conditionally instantancous deformation: 2% and 10% [15]. The relaxation
functions of fiberglass cut at an angle of 45% to the fabric base at tension at the temperature of 23.5 °C are
determined at three values of conditionally instantaneous deformation: 0.31%, 0.7% and 1.55% [16].

Experimental and calculated values of relaxation stresses of the materials under consideration are
presented in figures 1-4. As can be seen, the degree of coincidence between the calculated and
experimental stress values is high.

Thus, the obtained results have shown that the suggested methods make it possible to determine Abel
kernel parameters with high accuracy and simulate the process of relaxation of rheonomic materials
different in structure during a long process of time (from 100 seconds to 500 hours).
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KypsiibIMBl  opTYyprmi  peoHOMIBI Marepuamaap (MOIMYPETAaHABI MATPHIEA, 3BIMBIPAH  >KAHAPMAMbI,
TOJMOKCHMETHIICH, INBIHBI TANIBIK) HETI3iHAC YCHIHBIFAH d7icTep AOenb SIIPOCHIHBIH MApaMETPICPIH >KOFAphI
JOIIIKIICH AHBIKTAYFA JKOHE KYPBUIBIMBI OPTYPIi PEOHOMIBI MATCPHANTAPABIH PETIAaKCAIMsI YACPICIH y3aK YaKbIT
BOiBI MOJETIBACYTE MYMKIHIiK GepeTini kepcerinren: 107 cexynaran 1.8-10° cexynmka neitin (500 carar).

Tyiiin ceszgep: AOemp AOpOCH, pPelAaKCAlWsA, MOJHYPCTAHABI MATPHIA, 3BIMBIPAH  KAHAPMAMEL,
TOJMOKCHMETHIICH, IIBIHBI TUIACTHUK.
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MOJAEJUPOBAHMUE PEJIAKCAIITUHN
HACJIEACTBEHHBIX MATEPHAJIOB AJPOM ABEJIA

Annortamus. Hacrosmas pabora mocBsmeHa MaTeMaTHIECKOMY MOJICIIMPOBAHHIO IPOIIECCA PEIAKCAIINH HACTICT-
CTBEHHBIX MaTepuaioB. [IpeaoskeHO HEIMHEIHOE MHTErPAIbHOC YPABHCHHE HACJICIACTBCHHOTO THIA. B KauecTse
S7IpA MHTCTPAJIBHOTO YPABHCHHUA MPUHATO AP0 AOens ¢ AByMs HEW3BECTHbIMH mapamerpamu: « € (0,1),6 > 0.
BBeacHbI BE HOBBIE XapPaKTEPUCTUKU. 1) 3KCIEPUMEHTANILHBIN PEOJIOTHUCCKUN MapaMETp pelakcauuy; 2) pacueT-
HbI (MOJCIBHBIN) PEOJIOTHYECKUN napaMeTp peraakcauuu. Mcnoap3yst METOd HAUMEHBIIMX KBAAPATOB, MOJIYyYCHBI
BBIPKCHHUS I ONPEACICHUS HEHM3BECTHBIX IApaMeTpoB siapa Abems. JlaHO MaTeMaTH4ecKOe BBIPAKCHHE LT
ANIPOKCHMAITHH IIPOLIECCA PETIAKCAIIMH HACJICICTBCHHBIX MATCPHATIOB.

Ha mpumepax pasHBIX IO CTPYKTYPE PEOHOMHBIX MaTEPHAJIOB (OIMYPETAHOBAS MATPHULA, PAKCTHOE TOILIHBO,
MOJMOKCHMETHIICH, CTEKJIOIIACTHK) IOKA3aHO, YTO MPEIOKCHHBIE METOABI I03BOJLIFOT C BBICOKOH TOYHOCTBIO
OTPEACTATh MapaMeTpsl Aapa AOEns W MOJCIMPOBAThH IPOLECC PENAKCAIMH PA3HBIX MO CTPYKTYPE PEOHOMHBIX
MATEPHAJIOB B TEYCHHE JUTHTETIHHOTO MepHoa BpeMeru: oT 107 1o 1.8-10° cexyn (500 uacos).

Kmrouernie cioBa: saapo AOend, permakcamusd, NOJHYPSTAHOBAS MATPHIA, PAKCTHOC TOIUTHBO, MOTHOKCH-
METHJICH, CTEKJIOIUIACTHK.
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