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THE CORRESPONDENCE OF THE EREZ-ROSEN
SOLUTION WITH THE HARTLE-THORNE SOLUTION
IN THE LIMITING CASE OF ~Q AND ~M?

Abstract. The link between exterior solutions to the Einstein gravitational field equations such as the exact
Erez-Rosen metric and approximate Hartle-Thorne metric is established here for the static case in the limit of linear
mass quadrupole moment (Q) and second order terms in total mass (M). To this end, the Geroch-Hansen multipole
moments are calculated for the Erez-Rosen and Hartle-Thorne solutions in order to find the relationship among the
parameters of both metrics. The coordinate transformations are sought in a general form with two unknown functions
in the corresponding limit of ~Q and ~M?2. By employing the perturbation theory, the approximate Erez-Rosen
metric is written in the same coordinates as the Hartle-Thorne metric. By equating the radial and azimuthal
components of the metric tensor of both solutions the sought functions are found in a straightforward way. It is
shown that the approximation ~Q and ~M?, which is used throughout the article, is physical and suitable for solving
most problems of celestial mechanics in post-Newtonian physics. This approximation does not require the use of the
Zipoy-Voorhees transformation, which is a necessary strict mathematical requirement in the ~Q approximation, i.¢.
when no other approximations are made. This implies that the explicit form of the coordinate transformations
depends entirely on the approximation that is adopted in each particular case. The results obtained here are in
agreement with the previous results in the literature and can be applied to different astrophysical goals. The paper
pursues not only pure scientific, but also academic purposes and can be used as an auxiliary and additional material
to the special courses of general theory of relativity, celestial mechanics and relativistic astrophysics.

Keywords: cxact and approximate solutions of Einstein's gravitational ficld equations, Erez-Rosen metric,
Hartle-Thorne metric, coordinate transformations, quadrupole moment, Geroch-Hansen multipole moments,
perturbation method.

1. Introduction.

There are a plenty of exact and approximate solutions to the Einstein field equations (EFE) in the
literature [1,2]. Most of the solutions are pure mathematical and only some of them are physical and
usually used in a various realistic astrophysical context. We here focus on the exterior exact Erez-Rosen
(ER) [3] and approximate Hartle-Thorne (HT) [4,5] solutions, hich are very well established and widely
exploited. The Erez-Rosen solution mainly involved in the description of the exterior gravitational field of
a deformed astrophysical object. Instead the Hartle-Thome solution is used to study both interior and
exterior fields of slowly rotating and slightly deformed astrophysical objects in the strong field regime. In
connection with this, it is interesting to show how to find the relationship between these solutions in the
limiting static case with a small deformation.
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The metric of a nonrotating mass with a quadrupole moment has been obtained by Erez and Rosen in
1959 [3] with a use of Weyl method [6]. This metric was also analyzed by applying the spheroidal
coordinates, which are adapted to characterize the gravitational field of non-spherically symmetric bodies.
Later corrected for several numerical coefficients by Doroshkevich (1966) [7], Winicour et al. (1968) [8]
and Young and Coulter (1969) [9]. The physical properties of the ER metric were investigated by
Zeldovich and Novikov [10] and later by Quevedo and Parkes [11]. More general solutions involving
multipole moments were obtained by Quevedo, Quevedo and Mashhoon (QM) [12-15].

In the article dated back 1967 Hartle put forward his approach for studying physical properties of
slowly rotating relativistic stars [4]. Physical quantities that describe the equilibrium configurations of
rotating stars such as the change in mass, gravitational potential, eccentricity, binding energy, change in
moment of inertia, quadrupole moment, etc. were proportional to the square of the star’s angular velocity
Q2. Hartle and Thome tested the formalism for different equations of state of relativistic objects [5]. From
that moment this solution is widely known as the Hartle-Thorme (HT) solution. Unlike other solutions of
the Einstein equations, the Hartle-Thome solution has an internal counterpart [4,16], which makes it more
practical for investigation the equilibrium structure and physical characteristics of relativistic compact
objects such as white dwarfs, neutron stars and hypothetical quark stars [17-21]. Relatively recently this
solution was extended up to O* approximation [22].

The main objective of this article is to find the relationship between Hartle-Thome solution and
Erez-Rosen solution and show their equivalence in the limiting static case with a small deformation.
We adopted the signature of the line elements for this article as (+ — ——) and used geometrical units
G=c=1.

It should be emphasized that the relationship between the ER and HT solutions has been established
by Mashhoon and Theiss in 1991 [23], involving the Zipoy-Voorhees transformation in the limiting static
case for small deformation. In addition Frutos-Alfaro and Soffel has shown that in the limit of ~Q and
~M? for static case one can find the relationship between the two metrics without involving the
Zipoy-Voorhees transformation [24]. In [25] we revisited the derivation by Mashhoon and Theiss
providing all technical details in an instructive way. However, in this work we revisit the results of Frutos-
Alfaro and Soffel [24], justifying physical significance, providing technical details. The paper pursues
pure scientific and academic purposes.

The work is organized as follows. We review the main properties of the ER solution in section 2. The
main physical characteristics of the exterior Hartle-Thome solution are discussed in section 3. Section 4 is
devoted to the computation of the multipole structure of the solutions. The linearized, up to the first order
in mass quadrupole moment ¢ and to the second order in total mass M the Erez-Rosen solution is
considered in section 5. The Hartle-Thorne solution in the limit of ~Q and ~M? is considered in section 6.
Using the perturbation method, the coordinate transformations are sought in section 7. Finally, we
summarize our conclusions and discuss about future prospects.

2. The Erez-Rosen metric
The Ercz-Rosen metric is an exact exterior solution with mass (m) and quadrupole (q) parameters
that describes the gravitational field of static deformed objects in the strong field regime [26]. It belongs to
the Weyl class of static axisymmetric vacuum solutions in prolate spheroidal coordinates (¢, x, y, @), with
xz2land-1<y<1:
ds? = e2¥(dt2 —m2e2¥ [6‘27’(962 -y?) (d—xz +2 ) + x> -1D1 - yz)d(pz]’ (D

x2-1 1-y?2

where the metric functions ¥ and y depend on the spatial coordinates x and y, only, and m represents the
mass parameter.
The solution found by Erez and Rosen has the following form [27]

Y = %ln (i—i) +%q(3y2 -1 E (3x?—-1)In (i—;i) + %x] )
and

Yy = %(1 +¢)?In (xxzz_—;z) — %q(l D) [x In (E) + 2] + 3)
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where g is the quadrupole parameter.

3. The exterior Hartle-Thorne solution
The general form of the exterior approximate HT metric [4, 5] in spherical (t, R, ©, @) coordinates is
given by:

2M 2M\"t )2
ds? = <1 - ?> 1+ 2k,P,(cos®) — 2 <1 - ?> — (2c0s?0 — 1) | dt?
2m\ "1 62
‘(1‘T) [1—Z(kl—F)Pz(cosG))—Z(l—T) R—4]dR2 (4)
4
—R?[1 — 2k,P,(cos ©)](d60? + sin? © d¢p?) + E]sin2 O dtdg
where
5
k=L (14+2) + 3L 24 5)
1
ko = oy + L+ 2L (1 20 E 1) (6)
and

0}(0) = G~ 13 | hn

x+1> 3x% -2
x—1 x2—1

x +1\ 3x%—5x
06 =& = 1) [—1“ —5) = 1)2]
are the associated Legendre functions of the second kind, being P,(cos®) = (1/2)(3cos?@ — 1) the
Legendre polynomial, and x = %— 1. The constants M, /] and @ are the total mass, angular momentum
and quadrupole moment of a rotating object, respectively. Note, that according to Hartle @ > 0 for oblate

and Q < 0 for prolate objects.
In order to obtain the HT solution for static objects, we set /| = 0 in the general form (4) and obtain

2M 2M\!
ds? = <1 - T) [1 + 2k, P,(cos ©)]dt? — <1 - T) [1 — 2k,P,(cos ®)]dR?

—R?[1 — 2k, P,(cos ©)](d6? + sin? @ d¢?) 7

Where
=3 M3 Qz( x) (8)
by =k +2-2(1-25) * 01 (x) ©)

Hence we can find the function ¥ (x, y) for the static HT metric from a simple relation

Jre = €*¥ (10)
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The solution found for ¥ has the following form

= %]n [(ﬂ) <1 _ 5Q(3y2—1)(10x—6x3+3(x2—1)2ln[%]))] (11

x+1 16M3(1-x2)

where y = cos 0. Finally, for the function y it is not possible to find an explicit expression, unless we
consider the approximate version of the ER metric. This will be done in Sec. 5.

4. Geroch-Hansen multipole moments
Using the original definition formulated by Geroch [28], the calculation of multipole moments is quite
laborious. Fodor et al. [29] found a relation between the Ernst potential [30,31] and the multipole
moments which facilitates the computation. In the case of static axisymmetric space—times, the Emst
potential is defined as
1—e2w
1+e2¥

§(x,y) = (12)
The idea is that the multipole moments can be obtained explicitly from the values of the Ernst
potential on the axis by using the following procedure. On the axis of symmetry y = 1, we can introduce

the inverse of theWeyl coordinate z as
11

f=-=— (13)
If we introduce the inverse potential as
. 1,
EGE 1) = ;f(z,l) (14)
The multipole moments can be calculated as
1.d™ (1)
M, =m, +d,, my = ;572 (15)

where d,must be determined from the original Geroch definition (¢.g. Refs. [15]). For the Erez—
Rosen metric, the Geroch-Hansen multipole moments read

2
My =m, M, = Eqm3 (16)

where My is the monopole moment and M, is the quadrupole moment.
For the Hartle—Thorne metric, we obtain

My =M, M, = —-Q a7

As one can see from the Geroch-Hansen definition of multipole moments the quadrupole moment of
the HT metric has an opposite sign, which is due to the use of a different convention.

5. The approximated Erez-Rosen solution in the limit of ~Q and ~M?
In order to obtain the approximated ER metric we express m and g in terms of M and @ by equating
relations (16) and (17), respectively as follows

- —_1e
m = M: q - 2 M3 (18)
and find its limit in ~Q and ~M? by expanding in Taylor series keeping only Q and M? and neglecting
QM? terms. Taking into account x = % — 1 and y = cos 8, the final result is written in spherical-like

coordinates (¢,7, 0, @)
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=+
T

dSz _ (1 2QP,(cos0) + 2MQP,(cos 9)) dtz (19)

r3 rt

2M  4M? 2QP,(cos8) 2MQ(5P%(cos®) + 11P,(cosB) — 1)
—(1+—+ - - dr?
r2 r3 3r4

2QP,(cos®) 2MQ(5P2(cos®) +5P,(cos0) — 1)
—r2{1 = — doe?
r3 3r4
20P,(cosB 6MQP,(cosB
— r2sin%0 <1 _= 2:3 ) _oMQ :E )> do?

6. The Hartle-Thorne solution in the limit of ~Q and ~M?
In order to obtain the HT metric for static objects we set / = 0 and find its limit in ~Q and ~M?,

taking into account x = %— 1 and y = cos®. So the HT metric in standard spherical coordinates
(t,R,0,¢) reads

2
dSz _ (1 _ %4‘ ZQPZI(;;OS Q) + 2MQP;icos®)) dtz _ (1 +%+ 4-;\/2 _ ZQPZI(;;OS Q) _ 10MQI;24(cos®)) dRz (20)
2QP,(cos®) 5MQP,(cos®) _

—R? <1 - 2R3 - ;4 (d©? + sin0ddh?)

7. Coordinate transformations from the Erez-Rosen metric to the Hartle-Thorne metric

To obtain the correspondence between the ER solution, with coordinates (¢,7,6, @), and the HT
solution, with coordinates (¢, R, ©, ¢). both solutions must be written in the same coordinates. Therefore,
we search for a coordinate transformation of the following form:

roR+ILf(0)  0-0+51f0) @D

where f;(®)and f,(0) are the sought unknown functions. In view of ~Q and ~M? approximation the
functions f; and f, depend only on ©. The total differentials of the coordinates are given by:

__or ar _ _3MQ MQ (0f1(©)
dr =-dR +2-d0 = (1 = f1(®)> dR +22(48 )d@ (22)
_ 90 4p 90 o0 (_aMo 0 05,(0)
do =2 dR +£d®—< = f2(®)>dR+(1+R4 :9) do 23)

These expressions should be plugged in the approximated ER solution (19). Then, only terms ~@Q and
~M? must be retained. We thus obtain the approximated ER metric in the same coordinates as the
HT solution with the same parameters

1——
R * R3 R*

L+ 2M N 4M? 2QP,(cos®) 2MQ(5P2(cos®) + 11P,(cos®) —9f,(0) — 1) .
R R R 3R*
_R2 <1 _ 2QPy(cos©) 2MQ(5P2(Cos 8)(1+P,(cos 9))+3(f1(9)—f2’(9))_1)> 102

4s? = < 2M | 2QPy(c0s56) | ZMQP,(cos @)> .

24

R3 3R*

<2MQ(f1’ @) - 4f2(®))>
+ 3

dRd®
R

2QP,(cos®) 2MQ(3P,(cos®) + f1(®) + £,(®) cot G))> )
- R3 - R4 dd

—R?sin%0 <1
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Furthermore, by equating the corresponding grr components of the metric tensor of both
approximated ER (24) and HT (20) solutions, written in (¢, R, ©, ¢) coordinates, we find the expression

for function f; (©) as follows
5P%(cos ®)—4P,(cos ©)—1
9

f1(©) = (25)

Analogously, by comparing only the azimuthal components of the metric tensor ggg of both

solutions, we find the function f,(0) as
£(0) = %(2 — 5P, (cos G))) cos ®sin @ (26)

To this end, if we plug these functions into the mixed component of the metric tensor ggrg of the
approximated ER solution (24), written in (R, ©) coordinates, gre vanishes, as we expected.

8. Conclusion. We explored the Erez-Rosen and Hartle—Thorne metrics (in the absence of rotation) in
the limit ~Q and ~M? by using the perturbation method. The approximation that we used throughout the
paper is physical and convenient to solve most problems of celestial mechanics in the post-Newtonian
Physics. We showed that the approximate Erez—Rosen line element coincides with the Hartle—Thorne
solution in the considered limit.

The use of Geroch and Hansen invariant definition of the multipole moments helped us to calculate
the corresponding mass monopole and quadrupole moments and establish the interconnection among the
parameters of both solutions.

In addition, we have showed that the explicit form of the coordinate transformations in the limit ~Q
and ~M? do not require the use of the Zipoy-Voorhees transformation in view of Ref. [32] (see also Ref.
[25] for details).

Due to the recent results [33-36], it will be interesting to find the connection between the Erez—Rosen
and Zipoy-Voorhees (q-metric) solutions. This will be the issue of future studies.
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Republic of Kazakhstan, Program IRN: BR05236494 and Grant IRN: AP08052311.
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19n-@apabu areiHaarsl Kazak yiTTIK yHEBEPCHTETI, AnMatsl, Kazakcran;,
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~Q JKOHE ~M? JKYBIKTAYBIHJA JPE3-PO3EH
KOHE XAPTJI-TOPH METPUKAJIAPBIHBIH COUKECTII'T

AnHoTamust. Byn >kympIcTa rpaBUTAMSIIBIK 6pic YIIIH ODHHINTECHH TCHACYJICPIHIH CHIPTKBI INEHIIMi, aTam
aniTkaama Opes-PoseH sxoHe XapTa-TopH METpPHKANApHl apackiHA OAMIAHBIC OPHATBLIABL Jpe3-PO3CH METPHKACHI
OUHIITCHH TCHACY ICPiHIH O] MCIIiMi OOIBIN CAHANAIHBI )KOHE CTATHKAITBIK, OCBTIK CHMMCTPHSLUIB aCTPO(PH3HKAIBIK
HBICAHAAPIBIH CHIPTKBI TPABHTALMSLIBIK OPICIH CHITATTAHAbL, an XapTi-TOpH METPHKACHI DHHINTEHH TEHICYICPiHIH
JKYBIK INCINIMI OOJBIN eCemTeieAi, o Oady aHHANATBHIH SKOHC aszganm Ac(opMamisiaHFaH acTpo(H3HKATIBIK
HBICAHAAPBIH IIIKI KOHE CHIPTKHI TPABHTALMSUIBIK OPICIH cHmaTTaiapl. Makanana ajra KOMBUIFAH MAaKCaTka KETy
ymriH Xapti-TOPHHBIH CHIPTKBI METPHKACKHI TEK CTATHUKAIBIK JKaFJaliaa KApacTHIPHLIIBL

JKorapeima KepCeTiITCH memiMACP apachiHAA KAaTHIHAC OPHATY YIOiH ojap Oipacit 'KyBIKTay >KOHC aiHAIY
GoMaFaHma, JOMIPEK AWTKAHNA, CHI3HIKTBIK KBAZPYMONBIIK MOMEHT (@ JKOHE TONBIK MAcca KBaaparel M2
JKYBIKTAYBIHAA KAPacTHIPHUIABL. XapTia-TOpPH METPHKAa KOOPAMHATANAPBIHAA Jpe3-P0o3eH METPHKACBHIH Ka3y YIIiH
amapiMeH [ epou-XaHCeH MyJIbTHIIONBAIK MOMEHTTEPI €CENTENAl, HHBAPHAHTTEI MOMCHTTEPl AHBIKTAY €Ki METPHKA
mapaMeTpacpi apachiHaa OalmaHeIc opHATyFa MyMKiHIik Oepai. Coman keitin Jpe3-Po3en merpukace Xaptia-TopH
METPHKACHIHBIH IAPAMETPICP Q, M apKBLIBI 3KA3BUIIBI JKOHE OHBIH JKYBIK OPHETT ~ @ jKOHE ~ M? MIETiHAE ATbIHIBL

Opi Kapait, f; xoHe f, eki Oenrici3 QyHKIMIAps! 0ap HKaIbI TYPACTI KOOPAMHATAIBIK TYPICHIIPY Al KOIIaHy
apKbLIBI KApaCTBIPBUFAH JKyBIKTayaa Ope3-Po3en merpmkacsl XapTir-TOpH METPHKACBHIHBIH KOOPIMHATACHIHIA
24
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ska3piiabl. OCBHIIAH KeHiH €Ki IMEIIiMHIH METPHKAIBIK TCH3OPBIHBIH PATHAIIBI JKOHE a3UMYTAIIbl Kypay IbLIAPhIH
TCHCCTIPS OTHIPHIN, f; koHE f, (PyHKumamapel adkerHmanmel. Oceriaima Opes-Po3er meH Xapta-TopH memrimi
apachIHAAFbI OANIAHBICTHI AHBIKTANTHIH KOOPAWHATANBIK TYPIACHAIPY AiH >KYBIK OPHETI AaHBIKTAIIBL.

Maxkanana KOIJAHBUTAH ~ @ sKOHE ~ M? JKyBIKTAYBI (DH3HMKATBIK 5KOHC MOCTHBIOTOHABIK (DH3HKANA ACTIAH
MCXAHHUKACBIHBIH KOIITECICH MOCCICIICPIH MICINYTC KOJIAWIBI CKCHIH aTall 6TKCH JkeH. by kybeikray 3umnon-Bypxuc
TYpIEHAIpyiHe KyriHOeyre MyMKiHIik Oepemi. Cebebdi Jumoit-Bypxuc TypreHaipyi ~ @ KyBIKTaybIHAA, SIFHH, 0acka
eMIKAHMAH >KYBIKTAY CCKCPIIMETCH Ke3le KAKeTTI KAaTaH MATEMATHKAJNbIK Tamam OoJjbIn caHajamel. byn
KOOPIMHATANBIK TYPJICHAIPYIIH AWKBIH TYPI TOIBEFBIMEH OpOIp HAKTHI >KarJaiaa KONJAHBUIATHIH XKyBIKTAYFa
GalinaHbICTHI 00J1AbI ACTCHAL O1AIpe .

Koporremapuiait kene, Ope3-Posen xome Xaprn-TopH MmeTpukamapsl ~ @ koHe ~ M? o KybIKTaybBIHZAA
CTATHUKAIBIK KAFall VIIiH YHBITKY TCOPHACHIHBIH OJICTCPIH KONJAHY HETI3IHAE 3epTTEy Kacamabl. Jpe3-PoszeHHiH
CBI3BIKTHIK 3JIEMCHTIHIH KapaCTBIPBLIFAH XKy BIKTAy 1A XapTiI-TOpH MeImiMiMeH COHKEC KEIETiHI KOPCETLIII.

Ocpunafima KYMBICTA ATBIHFAH HOTIDKCICD OACOHMCTTC ANBIHFAH OCITLMI HOTIDKCIICPMCH COHKEC KCJICHI YKOHC
ONMAPIBI OPTYPIL aCTPOPHM3UKANBIK MICCIACICPIe Kouganyra 0oiaasl. Makajga TCK KaHA FBUIBIMH €MEC, COHBIMCH
Oipre akageMUSUTBIK MAaKCATTApAbl A KO3ICHIl >KOHE >KAJIBI CANBICTHIPMAJBLUIBIK TCOPHICHL, ACTIAH MEXAHHUKACHI
JKOHE PEJITHBHCTIK acTpom3mka OOWBIHIIA apHAWBl KypcTapJa KOMEKIN >KOHE KOCBIMINA KypasX peTiHAC
mainananyra OOIabl.

Tyiiin cesaep: TPaBUTANMSIBIK OpIC YINIH DWHINTCHH TCHACYICPIHIH A1 JKOHE XKy BIK IIemiMaepi, Ipe3-Pozen
METPHKAChl, XapTi-TOPH METPHKACHL, KOOPIMHATTHIK TYPJICHIAIPY, KBAAPYMOIBAIK MOMEHT, I epou-XaHCceH
MY JIbTHIIOJIBAIK MOMEHTTEP1, YHBITKY TCOPHSCHIHBIH d/IiCTEPI.

K. Bomkaes'?, A. Maisioaes!, J. Kepemxo',
I'. Hypoaxsir!, A. Taykenosa'?, A, Ypasammma'”?

'KasHY um. anp-Papadu, Gpr3Hko-TeXHIMECKHH (hakymbTet, AnMartsl, Kazaxcran;
*HarmoHAIbHAS HAHOTEXHOIOTHYECKAS TA00PAaTOPUs OTKPBITOTO TUma, Amvarsl, Kasaxcras;
*Pumckuit yausepcutet Jla Canuenua, gpusuueckuii paxymeret, Pum, Utanus;
‘MEKCUKAHCKHI HAMOHAIBHBIA ABTOHOMHBIH VHHUBCPCHTET, HHCTHTYT SACPHBIX HAYK MeXHKo, MeKCuKa

COOTBETCTBHUE METPHUK JPE3A-PO3EHA U XAPTJIA-TOPHA B IPUBJIW/XEHUHA ~Q U ~M?

Annotamust. B nmaHHO# padoTe yCTAaHOBICHA B3aWMOCBI3b MCEKAY BHCIIHHMH PCIICHHUSIMH YPAaBHCHUH
OWHImITCHAA J19 TPABUTAIMOHHOTO TOJIA, 4 IMCHHO METpHKOH Jpe3a-Po3eHa n Metpukoii Xaprtma-TopHa. Metpuka
Jpe3a-Posena sBIeTCS TOYHBIM PEICHHEM YPABHCHHUH DWHINTCHHA M ONMCHIBACT BHEIIHEE TPABHTAIIMOHHOE ITOJIC
CTAaTHYECKHX, AKCHAIbHO-CHMMETPHUHBIX aCTPOQH3MICCKUX OOBEKTOB, B TO BpPEeMs Kak MeTpuka Xaprima-TopHa
SIBILICTCSI TPHONIKCHHBIM PEIICHUEM YPAaBHCHHH OWHINTEHHA, KOTOPOE ONMCHIBACT KAK BHEINHHWE, TaK H
BHYTPEHHHC TPABUTAIMOHHBIC MO MEUICHHO BPAMAIOIMXCA W CIETKa JAC(OPMHPOBAHHBIX ACTPO(H3HUECKUX
00BEKTOB. [l AOCTYKEHMS LIEJIM CTaThH PACCMOTPEHA TOJIBKO BHEINHSI METPHKA Xapria-TOopHA B CTATHYECKOM
ciIyvae.

UroObl YCTAaHOBHTH B3AMMOCBA3b MEKIYy ICPEUHCICHHBIMH MCETPHUKAMH, OHH OBLIH PAacCMOTPEHBI B
OJMHAKOBOM IPHOIKCHUH M B OTCYTCTBHE BPAILICHUS, TOYHEE, B MPEACIE JHHCHHOTO KBAIPYIOIEHOTO MOMEHTA
U KBAApaTa IMOJHOM MacCel M2, UToOH 3ammcath METPUKY Dpe3a-Po3eHa B KoOpauHATAX METpHKM XapTaa-TopHa,
CHayana OBbIIM BBIYHCICHBI MYJIBTHIIONbHBIE MOMEHTHI [epoua-XaHCEHa, KOTOPHIC II03BOJLIOT YCTAHOBHTH
B3aHMOCBSI3b MCXIY IapaMeTpaMu OOCHX METPHK IIOCPESICTBOM BBIMHCICHHS MHBAPHAHTHBIX MOMCHTOB. 3aTEM
MeTpuKa Jpe3a-PoscHa OpLIa 3ammcaHa [Yepe3 mapaMeTpbl METpHKH Xapriaa-TopHa @, M u Obul momydcH o&
HpHOMIDKCHABIA BU B Ipeacie ~ Q m~M?2.

Jlanee, mCHoNb3ysl KOOPIMHATHBIC NMPEOOpPA30OBAHMS, 3AMMMCAHHBIC B OOMIEM BHJC C ABYMS HCH3BECTHBIMH
¢yaxmmsvMu f; uw f,, Merpuka Ope3a-Po3eHa ObDna 3ammcaHa B KOOPAMHATAX METPUKH Xapria-TopHa mist
paccmarpuBacMoro mpuOmmkeHnsa. [locne 3TOr0, NPHPABHSIB pAJHANLHBIC M A3WMYTAIbHBIC KOMIIOHCHTBI
METPHYCCKHX TCH30POB OBYX PACCMATPHBACMBIX PCUICHHH, ObUTM HAMICHBI HCKOMBbIC (yHKIMH fi; U f,. Taxum
oOpazoM, ObUT HAMJACH MPHOMIPKCHHBIN BHJ KOOPJMHATHBIX MPEOOPA30BAHUH, KOTOPbHIC ONMPEIAC/LIFOT B3AHMMOCBSI3b
MeXxay pemeHusME Jpesa-Po3ena u Xapraa-TopHa.

Creayer 3aMETHTb, 4TO NPHOTHKEHUE ~ @ 1 ~M?, KOTOpoe OBLIO HCHOMB30BAHO HA MPOTSKCHUM BCEH CTATBH,
ABIICTCS  (DM3HYCCKHM W TOAXONAINMM A7 PCHICHHA OOJBIOMHCTBA 334a4 HCOCCHOM MCXAHHKH B
TMOCTHBIOTOHOBCKOH (pm3mke. [JaHHOC MpHOMKCHAC MO3BOIICT HE MPHOCTATh K MpeodpazoBanmio 3umosa-Bypxuca,
KOTOpPOE SIBIIETCS HEOOXOIUMBIM CTPOTHM MAaTEMATHHYCCKHM TpPeOOBAHHEM B NMPUOMIDKCHUH ~ (), T.. KOTJa HE
VUHUTBHIBAOTCS IPYTUE TMPHOMDKCHUS. JTO O3HAYACT, 4TO ABHAA (hopMa IMpeoOpa30BAHHS KOOPAMHAT IOJHOCTHIO
3aBUCHT OT MPUOIIDKCHUS, KOTOPOE HCIOIb3YETCS B KAKIOM KOHKPETHOM CIIydac.
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B 3aBepmicHHE CICayeT OTMCTHTB, UTO MCTpHKH Jpe3a-Po3ena m Xapraa-TopHa OBLTH HCCICAOBAHBI A
CTATHYECKOTO CNy4yas B MPUOIHWKEHHH ~Q W ~M? MyTeM HWCHONB30BAHHA METOAOB TEOPHH BO3MYINCHHH. BbLu1o
MOKA3aHO, YTO TPHOIIKCHHBIM ITHHEHHBIH 37M¢MeHT Ope3a-Po3eHa coBmamaer ¢ pemenueM Xapriaa-TopHa B
paccMarpuBacMoOM Ipeiere.

Takum 00pa3oM, pe3yJIBTATHL, MOJIYUYCHHBIC B 3TOHM CTATHE, HAXOAATCSA B XOPOMICM COTJIACHH C H3BCCTHBIMH
pe3yIbTaTaMH M3 JIMTEPATy PHBIX HCTOYHHUKOB W MOTYT OBITh IIPHMEHCHBI K PA3IHYHBIM aCTPOPU3HICCKUM 331a9aM.
Crares npeCICaAyCT HC TOJBKO YUCTO HAYIHBLIC, HO U aKAACMHUYICCKHUC ICIH, TAK KAK MOKCT OBITh HCIIOJIL30BAHA B
Ka4yeCTBE BCIOMOTATEIFHOTO M JONOJHHUTEIHHOTO MATEpHaNa A CHEUHANBHBIX KypCOB IO OOMIEH Teopuu
OTHOCHTETFHOCTH, HEOECHON MEXaHHUKE M PEIATHBUCTCKOM acTpO(H3HKeE.

KioueBsbie ciioBa: TOUHBIC W MPUOMKCHHBIC PEIICHUS YPABHCHUH DHHINTCHHA 71 TPABHTALMOHHOTO TIOJI,
MeTpuka Ope3a-Po3eHa, Merpmka Xapriaa-TopHa, KOOPIMHATHBIC IPEOOPA30BAHUS, KBAAPYMOJIbHBIH MOMEHT,
MYJIbTHIIOJIbHBIE MOMEHTSHI I 'epoua-XaHCeHa, METOAbI TEOPHH BO3MY ICHUH.
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