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TWO PROPERTIES OF EXISTENTIALLY CLOSED
COMPANIONS OF STRONGLY MINIMAL STRUCTURES

Abstract. The proposed article studies some propertics of existentially closed companions of strongly minimal
structures. A criterion for the existential closedness of an arbitrary strongly minimal structure is found in the article
and it is proved that the existentially closed companion of any strongly minimal structure is itself strongly minimal.
It also follows from the resulting description that all existentially closed companions of a given strongly minimal
structure form an axiomatizable class whose elementary theory is complete and model-complete and, therefore,
coincides with its inductive and forcing companions.

This is the reason for the importance of the work done and the high international significance of the theorems
obtained in it. Another equally important consequence of this research is the discovery of an important subclass of
strongly minimal theories. It should be noted that a complete description of this class of theories is an independent
and extremely important task.

It is known that natural numbers with the following relation are an example of a strongly minimal structure in
which the existential type of zero is not minimal. Then the method used in the proof of the last theorem shows that
the existentially closed companion of this structure are integers with the following relation.

Keywords: Existentially closed companions, strongly minimal structures, forcing companions.

1 Introduction. The theory of existential closedness appeared in the middle of the twentieth century
in the works of one of the recognized classics of model theory, Abraham Robinson [1], [2], as well as in
[3] — [6]. It is currently one of the two most significant and developed arecas of modern model theory. In
the previous works of Nurtazin A.T. [7] - [10], the most basic form of the concept of companion theory,
widely known in the theory of existential closure, is introduced and studied. In [7], [8], a criterion for the
countable categoricity of this companion theory was found and some properties of existentially closed and
forcing companions were studied.

Informally, any companion of a given structure is constructed from the same end structures as the
original structure. It is known that all companions of this structure form an axiomatizable class, and all
existentially closed ones in this class are contained in it [ 10]. It is natural to assume that a companion class
containing some strongly minimal structure is quite simple and has a number of additional properties. In
[11], statements about companion classes containing a strongly minimal structure were formulated. This
paper describes some properties of companion completions of an arbitrary strongly minimal theory and
provides proofs of the statements from [10].

Over the past fifty years in model theory, starting with the work of Michael Morley [12] and
continuing in the works of Shelach [13] and Laskar and Poizat [14], all the most significant results are
associated with their classification by degrees of stability that arose during this time. Moreover, totally
transcendent (or w-stable) theories were recognized as the most convenient for study. Recall that in these
theories, all formulas have ranks and degrees, which respectively are countable ordinals and natural
numbers. At the same time, all the successes in the study of these theories are primarily associated with
the possibility of using the transfinite induction method in evidence. Historically, the initial impulse in the
development of this direction was Los's hypothesis about uncountably categorical theories. At the same
time, the core in the class of uncountably categorical theories turned out to have a single rank and degree,
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the so-called "strongly minimal theories." This paper studies existentially closed companions of strongly
minimal theories.

In the work, the criterion of existential closedness of an arbitrary strongly minimal theory was found.
It turned out that in this case the existentially closed companion of such a structure is axiomatized and
coincides with its inductive and forcing companions. And its elementary theory is complete and model-
complete and, therefore, V- is axiomatizable.

Strongly minimal theories are basic in the study of an important and one of the most studied classes
of theories at present - the theory of uncountable categoricity. Meanwhile, the available literature
completely lacks both estimates of their quantum complexity and estimates of the complexity of the
relations defined in them. The study proposed here shows that the concept of "companion"proposed in [ 7],
[8]. [9] can be successfully applied to solve these issues.

1. Existential closedness criterion of a strongly minimal structure

In this section, we will find conditions of existential closedness of an arbitrary strongly minimal
structure.

THEOREM 1. For an arbitrary strongly minimal structure, the following three conditions are
equivalent:

1) M is existentially closed.

2) The existential type of any of its tuples is maximal.

3) The elementary theory 7" =7Th(M') is model complete.

Proof.

1 — 2. By the existential closedness criterion from [11], this structure is strongly minimal if and only
if the existential types of all its tuples are maximal.

2 — 3. Let the existential type of any tuple from A/ be maximal. Then, according to the criterion
from [12], the structure M is existentially closed. Recall that any elementary substructure of a structure

M , including a simple model M|, of a theory 7', is also existentially closed. To prove the model

completeness of the theory 7', it is sufficient to show that the usual inclusion M < N between any two
models of this theory is actually elementary. First, we note that the models A and N are isomorphic to

some M, and M, from the elementary chain M, <M, <...<M, <... of all countable models of the
theory 7. An uncomplicated reasoning shows that simple inclusion A, <A ; determines  the
isomorphism of an algebraic closure of an empty subset of the structure M., to the algebraic closure of an
empty subset of the structure M ;- If at the same time 4&,...,d, are algebraically independent in the
structure M; , then they are also algebraically independent in A/ ; and can be extended to the basis

{a,,..,a,,a,,,....a,} of this structure. This determines the elementary inclusion A/, in M, and with

L,
precision to automorphisms of these structures coincides with the original inclusionM, <Mj. This

completes the proof of the model completeness of the theory 77

3 — 1. It follows from the model completeness of the theory 7 that any of its models (including M )
is existentially closed.

The theorem is proved.

Informally, any companion of a given structure consists of the same finite substructures as the
original structure. It is known that all companions of this structure form an axiomatizable class, and all
existentially closed ones in this class are contained in it. It is natural to assume that a companion class
containing some strongly minimal structure is quite simple and has a number of additional properties. We
will show in the next section that the existentially closed companion of a strongly minimal structure is also
strongly minimal and is model complete.

2. An existentially closed companion of a strongly minimal structure

Informally, any companion of a given structure consists of the same finite substructures as the
original structure. It is known that all companions of this structure form an axiomatizable class, and all
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existentially closed in this class are contained in it. It is natural to assume that a companion class
containing some strongly minimal structure is quite simple and has a number of additional properties.
Here we show that the existentially closed companion of a companion containing a strongly minimal
structure is itself strongly minimal.

For certainty, we assume that the given companion class C contains a countable saturated strongly
minimal structure M . It is known from [7] that in any existentially closed structure from a companion
class C , the existential type of any tuple is maximal. By induction on the lexicographic order on pairs of
natural numbers (m,n) we describe a procedure that allows to construct a sequence

MY <M} <. <M?< . <M} <M <. <M"<.., ofisomorphic M , the union N of which will

be a strong minimal structure and an existentially closed companion M .
Let the strongly minimal structure M =M, is not existentially closed. Then it contains tuples

a',d,..d",.. . whose existential types Po(x*), p (3", p,(x™),... are not maximal. Using the
compactness theorem, it is easy to prove the existence of an embedding of a structure A/ in itself such
that the existential type ¢,(x")), of the image of the tuple @’ is maximal.

Continuing further, one can obtain an increasing chain of strongly minimal structures
M] <M <. <M?<.. , isomorphic to M, in the union M, of which the existential types

q,(x),q,(x),...,q,(x"),... of tuples a’,d',...,a",... arc maximal. Next, the process continues similarly.

Then, in the union N =UM" | the existential types of all tuples are maximal.

To prove the strong minimality of the structure N we first note that in the process of constructing the
structure N one can include intermediate steps used in [8] when expanding a given countable
existentially closed structure into a homogencous one. Recall that in the countable homogencous
existentially closed structure constructed in this case, the correspondence between any two tuples of
clements having the same existential type continues to an automorphism of the homogencous structure
itself. Since over any finite set, all subsets, except one, allocated by maximum existential types, are finite,
then these subsets themselves are allocated over this subset by finite formulasAt the same time, all
clements satisfying infinite existential formulas are translated over the finite subset by structure
automorphisms chosen by us and, therefore, satisfy the same infinite formulas. This proves the strong
minimality of the structurc N . Now we show that any two existentially closed companions of the same
minimal structure are elementary equivalent. For this we assume that there is a pair of existentially closed
companion structures N; and N- of the structure M . However, without limiting generality, we can assume
that the inclusion &; < N, is enabled. Just as in the proof of the Los-Sushko theorem, the pair under
consideration can be easily completed to the ©- chain N; < N> < N3 <. .. N2y < Napip <. .., in which the
subchains N; < N3 <. .. < N; <...and N><... Nz, <... are clementary. But then the union N of the
built chain turns out to be a common elementary extension for each of the structures N; and N- , and the
inclusion is elementary. We formulate the result as a separate statement.

THEOREM 2. If a given companion class has a strongly minimal structure, then any of its
existentially closed companions is also strongly minimal. A complete and model-complete strongly
minimal theory.

Conclusion. The results obtained in this paper link the three concepts of "model completeness, strong
minimality, and existential closedness" that are currently most studied in modern model theory. This is the
reason for the importance of the work done and the high international significance of the theorems
obtained in it. Another equally important consequence of this research is the discovery of an important
subclass of strongly minimal theories, which are strongly minimal model complete theories. It should be
noted that a complete description of this class of theories is an independent and extremely important task.

It is known that natural numbers with the following relation are an example of a strongly minimal
structure in which the existential type of zero is not minimal. Then the method used in the proof of the last
theorem shows that the existentially closed companion of this structure are integers with the following
relation.
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IK3NCTEHIMAJIILI TYHBIKTAJFAH CEPICTECTEP/AIH,
ACA MUHAMAJIbI KYPELIBIMBIHBIH EKI KACHETI

AHHOTAIHA, ATIBIC KBUTIAH aCTaM TAPUXBI 0ap 3K3HCTCHITHAIB TYHBIKTAIY TCOPHACH Ka3ipri MOACTBICD
TCOPHACHIHBIH TaMBIFaH OexiMAcpiHiH Oipi OONbIN caHAamAmbl >KOHE OHIA YKEKE MO3MIuWs anaxpl. Kasipri yakeirra
anredpa MEH MOJCIBJICP TEOPHICHIHBIH KIACCHKANBIK OOIMICPIHE SK3HCTCHIHANABI TYHBIKTANY TCOPHSCHIHBIH
amicTepiH *xaHe (PpanHny3 Joruri Ope3ecHIH PEBOTOLMISIIBIK HACUIAPBIH JKOHE IK3UCTCHIUAIIBI TYHBIKTAIY ABIH YKaHA
BIHFAHIIBl OIIIEM/CPIH, MOJCIBIIH TOJBIKTHIFBI MCH JKAFJAMBIH 1374€y — «MOKOYyp OOIy — MOJCIb» MAaHBI3IBI
canananpl. Kazipri yakpITTa 3K3HUCTCHUIHMANIBI >KOHE TMO3HTHBTI SK3HCTCHUMANABI TYHBIKTAIY TCOPHSCHIH KOHE
MOKOYPIL KOHE HMHIYKTHBTI CEPIKTEC CHAKTBI MAHBI3ABI YFBIMIAPABI 3€PTTEYAl OJAH OpI JAMBITYFa MYMKIHIIK
Tyazbl.

3eprTeyac 6T¢ a3 KypBUIBIMIAPIBIH TYHBIKTALY CCPIKTCCiHIH KCHOIp KacHeTTepi KapacTeipeutraH. COHAaH-akK,
KE3-KEJTeH KYIITI MHHHUMAXIb KYPBIIBIMHBIH SK3HCTCHIUAIIBI TYHBIKTATY ©JINCMI AHBIKTAJIBI JKOHE KE3-KEJITCH
KYINTI MEHHMAJIIBI KYPBUIBIMHBIH SK3HCTCHIHAIIR TYHBIKTATY CCPIKTCCIHIH oT¢ a3 ekeHairi monenacHai. Conmai-
aK, aNplHFAaH CHIATTaMazaH Oeirim Olp MHHEMAMAbl KYPBUIBIMHBIH OAapiblK TYWBIKTANFAH CEpIKTECTEpl
AKCHOMATH3ALMSIIAHATHIH CBHIHBIT KYpaWapl, ONApAbIH 3ICMEHTAPIBIK TCOPHACH TOJNBIK XKOHE MOJACTBIIK OOJBII
CaHAnmaAbl, COHIBIKTAH OHBIH HHIAYKTHBTI JKOHC MOKOYpIi CepikrecTepiMeH colikec kenmemi. beilipecmm Typme
OcpiIreH KYPBUIBIMHBIH KE3-KEITCH CEpiKTeCl 0AcTamKpl KYphUIBIMAAFBIIAH aKbIPFhI KYPBUIBIMAAPIAH KACAIA/IBI.
Benrini  KypbUTBIMHBIH OapibIK CEpIKTECI AKCHOMATH3ALMSUIAHATHIH CBHIHBINTHI KYPAWTBIHBI O€iTiml >KOHE
CBHIHBIITAFBIHBIH, OAPIIBIFEl SK3UCTCHIHAIABI TYPJAEC TYHMBIK. BipmaMa MHHMMATABI KYPBUIBIMBI Oap CEPIKTEC-CHIHBII
JKETKITIKTI KapamaibiM skoHE OipKaTap KOCHIMINA KacHeTi Oap men 60oipKayFa 001ambl.

EpkiH MMHHMAIIBI TCOPHSHBIH 3K3MCTCHIMANIb TYHBIKTANY €JImeMi aHbIKTammbl byn xarmaiima MyHIan
KYPBUIBIMHBIH TYHBIKTANy CEpiri akCHOMATH3ALMIAHATHIH JKOHE OHBIH MHIYKTHBTI YKOHE MOKOYpIi CepikTepiMeH
ColiKeC KeJeTiHI aHKeIHAANARL. KymITi MHHAMAIIBI TEOPHSIAP MAHBI3AbI JKOHE CH KOIT 3¢PTTEIICH TECOPHIAPIbIH
Oipi — IEKCi3 KaTeroprsuiblk Teopwst Oonbmr canamaapl. COHbIMEH Oipre, KODKETIMAI oneOHMETTepAc ONapIbIH
KBAHTOPJBIK CAHBIHBIH KYPACLUTITIH Oarajay [ma, OJapIarsl KATHIHACTAPABIH KYPIACIUITiH Oaramay MyJIac >KOK.
MyHIa YCHIHBUFAH 3CPTTCYJCP «CEPIKTEC» YFBIMBIH OCHI MOCCTICICPAl IMICIIYAC COTTI KONAAHYFA OOIATHIHIBIFBIH
KepceTeni.

JKanms! HHAYKTHBTI KOHE SK3HCTCHIMANABI TYHBIKTATFAH CEPIKTECTEP TCOPHACHIH JAMBITY HHIYKTHBTI TCOPHI,
KJIACCHKAJIBIK KYPBUIBIMAAP MCH TCOPISIAPFA APHAJFAH MOJCIbACPII 3ePTTEYMEH KaTap XKypyl KEpek.

Tyiiin ce3aep: IK3UCTCHIHAIIBI TYHBIKTAIFAH CEPIKTEC, ACA MUHHMAIIBI KYPBIIBIM, (JOPCHHT-CEPIKTEC.

M.H. Kammvoanaes, A.T. Hypra3zun, 3. Xucamuen
HUHCTHTYT HH()OPMALIHOHHBIX H BEIMHCIHTEIBHBIX TSXHOTOTHH, AnmMartsl, Ka3axcran

JIBA CBOMCTBA SK3UCTEHIHAJIBHO 3AMKHY ThIX
KOMIIAHBOHOB CUJIBbHO MUHUMAJIBHBIX CTPYKTYP

Annortamust. MMeromas 0onee yeM MIECTHACCATHIICTHIOI HCTOPHIO TEOPHS SK3UCTCHIMATBHON 3aMKHYTOCTH,
SIBILLICH OJHUM M3 HAHOOJICEC PA3BHTHIX PA3JCIIOB COBPESMCHHOW TCOPHH MOJCIICH, 3aHHMAET B HEW 000COOICHHOE
MoJIOKCHHS. B HACTOAMIECS BPECMA AKTY AJIBHBIM CTAHOBUTCA MOUCK MECTOO0B TCOPHH SKSI/ICTGHHI/I&]'II)HOI\/II 3aMKHYTOCTH
KJIACCHYECKUM pa3ieiiaM aixreOpsl ¥ TCOPHH MOACICH M MCHOJB30BAHUS I JOCTIDKCHHS 3TOTO PEBOIOMHOHHBIX
unedt (paHimysckoro jgormka Ppace W HalgeHHBIE aBTOpoM MaHHOW ctarbu A.T.HypraswHsIM HOBBIX YIOOHBIX
KPHTEPUCB 3K3UCTCHIHAIBHOW 3aAMKHYTOCTH, MOJCIBHOH IIOJIHOTHI W YCIOBHS — OBITH (DOPCHHT-MOJCHBIO. B
HACTOAINEE BpeMA CTAHOBHICA BO3MOYKHBIM JANBHCHINCE PA3BHTHE TCOPHH 3K3UCTCHIMAIBHON M MO3ZUTHBHOM
SK3UCTCHIHMANIBHON 3aMKHYTOCTH M HW3YUCHHC BAaXKHBIX CONYTCTBYIOIIMX MOHSATHH TakuX, Kak (OPCHHT — H
I/IHZ[YKTI/IBHBIﬁ KOMITAHBOHBI.







