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WEAK CONVERGENCE OF INTEGRAL CURVATURES
OF CONVEX SURFACES

Abstract. The article contains a concentrated analysis of the existing information on the main problems of the
theory of convex surfaces and differential geometry “in general” and is devoted to the problems of the reconstructing
convex surfaces from the information about their curvature studied by the topological methods of the functional
analysis.

The class of smooth surfaces in a bounded convex domain GcE2is considered. The concept of the R-area of a
normal image is set forth. In the class K+(G), the Monge-Ampere equation is considered.

The paper considers the integrals of transverse Minkowski measures associated with the parallel surfaces. If the
surface @ is given by the explicit equation z = f (X, y), then for the integral curvatures of this surface transferred to
the plane E2, the inequalities Ta"®, G)<®Kk(3Z9, 329) fork = 0, 1, 2. 0f these inequalities, inequalities follow

Ta)(P, G)< 2ar2+4nx||h|”, Tal(P, G)< 29 +4n:||p|", TaA D, G)< 4n,

which are used in reasoning. We prove the weak convergence of the integral curvatures of the convex surfaces. The
result obtained in the form of a theorem plays an important role in the proofs of the theorems on the existence of a
convex hypersurface with a given combination of the integral conditional curvatures. For the first time, the
conditional curvatures are taken in the most general form, as a given function of the integral conditional curvatures
of the various orders. The integrand functions are the product of the continuous functions and the integral curvatures
of the various orders.

Keywords: convex surface, convex surfaces in Euclidean space, Monge-Ampere equation, the cone of convex
surfaces in the space of continuous functions, conditional curvature, integral curvature, restoration of surface.

1. Introduction.The existence and uniqueness of a surface with the predetermined geometrical
characteristics is one ofthe important and urgent problems ofthe differential geometry “in general” and its
various analytical and mechanical applications[15]. The formulation of this problem in the language of
analysis leads to the boundary value problems for the elliptic or hyperbolic partial differential equations of
the second order, and also, as I.Ya. Bakelman showed, to integral equations.[12],[13], [14]

The class of smooth surfaces in a bounded convex domain G cE 2is considered. The concept ofthe R-
area of a normal image is set forth[16]. In the class K+(G), the Monge-Ampere equation is considered.

A number ofgeometric problems, including the Minkowski problem of constructing a convex surface,
are reduced to the simplest Monge-Ampere equations.[9] G. Minkowskiposed and solved the problem of
constructing a convex surface, whose Gaussian curvature has a given normal function.

2. Setting of a problem. Integrals of transverse Minkowski measures. The papers [1], [3], [10]
set forth the information from the theory of integrals ofthe transverse Minkowski measures for the convex
bodies, and also presented in [2], [11] the concepts and properties of the integral curvatures of the various
orders for the closed convex surfaces. In [4], some fundamental formulas of the theory of surfaces are
considered.

Let T be a bounded convex body in the space E3. Then F=dT is a closed surface that homeomorphic
to the sphere S2
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Let P be the plane of supportto F at the point Xt*eF. We denote by M such of the closed half-spaces
E3with the boundary P, which contains the body T. If the origin of coordinates is placed in a point lying
inside the body T, then the plane P and the half-space I are specified analytically as follows:

P={X eE3\ X, v) =d}; M ={X eE3\ X v)<d}, (1)

where v is the unit outward normal to P, X is the current radius vector of points from P or from nand d is
the distance from the origin to the plane P.
To each plane of support P to F we assign the plane Ph, having the equation

Ph={X eE3\ X v)=d+ h}, (2)
where h >0 is a fixed number. We denote by MH the half-space given by the inequality
Mk={X eE3\ X, v)<d+h}. 3)

Obviously, Ph=S1h Denote by Ththe intersection of all half-spacesHh, which are constructed along all
possible support hyperplanesP to F. Then This a bounded convex body, and Fh=STHis a closed convex
surface geomeomorphic to the sphere S2 Surfaces Fhare called parallel to surface F.

3. Research methods. The following formula is valid ([5], [1]):

where h >0 is a fixed number, the numbers WK(T) that are factors in the coefficients of the polynomial on
the right-hand side of (4) are called integrals of Minkowski transverse measures for a convex body T.
Integrals of transverse Minkowski measures are the functionals on a class of the bounded convex bodies.
We point out the properties ofthese functionals necessary for further.

1. WO(T)=V(T), Wi(T) :|3 u(sT).

2. For any k = 0..3, the functionalsWk(T) on the class of convex bodies are non-negative, invariant
with respect to motions in E3, monotone, bounded, homogeneous degrees (3 - k), continuous, and
additive.

The formulation and proofofthese properties are given in [5], Chapter VI, §1.

3. For convex bodies with a smooth C2boundary, in the sense of differential geometry, the functional
WK(T) can be represented as integrals on ST from elementary symmetric functions of order (k- 1) of 3
principal curvatures ST.

For each fixed h >0, the mapping is defined

%h: subset F ~ subsetFh

which assigns AR*F hto each setA C such that:

IfP is the plane of supportto the surface F, such thatA n P 0, then the plane Ph= {XeE3\ X,v) =d+h}
is the plane of support to the surfaceFh and AhnP hO0, and, on the contrary, ifPhis the plane of support to
the surface Fh then P is the plane of support to the surface F.

0 bviously, Xo is the identity transformation.

Let F be a complete convex surface in E3 As is known, the limit of a converging sequence of planes
of support to a complete convex surface F is the plane of support to F. From this fact the following
properties ofthe map xh follow:

1. xh translates the closed subsets into the closed subsets.

2.xh translates the bounded subsets into the bounded subsets.

3. xh translates the compact subsets into the compact subsets.

4. xh translates the Borel subsets into the Borel subsets.

It is known that, under the imposed conditions, the areas ofthe Borel subsets exist.

In [8] the formula is proved

AN(Ah) = 22 Ck,a, (F,A )Mk, (5)
k=0
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where Ok(F,A) are non-negative completely additive functions on the ring of Borel sets of the surface F
such that cok(F,F)=Wi(T).

In [5], [6], it was shown that for the convex bodies with a smooth C2boundary ofthe function of the
set cok(F,A), k = 1,2, there are integrals over the set A ofthe elementary symmetric functions of order k of
the 2 principal curvatures F. Therefore, Ok(F,A) can be considered as functions of a set associated with
integrals oftransverse Minkowski measures. We will call these functions the integral curvatures of order k
ofthe convex surface F.

The following was proved in [7]: ifthe closed convex surfaces Fmconverge to a closed convex surface
F, then the completely additive non-negative functions of the sets Ok (Fm, Am) weakly converge to a
completely additive non-negative function ofthe set Ok (F, A).

We give a more detailed formulation of the last statement. Since the convex surface F is
homeomorphic to the sphere S2 and the convex surfaces Fmconverge to F, not breaking its generality, we
can assume that there is a closed ball contained simultaneously within all F,,and F. Let's transfer the origin
of coordinates to the center of this ball; the values of functions do not change from this.

Let O be an arbitrary point of the sphere S2. We obtain that the surfaces Frmand F are given
respectively by the equations ®w: p=pM(0), ®:p=p(0), the convergence of Fmto F means the uniform
convergence ofthe functions pm(0) to p(0) on S2

LetH be an arbitrary Borel set from S2. Denote by A and Am the Borel sets of convex hypersurfacesF
and Fm, which are obtained as a result of the central projection ofthe set H from the origin of coordinates
on these surfaces. Put now

WK(F, H) = Ok (F, A), Wk (Fm, H) = Ok (Fm, Am), k =0, 1, 2.

Obviously, Wk(F,H) and Wk(Fm,H) are completely additive nonnegative functions of sets on the
sphere S2 We will call these set functions the integral curvatures of order k for convex surfaces F and Fm
transferred to the sphere S2

The weak convergence of the functions of the sets Wk(Fm,H) to Wk(F,H) according to [7] means that
for any continuous functionf(0)eC(S2, the equality

limm jj2f (O)WK(Fm,dH ) = AS2f (0)Wk(F ,dH ). (6)

As is known, see [1], [9], a necessary and sufficient condition for the weak convergence of Ok(Fm,Am)
to Ok(F,A), provided that Fm converges to F, is that if HCS2is a closed set, then

lim Ok(Fm,H ) < Ok(F,H) (7

and ifHCS2is an open set, then

lim Ok(FmH ) <Ok (F,H) (8)

The functions of the sets Ou(®, B) of convex surfaces given by explicit equations. Let ®?eK(0) be
the surface and let M be a convex compact subset of G. Without loss of generality, we can assume that
®2eKT(0). Then the distance SM = dist(M, SG) is positive. Let denote by ®m the graph of the function
zm(x,y) =z (X, y)/SM.

Let h be an arbitrary real number satisfying the condition h<hM=infMz(x,y).

Let Tm(®, h) = conv (Fm,H(M,H)). It's obvious that

STm (F, h) =FmuH (M, h) wZm,

where Zm is the part of the cylindrical surface with the guide SM, forming - segments, parallel to the Z
axis, located between SFm and ffI(M, h). Set

Ok(@M, A)=0k(STmNe,H), A), 9)

where A C m is a Borel subset. Note that the number o*STm”H ), A)does not depend on the number h.
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ITMCMi are two compact convex subsets of G, then for any he(-w Hn), obviously, the equality

Ok(thm ,A) = Ok(pm,A), (10)

where A ¢ Fm is an arbitrary Borel subset. From (10) it follows that in the left-hand side of formula (9), the
Fm surface can be replaced by F.

Thus, for ® eK (G)r*nd any Borel set Ac® such that the orthogonal projection Alofthe setA on E2is
removed from SG by a positive distance, we have

Ok(® A) = Ok(STm(® hXA) (11)

where Tm(®, h) =conv (Fm,Nm),

M is any compact convex subset of G such thatAicM,

h is any number satisfying the inequality H<Hm = infMZ (x, y).

Formula (10) implies an important corollary:

1) LetMCG be a compact convex subset. Then, on the ring of Borel subsets A ofthe Fm surface, the
integral curvatures o”®,A), k=0,1,2, represent nonnegative completely additive functions of a set of
bounded variation.

2) Forany Borel setAcd we set
Ok(®, A)= supMoGOk(®d, And m) (12)

over all convex compact subsets ofMCG. The number b\(®,A) is always non-negative, it can also take the
value + ma

3) Forany ® eK(G), the integral curvatures o”®,A), k =0,1,2, are completely additive, non-negative
functions on the ring of Borel sets F. If & is a bounded set in E3 then these functions have limited
variation.

Forany ® eK (G) we set

WK(®,A)= Ok(®, A), k =0, 1, 2, (13)

where A is a Borel subset on ®, and A 1is the orthogonal projection of A onto the plane E2 Obviously, Alis
a Borel subset of G. It follows directly from the definition that Lc(®,B) are the non-negative completely
additive functions on the ring of Borel subsets of G, which take finite values for sets B remote from SG by
a positive distance.

These set functions will be called the integral curvatures ofthe surface ® transferred to the plane E2.

We consider the question of the weak convergence of these integral curvatures. We give a well-
known literature definition of the weak convergence of the completely additive functions of sets defined
on the Borel subsets of the domain G. It is said that the sequence ofthe completely additive functions of
the sets fJm(B) weakly converges to a completely additive function ofthe setn(B), if foranyfeC (G) with a
compact support MCG, an equality holds

limmw juU (X,y)Hm(dB)=\W\af (X,yM dB).

The following theorem is true.

4, Results of the research. Theorem 1. Let the convex surfaces dmeK(G) converge to the convex
surface ® eK (G), then for all k = 0,1,2 the integral curvatures T”®"B) of the hypersurfacesdm,
transferred to E2 weakly converge to the integral curvature T2®,B), transferred to E2.

Proof For definiteness, we assume that ®m£K+ (G) and ® eK+ (G). Since Since, under parallel shifts
of ® along the Z axis, the integral curvatures T~®,B) of the surface ® transferred to E2 do not change,
without loss of generality, we can assume that all surfaces ®and ®m lie under the plane E2.

Now letfeC(G) with compact support M 'CG. Obviously, dist(M’SG)>0. Therefore, one can find a

compact convex set M such that G 3 M 3 M 1. Obviously, dist(M,SG) is also positive. We introduce
the convex surfaces ®mand dm”. Since they are uniformly bounded in E3, one can find a point (x,y,h) in
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E3such that (x,y) sM, and h is a sufficiently large number, and the projections ofthe surfaces dmand ®m,m
from the points (x,y,h) on the plane E2 are contained in some compact convex set N satisfying the
condition M ¢ N ¢ G .

Obviously, dist(M, SG) >0.Without loss of generality, we can assume that all surfaces ®mand dmT"
above the plane z = h.

Now suppose that the S 2 is the sphere centered at the point (x,y,h) of the radius 1. Without loss of
generality, we can assume that S 2 lies under all the surfaces ®m and ®dm,a.. Let S..: be the open
hemisphere S:2, the equatorial plane of which is parallel to the E2plane. Denote by n: S:+—E2the central
projection of S:+2to the plane E2. Obviously, nis a diffeomorphism.

Suppose N '=n~1(N), then N ’is a convex compact subset on S:2, contained inside S:+2. We introduce
the function on S:2

f(n(0)), if 0eN

9(0)=\

[0, if 0eSi2\N "

It is easy to see that g(0)eC(S19. By construction, this function is such that it is zero on Si:2 outside
the set n~(M ). Note thatn I(M )c n I(M)c n I(N).

We now construct the convex bodies.

TN(®, h) =conv (®n, H(N, h)), Tn(®T, h) =conv (®"*a, H(N, h)).

Let B be an arbitrary Borel subset ofthe setM. Let, further, A and Am be the Borel subsets of surfaces
@ and ®s, whose orthogonal projections are the set B. Then

Wk(®,B)=0Ok(dk,A) =0k(Pm,A), Wk(Ps,B)=Ok(dk, m,A)=0Ok(dm,m,A),

k=0, 1, 2, m=1, 2,...

According to the above, we also have

T ® ,B)=0"dK,A)=0"dm,A)= TAk(D, h), n*(A)),
T ®TB) 0" PKT,AT 0" PMTAT) TK(SIN(dom h), n (A)). (14)

Formulas (14) establish the relations between the integral curvatures of a fixed order k of the convex
surfaces @ and &, transferred respectively to the E2plane and the S/sphere. From these formulas and the
definition of the function g, the properties of the functions f and g, and the fact that n: S.+#2—E2is a
diffeomorphism, we obtain

jJ Wk(p ,dB) = jjSRg Wk(¢dp ,dH X

jiGWk(® m,dB) = jjS2g Wk(® m,dH ).

Using the weak convergence of the functions of the sets Tk(®m, dH) to the function of the set Tk(®,
dH), we obtain

IIm mw jjS2g Wk(® m,dH ) = jjS2g Wk(® ,dH ).
From here we have

limmw jjifw k(Pm,dB) = jjifW k(D,dB).

Since the continuous function f, which vanishes outside a certain compact set in G, is chosen
arbitrarily, the functions of the set T{(®T, B) converge weakly to the function of the set Tv"®T, B). The
theorem is proved.

5. Conclusions. Thus, we investigated the integrals of transverse Minkowski measures associated
with parallel surfaces. The weak convergence of integral curvatures of convex surfaces is proved. The
result obtained in Theorem 1is new and plays an important role in the proofs ofthe existence theorems for
a convex hypersurface with a given combination of integral conditional curvatures.
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OJOLUEC BETTLW, MHTEMTPAN LNCBLITbIHbL, 3/IC13 XUHAKTANYbI

AHHOTaums. Makanaga geHec 6eT TeopusACbl MeH «Tyractai» auddepeHunanabl reomeTpusaHbly Heridri
npobnemanapbl Typanbl Tanjay >acanraH 3He (YHKUMOHanblK TanjayAblH TOMOMOTUAMbIK 3A4ICTepi apKblibl
MeHrepinreH KMCbIKTap Typasbl aknapatrapra, AieHec 6eTTepai KannbiHa KenTipygiH macenenepi i3gecTipinreH.

LLlekTenreH fgeHec G ¢ E 2aiimarbiHaarbl Teric 6eTTep Knacbl KapacTbipbliagbl. KanbinTbl KeCKiHHIH R-ayfaHbl
Typanbl TYCiHiK 6epinreH. K+(G) knacbiHaarsl MoHX-Amnep TeHAeyi KapacTbipbliagbl.

Makanaga napannens 6eTrepre KatbiCTbl MUHKOBCKUIAIH KeNeHeH eflleM WHTerpangapbl KapacTbipbliajbl.
Erep ® 6en aHblk z=f(x,y) TeHaeyimeH 6epince, oHAa E2 >asbIKTbirbiHa 6epinreH ocbl 6eTril WMHTEerpanabiK
KUCbIKTapbl YwWiH MaHgatbl k=0, 1, 2 6onraHga MbiHa TeHasgak T (P, G)<ok(SZ<p, SZ<p) akmnkaT 60/bIn caHanagbl. b™n
TeHCI3fiKTeH KeiliH 60/mKay 6apbIiCbiHAA KONAAHbINATbIH Keeci TEHCI3AIK LWbiragbl:

T P, G)< 2nr2+4nr||9]|G T AP, G)< 2nZ+4n||9]|G T AP, G)< 4n

F peHec 6eT S2 cdepacbiHa roMeoMopdTbl >X3He Fm paeHec 6eTrepi F-re opTakTbIKTbl Xorantnain
)KMHaKTanagbl, COHAbIKTaH Gapnblk Fm 3sHe F iwiHge 61p mesringe T bik wap 6ap gen 6omkayra 6onagpl.
KoopauHaTaHbIH 6acTankbl M3HAEPLU OCbl LIAPALIH OpTachbiHa 3KenreHae, PyHKUMAHbIH M3HAEPI e3repMeigi.

0 - S2 chepacbiHaarbl epklH HYKTe fen anaiblk. FmokaHe F 6eTrepi Twcllle MbiHafan TeHAynepMeH Fm
p=pm(0),F: p=p(0) 6epineai. S2ctepacbiHaarbl FM-HiH F-ke >unHakTanyslpm (0) gyHKumAcbIHbIH p(0)-re Gipkenki
XUHaKTanyblH 6ingipegi.

H - S2cdepacbliHbiH epluH 6openb kenmYweniri gen anabik. A XaHe Amo6opens KenMYLWeNiri apKbinbl 4eHec
runepbetrepiHiH F xaHe Fm H kenmYwenikTi opTanbiK >06anaybl OCbl 6eTreri 6actankbl KOOpPAWHATACbIHAH
anblHagbl. EHAi k=0, 1, 2 6onraHga TemeHengein oopmynara KenTipemis:

WK(F, H)= Ok(F, A), Wk(Fm, H)= Ok(Fm, Am),

Kepin TypraHbimbizgain, mk(F,H) xxaHe mk(FmH) - S2cepacbiHaa KenMY LWeNiKTiH ToNbIKTal agauTUBTIK Tepic
emec (yHKUMACbl 60nbIN  caHanagbl. KenmYwenikTiH 671 (yHKuuMsnapblH 613 3pi kapalh S2 cdgepacbiHa
TacbiMangaHraH F >xsHe Fm peHec 6etrepi YwiH K penHpen uWHTerpanfblK KUCbIKTap fen aiTambi3. Ocbl
MHTErpangblkK KUCbIKTapAblH 3/Ci3 XWHaKTanybl Typasibl M3cefie KapacTbipbligbl. bopenb iwki kenmYweniriHiH G
aiimarbiHga 6epinreH KenmYLWenik YHKUMACBIHbIH TOMbIKTAN agAWTUBTI 3MCI3 XXMHAKTaNyblH aHblKTay Typabl
aHblKTaManap KenTipingi.

m(B) kenmYWeniriHiH TonbIKTalh aganTuUBTI QyHKUManap Tisberi |[a(B) kenmYLweniriHiH TonbIKTah aganTUBTI
(DYHKLMACLIMEH 3/1a3 XMUHaKTanagsl gen antbinagbl, 6apnbirbiHa feC(G) bikwamgbl Tacbimangaybl Mg G 6onca,
OHAa MblHagalk TeHA™N ~CblHafbI:

limT-wWGT (x,Y)Mr (dB) = WGF (x, YXK dB).

Keneci TeopemaHbl TyXblpbiMaaiMbI3: ®m6 K(G) geHec 6eTi P eK (G) geHec 6enMmeH >XnMHakKTanaTblH 60nca,
oHAa 6apnbirbiHa k=0,1,2 6onraHga, E2 -re 6epinreH ®m runepbeTiHiH TOk™m,B) uHTerpangblk Kucbirbl E2re
GepinreH Ta’®,B) uWHTerpanfblK KUCbITbl apKblIbl 3/CI3 >KMHaKTanagbl. [leHec 6eTTepALl MHTerpangbik
KUCbIKTapAbIH 3/1a3 XXUHAKTaNybl A3NeNAeHS].

Teopema TYPpiHAE anblHraH H3TWXKe WHTerpanfdbl LWAprTbl KUCbIKTApAblH KOMOUHALMACHI apKbiibl Gepinrex
feHec runepbeTTepaiH Typanbl Teopemanapibl Aanengeyfe Mmarbi3gbl pen atkapagbl. TYpni petreri uHTerpangbl
LWapTTbl KUCLIKTApAbIH GeplureH (yHKLMACHI peTiHAe anrallkel peT OHbIH >annbinama TYPAeri waprtbl KACbIK
CbI3bIKTapbl anbiHAbl. Lkl uHTerpangbl QyHKuuanap Y3Aikci3 yHKUMANapAbiH XX3He TYpRi peTn WMHTerpangbik
KUCbIKTapAblH TYbIHABICHI 60/bIN CaHanagbl.

TYWiH cesaep: AeHec 6eT, EBKAMA Kel|CTIWHAEN AeHec Gerrep, MoHx-AMnep TeHgeyi, Y3aikcis hyHKumsnap
KeHICTiriHaeri aeHec 6eTTepALY, KOHYChI, LIAPTThbl KACLIK, MHTErpanablK KACLIK, 6ern KannbiHa Kennpy.
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CNABAA CXOANMOCTb MHTETPANIbHOW KPUBU3HbI
BbIMYK/blX MOBEPXHOCTEW

AHHOTauua. CTaTbsl COLEPXUT KOHLEHTPMPOBAHHLIA aHann3 CyLLecTBYHOLWEN UHpopMaLUmM 06 OCHOBHbIX
npo6neMax TeopuM BbIMYK/bIX MOBEPXHOCTEN U ANDDEPeHLNaNLHON FreOMeTPUN «B LeIOM» M MOCBALLEHA 3afaqaMm
BOCCTAHOB/IEHNS BbIMYK/bIX MOBEPXHOCTEA MO MH(OPMaUMU 06 MX KPUBM3HE, M3y4aeMbiM TOMOSOTMYECKUMU
MeToamu PYHKLMOHaNbHOI0 aHa/n3a.

PaccmaTpnBaeTca Knacc rnafkMx NOBEPXHOCTel B OrpaHWYeHHON BbiNyknoi obnactm GaE2 W3naraetcs
noHsATUe R-nnowaan HopmanbHoro nsobpaxeHus. B knacceK+”) paccmatpusaeTca ypaBHeHMe MoHxa-Amnepa.

B paboTe paccmaTpuBalOTCA WMHTErpasbl nonepeyHbiX Mep MMHKOBCKOrO, CBf3aHHble C napaniefibHbiMK
noBepxHocTAMU. Ecnn noBepxHoCTb @ 3aaHa ABHbIM ypaBHeHUeM z=f(X,y), TO AN MHTErpanbHOW KPUBU3HbI 3TON
MOBEPXHOCTU, NepeHeceHHbIX Ha NN0CKoCcTb E2 cnpaBefvBbl HepaBeHcTBa Ta P, G)<ok(SZ9, SZ9) npu k=0, 1, 2.

V3 3TUX HepaBeHCTB CNeAytoT HepaBeHCTBa

TP, G)< 2nr2+4nr|9]|G T AP, G)< 2n2+4n||9]|G T AP, G)< 4n,

KOTOpPbIe UCMO/b3YIOTCS B PaCCYXKAEHUAX.

Tak Kak BblNyKnas noBepxHOCTb F romeomopdHa cthepe S% BbiNyKble MOBEPXHOCTUPLLCXOAATCA K F, TO He
HapyLlas 06LHOCTU, MOXHO CYMTaTb, UYTO CYLLECTBYET 3aMKHYThI/ Luap, COAEpXaluiAics OfHOBPEMEHHO BHYTPU
Bcex FmuP. MepeHeceM Ha4ano KOOPAWHAT B LIEHTP 3TOr0 Wapa, OT 3TOr0 3HauYeHus GyHKLUNUIA He U3MEHSTCS.

MycTb 0 - Npom3BOMbHAs TO4YKa cepbl S2 lMonyyvaeM, 4YTO MOBepXHOCTM Fm uF 3a4aloTca COOTBETCTBEHHO
ypaBHeHusimn Fm p=pm(0),F: p=p(0), cxogumocTb F * F 03Ha4yaeT paBHOMEPHYI CXOAMMOCTb (hyHKUmMin pm (0) K
p(0) Ha S2

MycTb H - npon3BonbHOE GopeneBcKoe MHOXeCTBO U3 S2. O603HauMM Yepe3 A n AnbopeneBckrne MHOXeCTBa
BbINYK/bIX TWUNepnoBepxHoCcTeid F MFM KoTopble MNOAy4valoTCs B pesynbTaTe LEHTPabHOro MPOEKTUPOBaHMS
MHOXeCTBa H 13 Hauana KoopAuHaT Ha 3TV NOBEPXHOCTU. M0M0XUM Tenepb

WK(F, H)= OK(F, A), Wk(Fm, H)= Ok(Fm, Am), k=0, 1, 2

OuesugHo, mk(F,H) n mk(FmH) sBnsoTcs BNOAHE afAUTUBHBIMU HEOTPULATENMbHBIMU (YHKLUAMU MHOXECTB
Ha cthepe S2 ITu PYHKLMN MHOXECTB Mbl Ha3biBAEM Aasiee UHTEerpasbHbIMKU KpUBM3HaMK nopsagka k Ans BbIMyKbIX
noBepxHocTein Fu Fm, nepeHeceHHbIX Ha cepy S2

PaccmoTpeH Bompoc O cnaboli CXOAMMOCTWM 3TOW WHTEerpanbHOM KpWBU3HLI. [pMBeAeH W3BECTHOE U3
NUTEpaTypbl OMpeAeneHne C€naboil CXOAMMOCTW BMOMAHE AfAWTUBHBLIX (YHKUMA MHOXECTB, 3afaHHbIX Ha
60peneBcKuxX NOAMHOXecTBax o06nactu G.

[0BOpAT, YTO MOCNEA0BATENLHOCTb BMOMHE aAANTUBHbLIX PYHKLMA MHOXeCTB ~m(B) cnabo cxoAMTCs K BMOJHE
afanTMBHON yHKUMM MHOXecTBa IVKB), ecnmn ans Besikoin feC(G) ¢ KOMMNakTHbIM HocuTenem MgG, nMeeT MecTo
paBeHCTBO

ImT+=w \\Gf (XYPKr(dB) =\\Gf (XY)KdB).

CnpaBegnvBa crefyollas Teopema: MyCTb BbIMyKAble MoBepxHoOcTM P uweK”) cxoaaTca K BblNyK/Oi
nosepxHoctn ®eK (G), torga npm Bcex k=0,1,2 mHTerpanbHaa KpusmsHa TaP”~B) runepnoBepxHocTein uy,
nepeHeceHHas Ha E2, cnabo cxoauTcs K MHTerpansHoi kprneusHe mk*,B ), nepeHeceHHoOW Ha E2.

[okasaHa cnabas cXoAMMOCTb MHTErpasibHOM KPUBW3HbI BbIMYK/bIX NOBEPXHOCTEN. Pe3ynbTar, Nosy4YeHHbln B
BUAe TEOpeMbl, UrpaeT BaXKHYI POfib B 40Ka3aTe/bCTBaX TeOPeM CYLLEeCTBOBAHWS BbIMYK/I0A FMNeprnoBepXHOCTU C
33laHHO KOMOVHaLMed MHTerpasibHOM YCNOBHOW KpUBM3HbLI. BrepBble YyCNOBHAasA KPUBKM3HA B3ATa B CAMOM 06LLEM
BUAE KaK 3afjaHHas (DYHKUUS OT WHTErpajbHbIX YCMOBHbLIX KPWUBU3H pasfMyHbIX MOPAAKOB. [oAbIHTerpanbHble
(DYHKLUM ABNSAIOTCS NPOM3BELEHMEM HEMPEPbIBHLIX (YYHKLUWA 1 UHTErpasibHOM KPUBU3HbI Pa3/IMUHbIX NMOPSLKOB.

KntoueBble cnoBa: BbIMyK/as MOBEPXHOCTb, BbIMYKAble MOBEPXHOCTU B EBKAMAOBOM MNpOCTPaHCTBE,
ypaBHeHUe MoHxa-Amnepa, KOHYC BbIMYK/bIX NOBEPXHOCTE/ B NPOCTPAHCTBE HEMpepbIBHbIX (YHKLWA, YCN0BHasA
KPUBW3HA, MHTerpaibHas KpMBMU3HA, BOCCTAHOB/EHME MOBEPXHOCTH.
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