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WEAK CONVERGENCE OF INTEGRAL CURVATURES 
OF CONVEX SURFACES

Abstract. The article contains a concentrated analysis of the existing information on the main problems of the 
theory of convex surfaces and differential geometry “in general” and is devoted to the problems of the reconstructing 
convex surfaces from the information about their curvature studied by the topological methods of the functional 
analysis.

The class of smooth surfaces in a bounded convex domain G cE2 is considered. The concept of the R-area of a 
normal image is set forth. In the class K+(G), the Monge-Ampere equation is considered.

The paper considers the integrals of transverse Minkowski measures associated with the parallel surfaces. If the 
surface Ф is given by the explicit equation z = f  (x, y), then for the integral curvatures of this surface transferred to 
the plane E2, the inequalities та^Ф, G)<®k(3Z9, 3Z9) for k = 0, 1, 2. 0 f  these inequalities, inequalities follow

та0(Ф, G)< 2яг2+4лх||ф|^, та1(Ф, G)< 2я2г+4л:||ф|^, та2(Ф, G)< 4л,

which are used in reasoning. We prove the weak convergence of the integral curvatures of the convex surfaces. The 
result obtained in the form of a theorem plays an important role in the proofs of the theorems on the existence of a 
convex hypersurface with a given combination of the integral conditional curvatures. For the first time, the 
conditional curvatures are taken in the most general form, as a given function of the integral conditional curvatures 
of the various orders. The integrand functions are the product of the continuous functions and the integral curvatures 
of the various orders.

Keywords: convex surface, convex surfaces in Euclidean space, Monge-Ampere equation, the cone of convex 
surfaces in the space of continuous functions, conditional curvature, integral curvature, restoration of surface.

1. In troduction .T he existence and uniqueness o f  a surface with the predeterm ined geometrical 
characteristics is one o f  the important and urgent problems o f  the differential geometry “in general” and its 
various analytical and mechanical applications[15]. The formulation o f  this problem in the language o f 
analysis leads to the boundary value problems for the elliptic or hyperbolic partial differential equations o f 
the second order, and also, as I.Ya. Bakelm an showed, to integral equations.[12],[13], [14]

The class o f  smooth surfaces in a bounded convex domain G c E 2 is considered. The concept o f  the R- 
area o f a normal image is set forth[16]. In the class K+(G), the M onge-A m pere equation is considered.

A num ber o f  geometric problems, including the M inkowski problem o f  constructing a convex surface, 
are reduced to the simplest M onge-A m pere equations.[9] G. M inkowskiposed and solved the problem o f 
constructing a convex surface, whose Gaussian curvature has a given normal function.

2. S etting  of a p roblem . In teg ra ls  of tran sv e rse  M inkow ski m easures. The papers [1], [3], [10] 
set forth the information from the theory o f  integrals o f  the transverse M inkowski measures for the convex 
bodies, and also presented in [2], [11] the concepts and properties o f  the integral curvatures o f  the various 
orders for the closed convex surfaces. In [4], some fundamental formulas o f  the theory o f  surfaces are 
considered.

Let T  be a bounded convex body in the space E 3. Then F = dT  is a closed surface that homeomorphic 
to the sphere S2.
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Let Р  be the plane o f  support to F  at the point Xt^eF. W e denote by П  such o f  the closed half-spaces 
E3 with the boundary P, which contains the body T. I f  the origin o f  coordinates is placed in a point lying 
inside the body T, then the plane P and the half-space П  are specified analytically as follows:

P = {X  eE 3\ X , v) = d}; П  = {X  eE 3\ X  v)<d}, (1)

where v  is the unit outward norm al to P , X  is the current radius vector o f  points from P  or from n a n d  d  is 
the distance from the origin to the plane P .

To each plane o f  support Р  to F  we assign the plane Ph, having the equation

Ph={X eE 3\ X  v)=d+ h}, (2)

where h > 0  is a fixed number. W e denote by Пн the half-space given by the inequality

П к ={X eE 3\ X , v)<d+h}. (3)

0bviously, P h= S1 h. Denote by Th the intersection o f  all half-spacesHh, which are constructed along all 
possible support hyperplanesP to F. Then Th is a bounded convex body, and F h=STн is a closed convex 
surface geom eom orphic to the sphere S2. Surfaces Fhare called parallel to surface F .

3. R esearch  m ethods. The following formula is valid ([5], [1]):

where h > 0  is a fixed number, the numbers Wk(T) that are factors in the coefficients o f  the polynomial on 
the right-hand side o f  (4) are called integrals o f  M inkowski transverse measures for a convex body T. 
Integrals o f  transverse M inkowski measures are the functionals on a class o f  the bounded convex bodies. 
W e point out the properties o f  these functionals necessary for further.

1. W0(T)=V(T), Wi(T) = I  u(ST).
3

2. For any k = 0..3, the functionalsWk(T) on the class o f  convex bodies are non-negative, invariant 
with respect to motions in E 3, monotone, bounded, homogeneous degrees (3 -  k), continuous, and 
additive.

The formulation and p roof o f  these properties are given in [5], Chapter VI, §1.
3. For convex bodies with a smooth С2 boundary, in the sense o f  differential geometry, the functional 

Wk(T) can be represented as integrals on ST from elementary symmetric functions o f  order (k -  1) o f  3 
principal curvatures ST.

For each fixed h > 0 , the mapping is defined
%h: subset F ^  subset F h,
which assigns A ĥ F h to each set A C  such that:
I f  P  is the plane o f support to the surface F , such that A n P 0 ,  then the plane P h = {X eE 3 \ X ,v )  = d+h} 

is the plane o f  support to the surfaceFh and A h n P h 0 ,  and, on the contrary, i f  P h is the plane o f  support to 
the surface F h, then P  is the plane o f  support to the surface F.

0 bviously, X 0 is the identity transformation.
Let F  be a complete convex surface in E 3. As is known, the limit o f  a converging sequence o f planes 

o f  support to a complete convex surface F  is the plane o f  support to F. From this fact the following 
properties o f  the map xh follow:

1. xh translates the closed subsets into the closed subsets.
2 . xh translates the bounded subsets into the bounded subsets.
3. xh translates the compact subsets into the com pact subsets.
4. xh translates the Borel subsets into the Borel subsets.
It is known that, under the imposed conditions, the areas o f  the Borel subsets exist.
In [8] the formula is proved

2 ( F ,  a ) h k , (5)^ (  A h ) =  2  C k , a „  ( F , A ) H ‘ ,
k=0
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where Ok(F,A) are non-negative completely additive functions on the ring o f  Borel sets o f  the surface F  
such that cok(F,F)=Wi(T).

In [5], [6], it was shown that for the convex bodies with a smooth C2boundary o f  the function o f the 
set cok(F,A), k  = 1,2, there are integrals over the set A  o f  the elementary symmetric functions o f  order k  o f  
the 2 principal curvatures F. Therefore, Ok(F,A) can be considered as functions o f  a set associated with 
integrals o f  transverse M inkowski measures. W e will call these functions the integral curvatures o f  order k  
o f  the convex surface F.

The following was proved in [7]: i f  the closed convex surfaces Fmconverge to a closed convex surface
F, then the completely additive non-negative functions o f  the sets Ok (Fm, Am) weakly converge to a 
completely additive non-negative function o f  the set Ok (F, A).

W e give a more detailed formulation o f  the last statement. Since the convex surface F  is 
homeomorphic to the sphere S2 and the convex surfaces Fmconverge to F , not breaking its generality, we 
can assume that there is a closed ball contained simultaneously within all F„and F. Let's transfer the origin 
o f  coordinates to the center o f  this ball; the values o f  functions do not change from this.

Let 0 be an arbitrary point o f  the sphere S2. W e obtain that the surfaces F mand F  are given 
respectively by the equations Фм: p=pM(0), Ф: p=p(0), the convergence o f  F m to F  means the uniform 
convergence o f  the functions pm(0) to p(0) on S2.

Let H  be an arbitrary Borel set from S2. Denote by A and Am the Borel sets o f  convex hypersurfacesF 
and Fm, which are obtained as a result o f  the central projection o f  the set H  from the origin o f  coordinates 
on these surfaces. Put now

Wk (F, H) = Ok (F, A), Wk (Fm, H) = Ok (Fm, Am), k  = 0, 1, 2.

Obviously, Wk(F,H) and Wk(Fm,H) are completely additive nonnegative functions o f  sets on the 
sphere S2. W e will call these set functions the integral curvatures o f  order k  for convex surfaces F  and Fm 
transferred to the sphere S2.

The weak convergence o f  the functions o f  the sets Wk(Fm,H) to Wk(F,H) according to [7] m eans that 
for any continuous function f ( 0) eC (S2), the equality

lim  m j j  2 f  ( 0 ) W k ( F m , d H  ) =  AS 2 f  ( 0 )W k ( F  , d H  ) . (6)

As is known, see [1], [9], a necessary and sufficient condition for the weak convergence o f  Ok(Fm,Am) 
to Ok(F,A), provided that Fm converges to F , is that i f  H C S2 is a closed set, then

and if  H C S2 is an open set, then

lim  Ok(Fm, H ) < O k ( F , H )

lim Ok (Fm, H ) <Ok (F , H )

(7)

(8)

The functions of th e  sets Ои(Ф, B )  of convex surfaces given by  explicit equations. Let Ф ?еК(0) be
the surface and let M  be a convex com pact subset o f  G. W ithout loss o f  generality, we can assume that 
Ф2еКт(0). Then the distance SM  = dist(M, SG) is positive. Let denote by Фм  the graph o f  the function 
zm(x, y) = z  (x, y)/SM.

Let h be an arbitrary real num ber satisfying the condition h<hM=infMz(x,y).
Let Tm (Ф, h) = conv (Fm,H(M,H)). It's obvious that

STm  (F, h) = Fm u H  (M, h) w Zm,

where Zm is the part o f  the cylindrical surface with the guide SM, forming - segments, parallel to the Z 
axis, located between SFm  and ffl(M , h). Set

Ok(zM, A)=Ok(STm №,H), A), (9)

where A C m  is a Borel subset. Note that the num ber o^S T m ^ H ) ,  A)does not depend on the num ber h.
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I f M C M i are two com pact convex subsets o f  G, then for any h e ( - w  Hm), obviously, the equality

Ok (ф м , A) = Ok (ф м , A ), ( 10)

where A c Fm  is an arbitrary Borel subset. From (10) it follows that in the left-hand side o f  formula (9), the 
Fm  surface can be replaced by F.

Thus, for Ф e K  (G)г^nd any Borel set А с Ф  such that the orthogonal projection A 1 o f the set A  on E2 is 
removed from SG by a positive distance, we have

Ok ( Ф  A) = Ok (STm ( Ф  h X A) ( 11)

where Tm (Ф, h) = conv (Fm,Nm),
M  is any compact convex subset o f  G  such that A ic M ,  
h is any num ber satisfying the inequality H<Hm  = infMZ (x, y).
Formula (10) implies an im portant corollary:
1) Let M C G  be a com pact convex subset. Then, on the ring o f Borel subsets А  o f  the Fm  surface, the 

integral curvatures о^Ф ,А ), k=0,1,2, represent nonnegative completely additive functions o f  a set o f  
bounded variation.

2) For any Borel set А с Ф  we set

Ok(Ф, А)=  supMoGOk(Ф, А пФ м ) (12)

over all convex com pact subsets o f M C G . The num ber ь\(Ф ,А) is always non-negative, it can also take the 
value + да.

3) For any Ф е К (G), the integral curvatures о^Ф ,А ), k  = 0,1,2, are completely additive, non-negative 
functions on the ring o f  Borel sets F. I f  Ф is a bounded set in E 3, then these functions have limited 
variation.

For any Ф е К  (G) we set

Wk(Ф,А1) = Ok(Ф, А), k  = 0, 1, 2, (13)

where А  is a Borel subset on Ф, and А 1 is the orthogonal projection o f  А  onto the plane E2. Obviously, A1is 
a Borel subset o f  G. It follows directly from the definition that Щс(Ф,Б) are the non-negative completely 
additive functions on the ring o f  Borel subsets o f  G, which take finite values for sets B  remote from SG  by 
a positive distance.

These set functions will be called the integral curvatures o f  the surface Ф transferred to the plane E 2. 
W e consider the question o f  the weak convergence o f  these integral curvatures. W e give a well- 

known literature definition o f  the weak convergence o f  the completely additive functions o f  sets defined 
on the Borel subsets o f  the domain G. It is said that the sequence o f  the completely additive functions o f  
the sets fJm(B) weakly converges to a completely additive function o f  the set n(B), i f  for any fe C (G )  with a 
compact support M C G , an equality holds

lim m. w j U  (X, y  )Hm (dB ) = \ \ a f  (X, у M dB ) .

The following theorem is true.
4. R esults of th e  research . T heorem  1. Let the convex surfaces ФmeK(G) converge to the convex 

surface Ф e K  (G), then for all k  = 0,1,2 the integral curvatures т ^Ф ^В )  o f  the hypersurfacesФm, 
transferred to E2, weakly converge to the integral curvature т^Ф,В), transferred to E2.

P ro o f  For definiteness, we assume that Фm£K+ (G) and Ф е K+ (G). Since Since, under parallel shifts 
o f  Ф along the Z axis, the integral curvatures т^Ф ,В) o f  the surface Ф transferred to E2 do not change, 
without loss o f  generality, we can assume that all surfaces Фand Фm lie under the plane E2.

Now let fe C (G )  with com pact support M ’CG. Obviously, d ist(M ’,SG)>0. Therefore, one can find a 

compact convex set M  such that G  з M  з M 1. Obviously, dist(M,SG) is also positive. W e introduce 
the convex surfaces Фм and Фм^. Since they are uniform ly bounded in E 3, one can find a point (x,y,h) in

1 6
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E 3 such that (x,y) sM , and h is a sufficiently large number, and the projections o f  the surfaces Фм and Фм,m 
from the points (x,y,h) on the plane E2 are contained in some compact convex set N  satisfying the 
condition M  с  N  с  G  .

Obviously, dist(M, SG) >0.W ithout loss o f  generality, we can assume that all surfaces Фм and Ф м т ^  
above the plane z = h.

N ow suppose that the S 2 is the sphere centered at the point (x,y,h) o f  the radius 1. W ithout loss o f 
generality, we can assume that S 2 lies under all the surfaces Фм and Фм,я.. Let S 1+ 2  be the open 
hemisphere S 12, the equatorial plane o f  which is parallel to the E2plane. Denote by n: S 1+2— E2the central 
projection o f  S 1+2to the plane E2. Obviously, n is  a diffeomorphism.

Suppose N ’=n~1(N), then N ’ is a convex com pact subset on S 12, contained inside S 1+2. W e introduce 
the function on S 12

f(n (0 )), i f  0 e N ’,
g(0)=\
[0, i f  0 e S i2 \N ’.

It is easy to see that g(0)eC (S12).  By construction, this function is such that it is zero on S 12  outside 

the set n ^ (M ’). Note th a tn  l ( M  ) с  n  l ( M ) с  n  l ( N ) .
W e now construct the convex bodies.
TN(Ф, h) = conv ('Фn, H(N, h)), Tn(Фт, h) = conv (Ф ^я, H(N, h)).
Let B be an arbitrary Borel subset o f  the set M. Let, further, А  and Am be the Borel subsets o f surfaces 

Ф and Фя, whose orthogonal projections are the set B. Then

Wk(Ф, В )= Ok(Фк,А) =Ok(Фм,А), Wk(Фя, В )= Ok(Фк, m,A)= Ok(Фм, m,A),
k=0, 1, 2, m=1, 2,...
According to the above, we also have

т ^Ф ,В )= о^Ф к,А )= о^Ф м ,А )=  т^(Гк(Ф , h), n^(A)),

т^ Фт,В)  о ^ ФК,т,Ат) о ^ ФМ,т,Ат) тk(SГN(ф m, h), n  (А)). (14)

Formulas (14) establish the relations between the integral curvatures o f a fixed order k  o f  the convex 
surfaces Ф and Фт, transferred respectively to the E2 plane and the S /sphere . From these formulas and the 
definition o f  the function g, the properties o f  the functions f  and g, and the fact that n: S 1+2— E2 is a 
diffeomorphism, we obtain

j j  W k ( ф , d B ) = j j S12 g W k ( ф , d H  X

j j G W k ( Ф  m , d B  ) =  j j S 2 g W k ( Ф  m , d H  ) .

Using the weak convergence o f  the functions o f  the sets тk(Фm, dH) to the function o f  the set тk(Ф, 
dH), we obtain

llm  m -w  j j S 2 g W k (Ф  m , d H  ) =  j j S2 g W k (Ф , d H  ) .

From here we have

limm-w jjjGfW k (Фm , dB) =  jjjGfW k (Ф, dB).

Since the continuous function f , which vanishes outside a certain compact set in G , is chosen 
arbitrarily, the functions o f the set т]{(Фт, B) converge weakly to the function o f  the set ть^Фт, B). The 
theorem is proved.

5. C onclusions. Thus, we investigated the integrals o f  transverse M inkowski measures associated 
with parallel surfaces. The weak convergence o f  integral curvatures o f  convex surfaces is proved. The 
result obtained in Theorem 1 is new and plays an important role in the proofs o f  the existence theorem s for 
a convex hypersurface with a given combination o f  integral conditional curvatures.
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Д 0Ц ЕС  БЕТТЩ  ИНТЕГРАЛ ЦИСЫ ГЫНЬЩ  ЭЛС1З ЖИНАКТАЛУЫ

Аннотация. Макалада денес бет теориясы мен «тугастай» дифференциалды геометрияньщ Heri3ri 
проблемалары туралы талдау жасалган жэне функционалдык талдаудын топологиялык эдiстерi аркылы 
менгерiлген кисыктар туралы акпаратгарга, денес беттердi калпына келтiрудiн мэселелерi iздестiрiлген.

Шектелген денес G с  E  2 аймагындагы тегiс беттер класы карастырылады. Калыпты кескiннiн R-ауданы 
туралы тYсiнiк берiлген. K+(G) класындагы Монж-Ампер тендеуi карастырылады.

Макалада параллель беттерге катысты Минковскийдiн келденен елшем интегралдары карастырылады. 
Егер Ф беп анык z=f(x,y) тендеуiмен берiлсе, онда Е2 жазыктыгына берiлген осы бетгщ интегралдык 
кисыктары Yшiн мандаты k=0, 1, 2 болганда мына теназдак т^(Ф, G)<ok(SZ<p, SZ<p) акикат болып саналады. Б^л 
тенсiздiктен кейiн болжау барысында колданылатын келесi тенсiздiк шыгады:

т 0(Ф, G)< 2nr2+4nr||9||G, т 1(Ф, G)< 2n2r+4n||9||G, т 2(Ф, G)< 4л

F денес б ет  S2 сферасына гомеоморфты жэне Fm денес бетгерi F-ге ортактыкты жогалтпай 
жинакталады, сондыктан барлык Fm жэне F iшiнде б1р мезгiлде т^йык шар бар деп болжауга болады. 
Координатанын бастапкы мэндерш осы шардын ортасына экелгенде, функциянын мэндерi езгермейдi.

0 - S2 сферасындагы ерк1н нYкте деп алайык. Fm жэне F бетгерi тшсшше мынадай тендулермен Fm: 
p=pm(0),F: p=p(0) берiледi. S2 сферасындагы Fm-нiн F-ке жинакталуыpm (0) функциясынын p(0)-ге бiркелкi 
жинакталуын бiлдiредi.

Н -  S2 сферасынын ершн борель кепмYшелiгi деп алайык. A жэне Am борель кепмYшелiгi аркылы денес 
гипербетгерiнiн F жэне Fm, Н кепмYшелiктi орталык жобалауы осы бетгегi бастапкы координатасынан 
алынады. Ендi k=0, 1, 2 болганда темендепдей формулага келтiремiз:

Wk(F, H)= Ok(F, A), Wk(Fm, H)= Ok(Fm, Am),

Керiп турганымыздай, mk(F,H) жэне mk(Fm,H) -  S2 сферасында кепмYшелiктiн толыктай аддитивтiк терiс 
емес функциясы болып саналады. КепмYшелiктiн б^л функцияларын б1з эрi карай S2 сферасына 
тасымалданган F жэне Fm, денес бетгерi Yшiн k репндеп интегралдык кисыктар деп айтамыз. Осы 
интегралдык кисыктардын элсiз жинакталуы туралы мэселе карастырылды. Борель iшкi кепмYшелiгiнiн G 
аймагында берiлген кепмYшелiк функциясынын толыктай аддитивтi элсiз жинакталуын аныктау туралы 
аныктамалар келтiрiлдi.

^m(B) кепмYшелiгiнiн толыктай аддитивтi функциялар тiзбегi |a(B) кепмYшелiгiнiн толыктай аддитивтi 
функциясымен элаз жинакталады деп айтылады, барлыгына feC(G) ыкшамды тасымалдаушы Mg G болса, 
онда мынадай тенд^п  ^сынады:

lim т-w WGf  ( x, У )Мт ( dB ) = WGf  ( x, У Ж  dB ).

Келесi теореманы тужырымдаймыз: Фm6 K(G) денес бетi Ф еК  (G) денес бепмен жинакталатын болса, 
онда барлыгына k=0,1,2 болганда, E2 -ге берiлген Фm гипербетiнiн TOk^m,B) интегралдык кисыгы Е2-ге 
берiлген та^Ф,В) интегралдык кисыгы аркылы элсiз жинакталады. Денес беттердщ интегралдык 
кисыктардын элаз жинакталуы дэлелдендi.

Теорема тYрiнде алынган нэтиже интегралды шаргты кисыктардын комбинациясы аркылы берiлген 
денес гипербеттердiн туралы теоремаларды дэлелдеуде магызды рел аткарады. ТYрлi ретгегi интегралды 
шартты кисыктардын бершген функциясы ретiнде алгашкы рет онын жалпылама тYPдегi шаргты кисык 
сызыктары алынды. 1шк1 интегралды функциялар Yздiксiз функциялардын жэне тYрлi ретп интегралдык 
кисыктардын туындысы болып саналады.

ТYЙiн сездер: денес бет, Евклид кещстшндеп денес беггер, Монж-Ампер тендеуi, Yздiксiз функциялар 
кенiстiгiндегi денес беттердщ конусы, шаргты кисык, интегралдык кисык, бегл калпына келпру.
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СЛАБАЯ СХОДИМОСТЬ ИНТЕГРАЛЬНОЙ КРИВИЗНЫ 
ВЫПУКЛЫХ ПОВЕРХНОСТЕЙ

Аннотация. Статья содержит концентрированный анализ существующей информации об основных 
проблемах теории выпуклых поверхностей и дифференциальной геометрии «в целом» и посвящена задачам 
восстановления выпуклых поверхностей по информации об их кривизне, изучаемым топологическими 
методами функционального анализа.

Рассматривается класс гладких поверхностей в ограниченной выпуклой области G aE2. Излагается 
понятие R-площади нормального изображения. В классеК+^) рассматривается уравнение Монжа-Ампера.

В работе рассматриваются интегралы поперечных мер Минковского, связанные с параллельными 
поверхностями. Если поверхность Ф задана явным уравнением z=f(x,y), то для интегральной кривизны этой 
поверхности, перенесенных на плоскость Е2, справедливы неравенства та^Ф, G)<ok(SZ9, SZ9) при k=0, 1, 2.

Из этих неравенств следуют неравенства

т 0(Ф, G)< 2nr2+4nr||9||G, т 1(Ф, G)< 2n2r+4n||9||G, т 2(Ф, G)< 4л,
которые используются в рассуждениях.

Так как выпуклая поверхность F гомеоморфна сфере S% выпуклые поверхностиРщсходятся к F, то не 
нарушая общности, можно считать, что существует замкнутый шар, содержащийся одновременно внутри 
всех Fm иР. Перенесем начало координат в центр этого шара, от этого значения функций не изменятся.

Пусть 0 -  произвольная точка сферы S2. Получаем, что поверхности Fm иF задаются соответственно 
уравнениями Fm: p=pm(0),F: p=p(0), сходимость F ^  F означает равномерную сходимость функций pm (0) к 
p(0) на S2.

Пусть Н -  произвольное борелевское множество из S2. Обозначим через A и Amборелевские множества 
выпуклых гиперповерхностей F иFm, которые получаются в результате центрального проектирования 
множества Н из начала координат на эти поверхности. Положим теперь

Wk(F, H)= Ok(F, A), Wk(Fm, H)= Ok(Fm, Am), k=0, 1, 2.

Очевидно, mk(F,H) и mk(Fm,H) являются вполне аддитивными неотрицательными функциями множеств 
на сфере S2. Эти функции множеств мы называем далее интегральными кривизнами порядка k для выпуклых 
поверхностей Fи Fm, перенесенных на сферу S2.

Рассмотрен вопрос о слабой сходимости этой интегральной кривизны. Приведен известное из 
литературы определение слабой сходимости вполне аддитивных функций множеств, заданных на 
борелевских подмножествах области G.

Говорят, что последовательность вполне аддитивных функций множеств ^m(B) слабо сходится к вполне 
аддитивной функции множества M-(B), если для всякой feC(G) c компактным носителем M g G, имеет место 
равенство

lim т-w \\Gf  (X, У )Жт (dB  ) = \\Gf  (X, У )Ж(dB  ).
Справедлива следующая теорема: пусть выпуклые поверхности Ф щ еК ^) сходятся к выпуклой 

поверхности Ф еК  (G), тогда при всех k=0,1,2 интегральная кривизна та^Ф^В) гиперповерхностей Фщ, 
перенесенная на Е2, слабо сходится к интегральной кривизне rnk̂ ,B ) ,  перенесенной на Е2.

Доказана слабая сходимость интегральной кривизны выпуклых поверхностей. Результат, полученный в 
виде теоремы, играет важную роль в доказательствах теорем существования выпуклой гиперповерхности с 
заданной комбинацией интегральной условной кривизны. Впервые условная кривизна взята в самом общем 
виде как заданная функция от интегральных условных кривизн различных порядков. Подынтегральные 
функции являются произведением непрерывных функций и интегральной кривизны различных порядков.

Ключевые слова: выпуклая поверхность, выпуклые поверхности в Евклидовом пространстве, 
уравнение Монжа-Ампера, конус выпуклых поверхностей в пространстве непрерывных функций, условная 
кривизна, интегральная кривизна, восстановление поверхности.
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